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APPLICATION OF DIFFERENCE EQUATIONS IN THE THEORY OF PLATES (I)
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1. Introduction

The calculus of finite differences found a broad application in the theory of plates
owing to the works by N.J. NieLsen, [1], H. MArcus, [2], P.M. WARWAK, [3].
By replacing the derivatives in the differential equation of the theory of plates by
difference quotients, a differential equation is replaced by a partial difference equa-
tion, the continuous deflection surface thus being represented —in an approximate
manner by means of a polyhedron. Treating the partial difference equation as a
system of linear algebraic equations, and solving these equations by known methods
(the Gaussian elimination method or various iteration methods) approximate
values of plate deflection are obtained. The partial difference equation may also
be treated as a matrix equation [4], [5] and solved by means of matrix methods
in a manner shown by E. EGERVARY, [6].

Another way, which will be followed in the present paper, is to solve the partial
difference equation of plate deflection by means of methods of finite differences
successfully applied to plane gridworks by H. BreicH and E. MELAN, [7]. In this
way full analogy between the solution of the differential equation and that of
a difference equation of plate deflection is obtained. By letting the net become
more and more dense we can always pass to the results obtained in the domain
of differential equations.

In the second and the third section of the present paper we shall be concerned
with the solution of the differential equation of plate deflection by means of double
finite series for both forces and free vibration, simultaneous bending and compression,
and buckling, The results obtained are fully analogous to those of the generalized
Navier method in the differential theory of plates. In Sec. 4 an orthogonalization
method will be given, analogous to B. G. Galerkin’s method for differential equa-
tions, [8].

Sec. 5 is concerned with the application of simple finite series to thg determination
of the deflection of a plate, principally for a plate strip, making use of a Fourier
integral transformation devised by I. BaBuSka for difference equations.

Finally, the last section is concerned with difference-differential equations
of a plate the application of which is convenient in many cases.

Arch., Mech, stos, — 4



480 Witold Nowacki

The second part of the paper will be devoted to a number of plate problems
concerning mixed boundary conditions, and the application of double Fourier
transformation to the difference equation of plate deflection.

The solution methods described in the present paper may be transferred to
a considerable degree to problems of plates loaded in their planes and a number
of static and quasi-static space problems.

\

2. Free and Forced Vibration of a Rectangular Plate
Let us consider the equation of forced vibration of the plate

(2.1) NVSH(x, , z)ﬂhﬁg‘r’zﬁ =3(x, 1))

assuming homogeneous boundary conditions. In this equation w denotes the deflec-
tion, § — the excitation load, N— the bending rigidity of the plate, p — the density
per unit area of the middle surface and 4 — the plate thickness, In the case of a pe-
riodic load g(x, y, 1) = q(x, y)e'®* we have also w(x, y, 1) = w(x, y)e'**, where w
is the excitation frequency.

Introducing these relations in (2.1), we obtain the amplitude equation for plate
deflection

(2.2) NViw(x, y) —oha?w(x, y) = q(x, y) .

Let us replace the derivatives in (2.2) by difference quotients. Dividing the edge a
of the rectangle into n equal segments Ax, the edge b into m equal segments Ay,
we reduce the Eq. (2.2) to the form
(2.3) (Lyy—)wy =2q,, (x=0,1,2,...,n;9=0,1,2,..,m),
where

Ax am
(2.4) L, (w,,) = (B3+28A A0 4-fA ) w,,, &= AT ==

and A%, Af denote the second and the fourth difference in the x-direction and
A}, Aj the second and the fourth difference in the y-direction, respetively, where
(25) {ag(w:y) IEY; "":—1.,;_2“’:{'{' w.t-!—l.y ’

6‘:(“’:;;) = w:—‘&.p_4w.r~—t,y + Gw;ry - 4“”14—1.”"" Wity
The symbols in the Eq. (2.3) are

Ve ohow?AxA _ A
SN W
The solution of the Eq. (2.3) will be sought in the form of a double finite serie;

n,

(2.6) Wy =D A 0%,

3

L0

=
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where the quantities 4,, are the unknown coefficients and ¢% are the eigenfunctions
of the difference equations

(2.7) L, (¢%) = 0,.9%
assuming that the functions ¢ satisfy the same boundary conditions as the func-
tion w,,.

The quantities o,, are the eigenvalues (» =0,1,2,...,n; p=0,1,2, ..., m)
corresponding to the eigenfunctions ¢%. The latter constitute a complete set of
orthonormal functions, therefore they satisfy the conditions

n,m

(28) 2??;?)::’:‘ = aw a;ck 1
I, ¥

where 9, d,, are Kronecker’s deltas, or

1 if i=w, 1 if p=k,
6&!_{ ik :

2.9) 10 if it 0 if psk.

If the series (2.6) is to constitute an accurate solution of the differential equation
(2.3), the functions (L,,—7*)w, —q,,» should be orthogonal to every function
% . Therefore

b ] ﬂ,l;I
(2.10) > [(L,,y —) D 4,9 —xq:yj| gt =0.
T, v vy ft
Changing the summation order and bearing in mind (2.7) we obtain
(211) 2 Aw: (ng'_ TQ)Z ;;‘Pi:;;r =Xl » i = Z ‘?n‘P::; .
vt I, v ¥
Making use of the orthogonality condition (2.7), we obtain finally
(2.12) Aylop .~ =ng, (i=12.,0k=12,..,m).
Introducing A,, from the last equation in the Eq. (2.6) we find
X1 QVS 7]
(2.13) Wy sxé’r_*rgw;;.

Observe that for 72 — o,, the amplitudes increase indefinitely. Thus we are concerned
with the phenomenon of resonance. If 7 = 0 (» — 0), (2.13) represents the deflec-
tion produced by the static load. If the plate performs free vibration (that is if ¢,, =0,
4, = 0), the values of the natural frequencies are obtained from (2.12) with 4, #

(2.14) O = T (i=01,..,n k=0,1,..,m).

The solutions represented here for forced vibration (2.13) and free vibration
(2.14) are valid assuming that the functions ¢% can be expressed in the form of

4%
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a product X?Y# or X2 Yy or X% Y¥. It will be found (see Appendix) that functions
of the type ¢t = X2 Y! appear in the case of a rectangular plate simply supported
on the entire contour, and functions of the type ¢ = X? Y/—in the case of a plate
simply supported on the edges x = 0, x = n, and supported in an arbitrary manner
or free along the remaining edges.

Consider a number of particular cases of application of the double series method.

