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PROPAGATION OF THERMOELASTIC WAVES IN PLATES

WITOLD NOWACKTI and MAREK SOKOLOWSKI (WARSZAWA)

S—

Notations

u (u, v, w)
s A

v

0

Ly

e=nul, =

c

=

displacement vector,

Lamé’s constants,

Poisson's ratio,

density,

coefficient of thermal expansion,

coefficient of thermal conduction,

coefficient of temperature conduction: » = k/pcy,
specific heat at constant volume,

BA+2u) ar Tk,

(B4 + 2 u) ar/(A+2 p),

absolute temperature of the initial state,

increment of the absolute temperature,

time,

thickness of the plate,

velocity of the longitudinal and transverse waves,
velocity of Rayleigh’s surface waves,
frequency of forced vibrations,

non-dimensional parameter,

1+ , 4T
(1 -—v) e
phase velocity,
(¢/c,)

Let us consider the problem of propagation of plane waves in an
infinite elastic plate bounded by the surfaces z= *t a. If the coupling
of the equations of motion with the heat equation be taken into
account, [1], the problem is described by the system of equations:
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where u is the displacement vector and @ the absolute temperature of
the points of the plale measured from the initial state T which is free
of stresses.

Let us assume that the direction of propagation of the waves is
parallel to the x-axis; then the system (1) can be reduced to three scalar
equations. To this end let us introduce the scalar potential @ and the
vector potential

(2) %= grad @ + rot .
In the simplified form we have:
D=0 (2,21, Y=|0, ¥(x,z2,t),0].
Thus, we arrive at the equations:
-
IR 7 e, e L
e ¢ 0f g,
@ 1 0°0 0 ap*
2 1 0@ Ve
T b S s e
Vo=@ g = %O VO— =" g -

where Y, (x,2,t)=% and e¢,, ¢, denote the velocities of propagation of
longitudinal and fransverse waves in an elastic body:
¢y =l/(l+2ﬁt_)15, 32=I/FTQ-
Assuming that the vibrations are harmonic in time, ie. that the dis-

placement functions @ and ¥ and the temperature @ can be represented
in the form

4) D(x,z,t)=0D*x,z) e, P(x,2,t)="%=x,2)e", Ofx,zt)=0%zx,z)e",
the system (3) can now be replaced by the