Let the plate be acted on by a load ¢,,, and let it have an additional immovable
support at the point (&, 7). The deflection of the plate will be composed of a deflec-
tion due to the load ¢,, and R at the point (&, #) the value of R being selected in
such a manner that wg, =0. Therefore

[215) Wey = % Z %y —P ri?.-,rl‘ Qv,u] )

vt

where

n,m

* 1 it
qr[u - RZ ars rjyu‘p:’v == R‘}"’zfa‘ A

TN

Inserting gy, in (2.15) and requiring that w,, = 0, we obtain the equation

N0 (o ‘2 6
(2.16) R s et A

from which the amplitude of the support reaction R can be found.
If in the Eq. (2.16) it is assumed that ¢,, = 0, the equation

P2
2.17) 26(‘“”} =0

v =

nH

constitutes the condition of free vibration of a rectangular plate supported on the
contour and at the additional point &, 7.

Let now the plate be acted on by, in addition to the load g¢,,, a load R, 6,5
along the line x = &, The deflection amplitude of the plate is given by (2.15) where

va Z R ‘5:5‘}""

For a plate simply supported on the entire contour we have
y = XYy
Therefore, in this case, we have

(2‘18) qi":l: EZRrYg =X‘éb.u’ b#= ZY':Ry ¥
v v
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Substituting (2.18) in (2.15) and requiring that the deflection of the plate
along the line x = £ be zero, we obtain the following equation for the coefficients by:

2.19) b,,z (“f..)i.+ \T G Xt _

p— 2
Oy — T Oy — T

Knowing b,, the support reaction R, can easily be found

Ryzzm‘bﬂy;.
-

Substituting ¢,, = 0 in (2.19), we obtain the equation

u

(2.20) X9 _o

U,;, —?

from which successive natural frequencies w,, of the plate can be found for a two-
span plate.

Analogous solution will be obtained, in this case also, if

ol = YiXe.

If the plate is acted on by, in addition to g¢,,, a load R d,; along the line
x=§&, and a load Q,9,, along the line y = 7, the deflection amplitude, assuming
the plate to be simply supported on the entire contour, takes the form

n.m
XI v ¥
. ww=x2;(Jr s(q,#—}—bX s 4
2.21) i

=2RuY':, CV=ZQIX‘I"
v T

Requiring that the deflection along the lines x = & and y = 7 be zero we obtain
the following system of two equations:

(2.22) Z(X +Yﬂ2”f+2%—‘¥—;=0,
(7

m

(2.23) X"Z Y, + Z (e

D,, = 0,,—7%,

from which the coefficients ¢, and b, can be found. Knowing these, we can find
the functions R, and Q,, because

(2.24) R= Y57, 0,=DcX:.
M

Y"
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The procedure just described may be generalized to the case of more linear
supports in the region of the plate and to the case of a plate with ribs.

Let us consider a plate simply supported on the contour and stiffened by means
of a rib of rigidity B along the line x = &. The differential equation of the rib deflec-
tion is

W
B

dy*

where 4 is the cross-section of the bar, g, — the density per unit area and R, — the

interaction between the plate and the rib. Replacing the differential equation (2.25)
with a difference equation we obtain

(2.25)

_QﬂAwQW = —Ry (y) L]

4 A
226)  ASW,—7W,=—PR,, d= &ayg - _]{;-

The solution of the Eq. (2.26) has, assuming simple end supports, the form

;t O
2.27) W, = ‘52‘{;}3&’ bﬂ:ZRuYg.
T # v

From the compatibility condition of the plate and the rib in the section x = &,
we obtain the following equation for b,

(2.28) [ Z(X’e)’ } qul’e _

The value of b, being known, the deflection of the plate is found from the Eq. (2.15),
where gy, is given by the Eq. (2.18). The deflection of the rib will be determined
from the Eq. (2.27).
With increasing rigidity of the rib (b - oo), the Eq. (2.28) becomes (2.19). In the
case of natural vibration of a plate stiffened with a rib, ¢, = 0 should be assumed
in (2.28).

0.4 ksk 2 " Let us consider the case of free vibration of
T a plate simply supported on the entire contour and
”",j e having an additional support along the segment
Y1 [ 2| ¥ ¢ =kAy, k<m, of the line x =& (Fig. 1).
k = If at the point (&, 7) there acts a concentrated
m force Pe'! the deflection amplitude is
a=nfx J X%y
" 1 (2.29) W, —xPZ eVy xLye.

LA

Requiring that the deflection amplitude at the points y = 1, 2, ..., k along the line
x =& be zero, we obtain, making use of (2.29), the equation
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(2.30) Z Z(X‘)zww 0 (=1,2..4.

n=1 »,

Thus, k equations, homogeneous in P,, have been obtained. Setting the determinant
of (2.30) equal to zero, we obtain the vibration condition. In the particular
case of k = m, the condition of free vibration assumes the form of the Eq. (2.20).
Indeed, on expanding P, in a series of eigenfunctions

m
2.31) P,=)'C,Y},
1

and substituting in (2.30) (where the summation is done from | to m) and making
use of the relations

n
(2.32) D viye=6,, D Cb,=C,,
b )

=1
the Eq. (2.20) is obtained from (2.30).

Consider now the case of a plate clamped along the edge x = 0 and simply
supported on the remaining edges. This problem will be solved thus. Let a linear
load P, d,.e'" act along the line x = & and a linear load —P, 6;";_,e* along the
line x = £—1. Let the plate be simply supported on the entire contour. The deflection
amplitude of the plate is expressed thus

(2.33) Wey == be WX —X5-0) e

Let us assume now that & = 0. Thus the couple P Ax has been shifted to the edge
of the plate. Since X} =0, therefore

(2.34) Wh, = — Zb “X' Ye.

¥, H

The clamping condition will be realized by requiring that the deflection amplitude
due to the load g,,e'“* and the couple P,Axe* be zero on the line x = —1. This
leads to the equation

(2.35.1) Z (Xr 2 Gy X1

n

Since X*, = — X7, therefore the Eq. (2.35) may be given the form

Xr 2 5 Xv
(2.35.2) b,,Z (Dl) +Z 9'5: =0
” v e ¥)

From this equation b, can be found.
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The knowledge of the coefficients b, enables the determination of the function P,
from the equation
P,= D bY}.
F

If there is no excitation, then, for g,, =0, we obtain from (2.35.2)

(2.36) 2 %—iﬁ =0

vp

as a condition of free vibration of the plate clamped along the edge x = 0, the
remaining edges being simply supported. Let us consider, finally, the case of mixed
boundary conditions. Let the plate be clamped at the points y = 0, 1, 2, ..., k of the
edge x = 0, the remaining points being simply supported. The deflection of the plate
loaded by the load g,,e'* and the moments P Aye' along the segment kA, of
edge x = 0 will be expressed by the equation

v YU
2.37) w,,=:-cz q,,,x Ys ZP ZX Lxryn,

vt =1 v,

From the clamping condition w_; , =0, we obtain the system of equations

(2.38) Z%ﬁX Yr +2 Z(X

vyt n=1 ’, @

sYE=0 (y=1,2..,k),

from which the quantities P, (= 1,2, ..., k) can be found. Knowing these we
obtain from (2.37) the sought-for deflection amplitude of the plate.

If the plate is clamped along the entire edge x = 0 of the plate, and therefore
if k=n, the Eq. (2.38) will reduce to Eq. (2.35.2). This can easily be shown,

by assuming that P, = Eb, Y} and making use of the relations
]

ZY,, Yi=8,, Dbod,=b,.
=1 Fl

Consider a rectangular plate with the edges x = 0, y = 0 clamped, the remainig
edges being simply supported. Generalizing the method described to the case of

a plate clamped along the edge x = 0 the deflection amplitude of the plate may
be represented in the form

L4 [
(2.39) Wy =% 2 XYy (@,,—b, X7 — ¢, Y.

w,u

v, H

From the clamping conditions of the edge w

1,,=0, w, ;=0 we obtain the
system of equations
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A%
@40) 2 G Xm—g ) =0,

b d
(2.41) 2 D_v: @y — b, X2y —c,Y%) =0,

"
from which the quantities b, and ¢, can be found. Knowing these, we shall determine
the forces R, and Q. constituting the support reactions along the lines x = —1,
y=—L
For,
(2.42) P,=)'bYs, Q.= cX:.
# »

This solution method may be generalized to the case of a plate with three or
four edges clamped. Another solution method may be devised in the case of a plate
with two adjacent edges clamped. This method will be discussed by means of the
example of a plate clamped along the entire contour.

Let us take a complete set of orthonormal functions [r!] (i= 0,1, ..., m) and
a set of functions [£¥] (k= 0,1, 2, ..., m) satisfying the difference equation

(2.43) Al =z, AYED) =D&,

and the clamping conditions. The functions %' may be treated as the natural vibra-
tion models of a bar with its ends clamped, the derivatives in the deflection
equation being replaced with difference quotients.

Let us expand the deflection w,, and the load g¢,, in series of functions #;, &}

@44) Wy =D Aumi, gy = Dlaurhét,  qu= D st
i,k 1, k ER ]

Let us insert the deflection and the load thus expressed in the difference equations
of the plate (2.3).
We find

@45) 3 Al Bed — ) n s 2 AL D AYEDN] = ) qusé -
i,k i,k
Let us expand the expression A2(yt)A2(£)) in a series of eigenfunctions

A () AR (ES) = D) el s
v, 4

Coon = O, D2DAL (€SS ,
I,V
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and substitute it in (2.45). As a result, the following system of equations is obtained

(2.46) Ay, + Dt — 1)+ 26 D)0, AR = g,

»op
from which the quantities 4,;, can be found to be used later for the determination
of the function w,, in Eq. (2.46).

In the case of free vibration, ¢, = 0 should be assumed in equation (2.46).
Thus, a system of equations homogeneous in 4, is obtained. Setting its determinant
equal to zero, we obtain the free vibration condition from which the successive
frequencies can be found.

3. Combined Bending and Compression of a Plate Buckling of a Rectangular Plate

Similar to, but more involved than the problem of forced vibration of a plate
is that of combined bending and compression. This problem is governed by the
differential equation of plate deflection

_ 0w
. _
(3.1) NV Ii-}-pag—l—r +2 0y =q,

where w, p, 1, g, s are, in general, functions of both x and y.
Replacing the derivatives by difference quotients, the Eq. (3.1) is reduced to
the following difference equation
(3.2) Ly (Way)+ Dy Wey) = 44y
where
L,,=A%4-22A0A2 - e2A), e=A,/A
Dnr =Dy *N.!—.'JI" 1::; Afr'}' ?Jur alAy )

v

and
= DNd — Ax? . eAx? At
p:gszy?" Ly =1y N Say = Sqy _EIF'"’ Gy =gzu_ﬁ(—'
The solution of Eq. (3.2) will be sought for in the form of a double finite sum
(3.3) Wey = Z A% s

v, p

where the eigenfunctions ¢% satisfy the equation

(3.4) L., (9%) = 0,,9%,
with the same boundary conditions as the function w,,

From the requirement that the function (L,+D,)w,,—g,, be orthogonal
to every function ¢%, we obtain n-m conditions

3.3) Z [(Lﬂ-i-Dn)ZAr#?)'w zy) ?":’; =

H
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Bearing in mind (3.4), and the fact that the functions ¢% are orthonormal, let us
transform the Eq. (3.5) to obtain

G6)  Awout D Apbu = G=0,1,.c, mk=0,1,..., m),
v, [

where
3.7) D = D, VD0 @), Gue= ), 4yt .
T, v T,

Thus, a system of non-homogeneous equations is obtained, from which A, will
be determined. The knowledge of these quantities enables the determination of
the deflection of the plate according to the Eq. (3.3).

If g., = 0, we are concerned with a buckling problem. The critical values will
be obtained by setting the determinant of the non-homogeneous equations

(3‘8) Aikdik-{‘ ZAv,ublkm = 0

v H
equal to zero.

The solution of the system of equations (3.6) is simplified considerably in a num-
ber of particular cases. We proceed now to discuss two of them.

Let us assume that g,, = ¢ = const, 7,, =t = const, s§,, =0 and that the
plate is simply supported on the entire contour. In this particular case we have

w—Xo¥E, A(X)=aX:, AL(YH=bYE,
where
um
a, = 2(cos a,~1), b, =2(cosp,—1), a=—> p,="—"-
n m
Therefore
Dnr(@?;r} = (Pfﬂ."‘ fbp)(P:.":, ?

Z % D, (%) = (pa,+ 15,)04, 84, = bisyy -

EX
Substituting the final expression in (3.6) we obtain the simplified system of equa-
tions
3.9 Ay = Qe »
where

%y = Oyt pa,+th, .

In the buckling problem the equation
{3.10) % =0
is the buckling condition.
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In the case of simultaneous bending and compression, the deflection is expres-
sed by the series

(3 1 ]_) ;y Z qu F
V}l

This equation has a form analogous to thc Eq. (2.13) relating to forced vibration
of the plate. By means of considerations analogous to those of the former section
we can, taking as the point of departure Eq. (3.11), analyse the cases of additional
point and linear supports within the plate region, cases of clamping of one and
more edges, and those of mixed boundary conditions.

Consider now the case of a plate compressed by a concentrated force P along
the line y = #. It is assumed, here also, that the plate is simply supported on the
contour. Then

:yzpéw! ! :0’ S =0.

xy Iy

Next,
D, (¢%) = pd,, YuAL(X%) = pa,d,,Y4X, .
Therefore
2 95 Do (Ph) = pa, 6, Y, Y5,
because

ZX.{-X;:"'SN: ZY?Y‘:[S]”IF:YC‘:Y:
The Eq. (3.8) takes the form:

(3.12) Ayt 2 Y"ZA,,J‘:O.

Let us multiply this by Y%, and sum up with respect to k. Then

G.13) 2 i Y“’—|—p012 (Y )* Z A, YE=0.

Observe that the first and the last sum in this equation is the same. Rejecting these
sums, we obtain the following expression for the critical force p

(3.14) P+ [alg(ﬁk)z]—l
ik

which is the buckling condition.

The above problem may be generalized to the case of more concentrated forces

along the x-axis, therefore we can obtain an approximate solution in the case where
P, depends on y only.
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Another way of solving the difference equation (3.2) by means of double series
consists in assuming a complete set of orthonormal functions 7%, & satisfying
the equations

(3.15) M) =iz, D) =8k,

and the same boundary conditions as the functions w,, . Expanding the deflection
and the load in series of functions n%, &

(316) Wy = 2 Alk??i‘s: ] Gy = ZQ(A: ?71:55 ) diy. = ZQW ?}ifﬁ )
Lk ik z, ¥

and substituting in the Eq. (3.2), we obtain the following system of equations
3.17) Ay (y, e+ ZAmay,utk =i »
LA L

where

i = D) REA(R)AL () + Py AROR) £t 1, A w252, 018, (E)) s &5 -

In the particular case p,, = p = const, f,, = = const, 5,, =0 and assuming
that the plate is simply supported on the contour, the system of equations (3.17)
becomes (3.9).

Another solution method of Eq. (3.2) may be given in the case of one or
more edges clamped. Let us consider first a plate with all the edges clamped,
acted on by the forces p.,, 1, , S5y

Let us represent the solution of the homogeneous equation (3.2) (the case of
buckling) in the form

=
(3.18) W= 2/ w;qryDEu(w-Eu) !
&

where w},, is the Green's function satisfying the equation
(3'19) .w(“ .wfﬂ) = 6:551."?

with the same boundary conditions as the deflection w,, .
A solution of the Eq. (3.19) is.the function

§ ‘P‘éﬂ; @
wxﬁ'il' =
O

v, [

where the functions ¢ satisfy the Eq. (3.4), and for simply supported edges take
the form % = X%Y4.
The solution of (3.18) will be sought for in the form

(3.20) Wey =D, Autrls.
i,k
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Substituting (3.20) in both members of (3.18), and rearranging and changing
the summation order, we obtain finally the system of equations

(32L.1) Ayt — : 24,,,29;“1)&( £) =0,

»H

or
1

(321.2) At Z A Bl =1,
b

This is identical with the system of equations (3.8).

Consider now a plate with the edge x =0 clamped. The solution of the
Eq. (3.2) will have the form

(3.22) Wey = = D, Wiyzy Do W) + W5y
&n

where wf, denotes the load of the plate along the edge x=0 by the couple P,.
Making use of the Eq. (2.34) where v = 0 is substituted (the problem being static)
we have

2 1d X! E
(3.23) “’ﬁy - = "iTkl fp;’:” dk = Pb‘ Y: .
ik v

The solution will be sought-for, as before, by means of the series (3.20). Requiring
that the edge x = 0 be clamped, we obtain the additional condition w

1,y =0o0r
(3.24) DA X' Y5 =0, hence 2,4”,1&’_,L =
ik

Substituting (3.20) in (3.22), we obtain, after some simple rearrangement the system
of equations:

(]
(3.25) AR = __2 Aybiy— d Xy

Tije

Multiplying (3.25) by X',, and summing up with respect to i we obtain the
equation

i 32
(3:26) ZAWX y=0=— 2 DI Sp— Z o
Oue 4 -
From the last equation we.shall determine the quantity d,. Replacing in (3.26)
the summation with respect to i with the summation with respect to r and substi-

tuting d, in the Eq. (3.25), we obtain the final system of equations

2 brk!ﬂX
Ay 2 (Xr l)z

1
(3.27) Am‘i‘ 2 Ao | Digeu— =0.
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Setting the determinant of (3.27) equal to zero, we obtain the buckling condition
of the plate.

A particularly simple solution of the system of equations (3.27) is obtained if
biwyu = 01,04y - Eliminating in this case the quantities 4, from the Egs. (3.2)
and (3.26), we obtain the relation
n—1
T (LR

el Outbu

(R S (. o, 12

It can casily be shown that b,,, = d,,0,,b, appears only in the case where
Pq, = p = const, f,, = t = const and s,, = 0 over the entire region of the plate.

The above procedure can easily be generalized to the case of two, three or four
edges clamped. The above problems of plate with one edge x = 0 clamped, the
remaining edges being simply supported, can be solved by assuming the solution
of (3.2) in the form

Woy = — 2 Wenzy Den(Wey) »
&

where the Green’s function w},,, concerns the plate with the edge x = 0 clamped,
the other being simply supported. -

Let us consider finally the buckling case of a two-span beam simply supported
on the contour. The solution of (3.2) will be sought-for in the form

7 *
(3.29) Wey = — O, Whoey Doy W) + W8,
él n

where wE denotes the deflection of the plate on the line x = &, produced by the load
RY$_¢ not yet known. In agreement with the considerations of Sec. 2 we have

: 5
(3.30) Whoms 3 %on g Ny,
v i Py & v Ly
I, k v

Assuming the deflection surface of the plate in the form of the series (3.20)
we obtain from (3.29) the following system of equations

1 Xt
(3.31) Ay=—— ZA,#L-.‘,‘,#-{- nd, =E .

Requiring that the deflection be zero on the line x = £, we have the additional
condition

(3:32) DA XiYE=0, hence ) AuX;=0.
i,k 1
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From the latter equation we find the quantity &) and insert it in the Eq. (3.31).
As a result the following system of equations is obtained

Z b X &
ark
S|
a'rk )
=
Setting the determinant of these equations equal to zero we obtain the buckling
condition for a two-span plate. In the particular case, where q,, = const, f,, = const,

s,, = 0, we obtain by, = d;,,,b,, . Substituting this in the Eqgs. (3.31) and (3.32)
and eliminating A4, , we obtain the buckling condition in the form

1
(3.33) Ayt — EAW biiwu— X'&
Oi =

n—1

(xy?
3.34 =0 k=12,...,m—1).
(3.39) ; Ot bi ( )

If, in all the cases considered in Sec. 2 and 3, we pass to the limit for m = oo,
n— oo ( lim mAy = b, lim nAx = a) we obtain the solution of the differential

m—+00
Ay Ar—0

equation (2.1) or (3.1).

4. Approximate Solution of Problems of the Theory or Rectangular Plates
Let us consider the difference equation of plate deflection
(4'1) Hw(wry) = xg:lf 4

In this equation H,, is a linear difference operator, which, in the case of forced
vibration considered in Sec. 2, has the form H,, =L, —+* and in the case of
simultaneous bending and compression has the form H,, = L_,+D,,.

Let us take a complete set of orthonormal functions %l =012, ..n;
u=0,1,2,..,m) satisfying the boundary conditions of the Eq. (4.1), but not
necessarily the deflection equation of the plate. Such an orthogonal set may for
instance be constituted by the functions #%&8 = % of Sec. 2, satisfying the system
of equations (2.43),

Let us assume the approximate solution of the Eq. (4.1) in the form of the finite
series

ir
@2) Wy =Byt 0=0,1,2 . p=0,1,2 ...f; j<m; f<m),
"0

where B,, are unknown coefficients whose determination is our aim.

The requirement that w,, should satisfy the Eq. (4.1) is identical with the ortho-
gonality condition of the function H,,(#,,)—gq,, with each of the functions
P @=0,1,2, . ,n; u=0,1,2,...,m). Since (j+ f) functions x% are available,
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therefore the approximate solution of the Eq. (4.1) will consist in satisfying the
(j+f) orthogonality conditions

n, m 5.7
(43) 2 I:Hnr (ZB“P x’:";) —’“}:y] ?f!;'f;‘ =0 ]
v ¥, [
which leads to a system of (j+ f) non-homogeneous equations
if
(44) Z'Bv.ub!km = #qy (f 2= 0! I! Za seay J; k= 0! Is 2’ )f) ]
¥ ft
where

7, m n, m
b= D, LS HoyU8) s =), €y .
¥ EN]

Iy

From the system of equations (4.2) we find the quantities B,, and from the relation
(4.2) the approximate solution of Eq. (4.1). In the particular case where g, = 0
(the problem of free vibration or buckling) we obtain a homogeneous system of
equations (4.4). Setting equal to zero the determinant of this system of equations
we obtain the condition of free vibration or buckling.

The procedure just presented constitutes a generalization of the B. G. Galer-
kin's orthogonalization method to difference equations.

Let us observe that if the functions x% assumed satisfy the equation

“.5) Hoy (0%) = Tnullly
and the same boundary conditions as the functions w,,, then

bifwﬂ = Ty Oy 5k,u
and the system of equations (4.4) will be simplified considerably. We obtain
(4.6) Buzno =%y, @=0,1,2.:;n; k=0,1,2.4/):
If a complete set of functions y% satisfying the Eq. (4.5) is assumed, the system
of equations
(4.7) Byt = #qy
constitutes the accurate solution. In this case the deflection of the plate is expres-
sed by the equation

@38) Woy = B
v, 1

Let us consider two simple examples of application of the orthogonalization
method just presented.

(a) Let the plate be acted on by an excitation load
q.,e, where g, = q = const.

Arch, Mech. stos. — §
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Let the plate be simply supported on the entire contour. In this case we have
H, =L, -1, according to the Eq. (2.3). The functions %, will be assumed in the
form of products X*.Y#%, where

7. T i it
(4.9) X;:'I/;sma,x, Y§,=‘l/;smﬁpy, a,=-—: ﬁyzﬂm_.

These functions are orthonormal and satisfy the equation

(4.10) L., (x%) = o2% -

Substituting (4.9) in (4.10) we obtain

(4.11) o,,= (a,+¢b), a,=2(cosa,—1), b,=2(cos B,—1)-

Next, the quantities g, are found

n—1, m—1
2q in kr
= P Y=L _ctg——ctg—-
@.12) a=q ) X7 e e g
T, ¥
Let us observe that from the equation
Hz:.‘ (Z?ﬁ) = Tv,u X?ﬂ
the following expression is obtained
(4.13) ' T = 0=t
Therefore, the approximate equation of the problem is
v )z
5! 2V ootg 2
(4.14) = o K 2 wﬁﬂ[ sin @, x sin
v wm L (g rebyr R
r=1.n =

It can easily be seen that the approximate solution just obtained gives the first

(j+f) terms of the accurate solution in which the summation is performed from 1
to n—1 for » and from 1 to m—1 for pu.

(b) Let us consider the buckling problem of the rectangular plate simply sup-
ported on the contour, assuming that p,, = p =const, #,, =0, s,, = 0. Assuming
also that

(4.15) wzr.‘ =B, X ; Y,l, ’

where the functions X% and Y} are given by the Egs. (4.9) we obtain from the Eq.
(4.4) the buckling condition in the form

(4'16) By1by11 =0,

or by, = 0, because By, 5% 0. This condition may be written thus

n—1, m—1

D XiYM(L,+D,)(Xirh=0.
Z,].f
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Bearing in mind that
L, (X.Y}) = (a,+&*b)X}Y}, D, (XY})=aqX} 2

where a,, b, are given by the Eqgs. (4.11) the buckling condition is obtained in the
form

n—1, m—1

[(@+eb)+qa] D (Xr(rhE=0,
or

- 2
@.17) g BT

a

The approximate solution coincides with the accurate one for one-half-wave
buckling in the x- and y-direction.

5. Application of Simple Finite Series to the Solution of Plate Problems

Let us consider a rectangular plate simply supported on two opposite edges,
and supported in any way on the remaining edges. Our considerations will be con-
fined to the static case, although there is no obstacle to generalize them to the prob-
lem of forced vibration and simultaneous bending and compression. The solution
of the difference equation of the plate

(5.1) Lawy)=nq, (x=01..,n »y=012..m

will be sought-for (assuming that the edges y = 0, y = m are simply supported)
in the form of the finite simple series

(5.2) Wey = D) YiXE,
where
" -_2_“ = K1 o
(5.3) Yi,:]/-m- sin 8,y , ﬁ’,,=? (=12, ..,m—1).

The series (5.2) will constitute the accurate solution of the Eq. (5.1) if the functions
L,,(w,,)—gq,, are orthogonal to each of the functions Y% . =
The following conditions must be satisfied

m—1 m—1 )
(5-4) Z[L-W(ZY,;X’;)_QI:F,‘:I Y';::o (}"‘2152)"-:”'_])‘

y=0 p=1

The Eq. (5.4) is reduced to the form

m—1m—1 m—1
(5.5) 2 Zr;;L,,,(Y;;Xf;) =xqt, qi= 2 9 Yy -
H=1 y=1 y=1

5%
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Bearing in mind that
(5.6) L, (YEX®) = Y%A+ 262, A3+ e4b}), by, = 2(cos B, —1)
we obtain from the Eq. (5.5) the following ordinary difference equation
(5.7) (As+262b,A2+etbD)XE =gt (x=0,1,2,..,n;y=0,1,2,...,m—1).
This equations may also be represented in the form
(58) X8 g— Xty d, Xt~ Xty + Xy = ngt,
where
¢, =4—2,, d,=6—2eb,1¢e'by.

The solution of the Eq. (5.8) is composed of a particular solution and the general
solution of the homogeneous equation

(5.9) Xt = X4+ (Ci+xCPA;+(CE+ CE0)A*,

where

B= (S, ITFh, o= (s E;l

or
(5.10) X% =X#+A¢chd, x+ A4xshd,x+ A4xchd x+ Aishd,x,

where
#,=1Ing,.

The function X* is a particular solution of the Eq. (5.7). From the boundary condi-
tions (two for each edge) we find the constants A%, ..., A4 and X*. The knowledge
of this function enables the deflection w,, to be obtained from the Eq. (5.2). This
procedure is of importance for plates, of which one edge is very long or infinite
(an infinite strip). In the latter case the Eq. (5.8) will be assumed in the form

G.11) X} = Xt (Di+xDe” .

If the number of segments is small (m << 10) it is more convenient to treat the Eq.
(5.8) as a system of algebraic equations.

Let us consider the case of a plate strip simply supported on the edges y =0,
¥ = m and loaded by a concentrated force P at the point (0, 7). The solution of the
Eq. (5.8) will be sought-for by making use of the Fourier integral transformation
proposed by I. BABUSKA, [9], for difference equations.

The Fourier transformation in an infinite interval is defined by the infinite series

(5.12) | FEX)=X"@= D X,eor,

I=—p0
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I=p0

where the sum Z |X.| should be bounded. The inverse Fourier transformation

r=—00

is defined by the equation
(5.13) X, =9YX,) = 1 fX*(a)e-—luxda )
B = 2 d

From the definition (5.12) it follows, for instance, that the transformation of the
Dirac function 8(x—§&) is

r=o00

(5.14) FBx— = D) dx—pe = e,

In our consideration use will be made of the following rule:
(5.15) F(Xegp) = F(X,)eFire,

Let us express the Eq. (5.8) in the form
(5.16) Xt _g—c, Xt d Xb—c Xt + Xty = #Yi PO(x)

in view of the relation

m—1

q*'—PEé(y n)d(x) Y = PY4S(x).

Performing on the Eq. (5.16) the Fourier transformation, we obtain, bearing in
mind (5.12), (5.14) and (5.15)

[e?te+ e 2 — ¢ (e "+ %)+ d, | X**(a) = x4 P,

or

[a(@)+&*b )P X"*(a) = #Y4 P, a(a) = 2(cosa—1).
Therefore
(5.17) Koo #PYl - cos axda

27 ) Ta@+e,

Bearing in mind (5.2) the deflection of the plate can be represented thus

xP cos axda
(5.18) ZY,, s [a(a)—l—s*b]

Making use of the result (5.18) a number of other problems may be solved. Thus, for
a semi-strip acted on by a concentrated force at a point (£, ) we obtain, by super-
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position of two forces, a positive force at (& #) and a negative force at (—¢&m),
the expression

m—

_ wP .y r sm a sin axda'
(.19) Vay = Z ¥ _. [a(a)-[—e’bﬂ 2

p=1

Let an infinite strip simply supported on the edges y = 0 and y = m be acted
on by a force P at the points (£, ) and (—&, 1) and also by a distributed load R, d(x)
along the line x = 0. The resultant deflection produced by these loads is

m—1 LS
#P " cos af sin aéda
y el i L e i SR
(520) =" ,.; Yy _i e@+eb,F !
m—=1 4

m—1
L u [ __cosaxda — Z R Y
t Z-’?*YF_ p@FenF T B

From the condition of zero deflection in the cross-section x = 0 we find the coef-
ficients f,:

da
5.2] f f CcOos GE - )
2l [a(a)+sw+2” @+ b ="
The quantities f, being known, we find the support reactions by the formula

m—1
(5.22) R, = 2 [
=1

Let now the plate strip be acted on by a load ¢,, = ¢, (independent of y only)

and by concentrated forces P, along the segment kAy, (k < m) of the line x = 0.
The deflection thus produced is

m—1

. _ Gy cos axda )
623)  w,= xZ R ZPHZY e

n=1 H=1

We require now that the deflection be equal to zero for y = 1,2, ...,%, ..., k.
From the condition w,, =0, we obtain

quly:a+ 2 2}’}’“3;‘:0 =1 2By

(5.24) PR

e f [a(a)—]—e”b o

Thus, a system of k equations for the determination of the unknown quantities P,
has been obtained.
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The Eq. (5.24) may be given still another form. Let us expand P, in a series

m—=1
(5.25) P,= ) 4,Y)
i=1
and insert in (5.24). We obtain
m—1 k
(5.26) 2 A,a,+ Ef**— =0, a,= 2 YIYE
j=1 " e'u =1

If the plate is supported over the entire width & = mAy, we have a,, = 6,,, and the
Eq. (5.26) becomes

(5.27) A, =—2  w=1,2..,m—1).

e, by,
The Eq. (5.26) constitutes the solution with mixed boundary conditions along the
line x = 0. As the net becomes more dense along the line x = 0, the approximation
to the reality becomes better and better. In the limit case for m — oo, the Eq. (5.24)
becomes a Fredholm integral equation of the first kind, [10].

6. Application of Difference-Differential Equations to the Theory of Plates

In a number of plate problems, especially with mixed boundary conditions,
it may be very useful to describe the deflection of the plate by means of a differ-
ence-differential equation. Let us divide the plate into m equal strips of width Ay
in the direction of the y-axis. Let us denote the function, expressing the deflection
along the lines y =0,1,2,...,m by w,(x). Then

otw P , .
__:;;fx) -|' 232 a_x_a [&% (wy(x))] + x'IA:r (wy (x)) == Q}E‘r )’

6.1) l |
Oéxéﬁ, y=0,1,2,...,m, x2=a_yi’ ﬁy:;

is the difference-differential equation of deflection. Let us assume now that the
edges y = 0, y = m are simply supported.
Assuming the solution of (6.1) in the form

(6.2) wy(x) = Z Y’;X,,(x), Y= ]/_2”'1' sin ﬁ#y-' Bu= _.?"?_T,

#=1
expanding the load q,(x) in a series of functions Y}

m—1

m—1
©3 0 =D a0,  g.6= 9,64,

p=1
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and applying the orthogonalization method, we obtain the following ordinary linear
differential equation

a* d* :
[—d i— 20— —|—x‘c‘]Xp(x) ~ %’Q
(6.4)

= 2(1—cos ) = 4 sint D
The solution of this equation has the form
(6.5 X,(x)=X,®+C, chr,x+C xshr,x+C  shex+C, xche,x,
where f'ﬂ(x) is a particular integral of the Eq. (6.4) and
Bul.
2

Let us consider an infinite plate strip acted on by a concentrated force P at the

point (0, #). Performing on the Eq. (6.4) the Fourier transformation, and bearing
in mind the fact that g,(x) = PY/0(x), we obtain

(6.6) Ty = %0, =

i sin

PYs r cos axda
¢ ) = Z:rN @+
or
m—1 }’ Y
(6.8) w,(x) = rj’ L (14xz)e ™"  x>0.
.u-l .

Introducing an auxiliary function
m—1 Y yu

(6.9) D, (x) = 4N2 e x>0,
=1

we can express the quantities 0%w,/dx* and A%(w,) by the following simple
equations

3w 1 oD 1 oD,
6.10 = T buciatl ) 1 2 A2 =P —x ¥
(6.10) 3 (ED,,-i—x 6x) A r,) =5 ((DJ, Ebc)
For an increasing number of strips (m — o), we obtain from (6.9)
P e~ iy, rmy
@ l¢)] = —— —_— i ——-—y =
®)->P(x,y Na a7 sin——sin —
(6.11) n
P ch—=— cos (¥ —7)
=___In > lim (yAy) -y
4N X m-»00

4 =
. ch—b—~cos —b—@—l—n) Ay—>0
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being in agreement with the result obtained by NApA1 [11]. For m — oo we have

w1 op Pw 1 oD
(6.12) P ( e ) EF“E(‘D”"“B?)'

Let the strip be acted on by a load ¢,(x) = ¢, independent of x and forces
Py, P,, ..., P, ..., P, at the nodes lying on the line x = 0. The resulting deflection is

6.13) w(x)——zq“ "+8N2 ZY';”(H-)C JewE x>0,

n=1 n=1 =1

From the deflection condition of the plate along the segment kAy, we obtain

m—1 k
.Y, 1N _,

n=1

(6.14)

B=1

If k = m, that is if the plate is supported along the line x = 0 over the entire width,
we are concerned with the case of a semi-strip with the edge x = 0 clamped. In this
case we assume

m—1
(6.15) Pi= ZAJY; .
j=1

From the Eq. (6.14) we obtain 4, = —8q,/, .
Introducing (6.15) in the Eq. (6.13), we find

m—1

(6.16) w, () = Z 9V [ —(+xr)emq] x>0,

n=1

The clamping moment along the edge x = 0 takes the form

0w, q
m(0) = _N[ 6x3:| = _ZT:Y‘?'

If ¢ = const, we have

1 ctg £
« 2m . umy
(6.17) mi(0) = = sin ——* ]
2mPx el s #?:: Fig. 2

Let us consider two auxiliary problems. Let a concentrated moment act at the
point (0,7) of the semi-strip simply supported on all edges (Fig. 2). Bearing in
mind the boundary conditions

(6.18) w,0)=0, mi0) =M,
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the deflection of the strip is obtained in the form
m—1

xM ) §-0 ¢ Y; o

2N r

=1 i

(6.19) wh(x) = P x>0,

If the semi-strip is acted on by the load ¢,(x) = g = const, then

m=1

1 D vu XTy | —r.s
(6.20) wi(x) = WZ -é Y [l — (l + —2--"-)9 ! jl x>0.
n=1

Let us consider a semi-strip simply supported along the egdes y =0, y =m
and clamped along the segment kAy of the edge x = 0, the remaining part of that
edge being also simply supported. Let the plate be acted on by a load g,(x) = ¢ = const

(Fig. 3). We are concerned with a problem of

'?—— = mixed boundary conditions. Denoting the unknown
3&::7 clamping moments by M, , 1 <n <k, the deflection
2 § of the plate is obtained in the form
f/ b7 K
e 621) w0 = w0+ ) MW () .
Fig. 3 v

From the condition [dw/dx],_p, on the segment
kAy of the edge x = 0 the following system of equations is -obtained

" nyu
(6.22) Zq,,y +2Mﬂ fﬂizo =12 ... B

T,
p=1 n=1 p=1 "

Solving this system of equations we find M, , and from (6.21) the deflection w,(x).
Another solution procedure is such. Let us expand M, in a series of functions -

m—1

(6.23) M,= ZA Y,, A= ZM,, Y.,

n=1

Inserting (6.23) in (6.22), we obtain the system of equations

. k
: &
(6.24) E Aja,+ %‘- =0, a,=) V7.
.f L)

n=1

If the plate is supported over the entire width, then, bearing in mind that a;, = 0y,
for k=m~—1, the Eq. (6.24) is reduced to the form

6.25 9 _
(6.25) A+r’

M
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If (6.25) is substituted in (6.23) and (6.21) for k = m—1 then, as a result, the Eq.
(6.16) is obtained.

The above problem of mixed boundary conditions can also be solved in another
way. Let us assume, as a basic system the same plate simply supported on the edges
» =0, y =m, on the edge x = 0 being clamped. If in this system a load ¢, (x) =
= ¢ = const acts, the deflection w?(x) is given by Eq. (6.16). Let now a con-

centrated angle
aw
I:E-‘-:jlz-—:ﬂ = qoér.ru

act on the basic system. It can easily be shown that the deflection due to this state
is given by the equation

(6.26) W (x) = (pxz YeYeeur x>0,

J=1

In the case of mixed boundary conditions the function expressing the angle ¢ is
unknown in the interval (m—k)Ay (see Fig. 4).

The deflection of the plate is expressed by 0 g

the equation

m—1

6.27) w(x)=x Z Py 2 YrY e F

p=lk-}1 pr=1

Z Yy [l—(+xz)e ] x>0.

From the conditions of zero bending moments mi(0) at the points k41,
k-2, ..., m, we obtain the following system of equations -

m—1 m—1 .
(6.28) Z w,,zrﬂy;*r; o 2 G yp (p=k+1,..,m—1),

=kl n=1 p=1

from which the quantities ¢, can be found. Expanding g, in series

m—1
(6.29) ZB, i, B= ) .0
y=1
and substituting in (6.21) we obtain
1
(6.30) 23 b,‘,=—N?§. (B=1,2, wcym—1).
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If the plate is simply supported over the entire contour, then b, = d,, and the system
of equations is simplified to the form

1
(6.31) B,= '2}7% -

If (6.31) is inserted in w,(x) (with k = 0) the Eq. (6.20) is obtained as a result.
Let us consider finally the plate of Fig. 5. Two semi-strips, of which one has the
width @ = mAy and a bending rigidity N;, the other having the width ¢ = kAy

Xy 0 X
== rﬁ?l
4 ll
¥ ) s
Y 7 7 8
il — /i S { ¢
______-_7” ) <
/ M —
VLN —/ !
Fig. §

and a bending rigidity Ny, are joined along the segment kAy of the line x = 0.
The right-hand semi-strip is loaded by a uniform load ¢. In the coordinates assumed
the following equations are obtained for deflection.

(a) Region I
m—1
632) W)= Z’M 2 et
=1 =1

m—1

_1_ 9 yu ( Tﬂ ~ 2 |
+NL ; r‘y[ 14 L~ e~ F i 1 | i
fj-_—

M

(b) Region II

(6.33) w, () = iN_; ZM Z 9’""’“ et x, >0

=1 a=1
where

2 . an _
?ﬁ—‘—VESm-}l: Oy =%Cy =2

It is assumed that the deflection along the line x = 0 is zero. From the continuity
condition on the line x = 0 we obtain the following equation for M,:

w0 Sl gy S S

=1 H=

sin 7
k

=1,2,..,k=1).
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The quantity M, being found from (6.31), we obtain the deflection of the plate
from the Eqgs. (6.32) and (6.33).

However, the system of equations (6.34) may be replaced by another system.
Let us expand M, in a series of functions pf

635) M,= > g,

p=1

Let us substitute (6.35) in the Eq. (6.34), multiply the Eq. (6.34) by ¢? and sum
up from y =1to y =k —1. As a result, the following system of equations is obtained
after some simple rearrangement

k-1 m—1

N =
636) ?+2Aﬁz ""Cﬁ"-f-Zf;‘bM 0 @=1,2.., k1),
p=1 =1
where
m—1 m—1
637) b= D Yi0l, o=, Yith.
y=1 n=1

If a = ¢ then ¢ = Y2. Now, bearing in mind that b,, =4, ¢s, = d,, we obtain
from the Eq. (6.36)

I

(6.38) A,,(1+%%) N O R S

Ty

If Ny — oo we are concerned with a plate clamped along the line x = 0. The Eq.
(6.38) becomes (6.25).

In the case of rectangular plates the Eq. (6.1) may also be solved by means of
double series, one having a finite number of terms (u=0,1,2, ..., m) and the
other an infinite number of terms. The solution methods do not differ from those
discussed in Sec. 2.

7. Appendix. The Eigenfunctions of the Equation

L:y (93:-':) =5 dﬂp‘p:’%'
The most simple form of the function ¢? is that in the case of a rectangular plate
simply supported on the periphery. In this case the boundary conditions at the edges
x=10,%=n are

(71) Wi _9:’11 y "‘0 932‘1_;;"{"‘;’;.{'1,-:0: n-—1 u+‘pﬂ+1 1'_'0

For the edges y = 0, y = m the boundary conditions are analogous to (7.1)
The difference equation

L L,@%) =0ng%, Lny=A1+20 el
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is satisfied by the functions

(7.3) Ph =Xy,
where
X’—-‘:VESEDH'X, a‘.:v_n‘ (?":1:2:"'!'”_1; x=l,2,...,!!-—l),
e n n
(7.4) —
y 2, _pm . i, . -
Y.}:= 'asmﬁpy, ﬁﬂ—"; (#—1:2:-"$m l! y‘"lnzs”':m 1)}

and the functions X?, Y/ are orthonormal

n—1 m—1
SO
s DR =ty DTV =By
=1

=]

Inserting (7.3) in (7.2), we obtain
(7.6) 0, = (a,+b,%?, a,=2(cosa,—1), b,=2(cosf,—1).
Let us assume that the edges y = 0, y = m of the rectangular plate are the only
simply supported. Substituting in (7.3) the expression
(7.7) W=YhYW,

where the function Y/ is given by the Eq. (7.4) the following ordinary difference
equations is obtained

(7.8) (A% 4262 A2+ X =0, X (x=0,1,2,..,n).
This equation can also be represented in the form
(?'9) X.:liﬂ_‘ ch;£1+.f::¢X:g '__C;AX:{;—l_l"X:{i—E == O'r,uX;“ (_x: 0’ Vs 2inss PT) s
where

c,=4—2%,, f,=6—2,1cbt—o0,,.
Setting the determinant of the system of equations (7.9) equal to zero and bearing
in mind the boundary conditions for x = 0, x = n, we obtain for each value of p

a set of n-f 1 values of o,,. For each of these values the function X7 will be deter-
mined. It can easily be shown that these functions will be orthogonal. After norma-
lization they will satisfy the condition '
n
(7.10) ZX;#X;"Pz &4
I=(

We can also consider the Eq. (7.9) to be a difference equation and solve the
eigenvalue problem of the difference equation. This procedure leads to an involved
transcendental equation, from which the values of the successive parameters o,,
are determined.

In the case of a rectangular plate clamped along two adjacent edges the functions.
%, cannot be determined in the form (7.7) but only in the form of a finite series.
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Streszczenie

ZASTOSOWANIE ROWNAN ROZNICOWYCH W TEORII PLYT (I)

Przedmiotem pracy jest rozwiazanie czastkowego réwnania réznicowego ugigcia
plyty, ktére uzyskano przez zastapienie pochodnych przez ilorazy réznicowe w réw-
naniu rézniczkowym ugiecia plyty.

W p. drugim i trzecim przedstawiono rozwigzanie réwnania réznicowego przy
uzyciu podwéjnych skonczonych szeregéw i to w odniesieniu do drgar wymuszonych
i wlasnych oraz do jednoczesnego zginania i §ciskania oraz wyboczenia plyty pro-
stokatnej. Uzyskane wyniki stanowia pelna analogie do rozszerzonej metody Naviera
w terii rézniczkowej plyty.

W p. piatym zajeto si¢ stosowaniem pojedynczych szeregéw do wyznaczania ugig-
cia plyty, gléwnie w odniesieniu do pasma plytowego, wykorzystujac obmyslona
przez I. BABUSKE transformacje Fouriera dla réwnan réznicowych.

W ostatnim p. przedstawiono rozwigzanie kilku zagadnien statyki piyt przybli-
7ajac réwnanie rézniczkowe ugigcia plyty réwnaniem rézniczkowo-réznicowym.
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PeszioMme
IIPUMEHEHUE PABHOCTHBIX YPABHEHUI B TEOPUM IIJACTHMHOK (I)

Perraetcst pasHOCTHOE YPABHEHHE B UACTHBIX IIPOH3BO/HBIX NMPOrula IIacTHHKH,
TOJIydeHHOE TIyTeM 3aMEeHBI IPOM3BOJHBIX DPA3HOCTHBIMM YACTHBIMU B Iudide-
PEHILHAJIBHOM YPaBHEHHH IIpOI‘PIGE IDIACTHHKH,

B n.n. 2 u 3 mpejcTaBieHo pelleHue PasHOCTHOTO YPABHEHHMSA IPH HCIOJNb-
30BaHUH JIBOMHEIX KOHCUHBIX PAJNIOB M TO B OTHECEHHM K BBIHYKIAIOIIMM M c06-
CTBEHHBIM KOJIeOaHHAM, 4 TAIOKE K OJHOBPEMEHHOMY HM3IMOY M CIKATHIO M TIpO-
JI0JIBHOMY M3THOY IpAMOYTOIBHOM macTuHkH. [loyueHHbIe pesyabTaTsl SBIA0TCI
nosHOi anariorueit paciumpensoro merona Hasue B mudidepennuansmoit Teopuu
TUIACTHHKH,

B n. 5 paccmarpuBaeTcs TIPHMEHEHHME OJMHADHBIX Ps0B K OIPENETICHUIO
nporn6a IIACTHHKYM, TIABHBIM 00pasoM B OTHECEHMM K IUIACTHHYATOM IOJIOCe,
ucnone3ys npejuiokerHoe V. Basvmkont npeofpasosaHue Dyphe A PasHOCT-
HBIX YpaBHEHHIA,

B sakmoueHue IpPENCTABIIEHO pEIIEHHE HECKOJBKHX 33744 TI0 CTATHKE IIja-
CTHHOK, mpubmpxas juddepennnansroe ypaBHeHrHe TPoruda IUIACTHHKH aud-
(beperIuaNpHO-PASHOCTHEIM YPABHEHHEM.
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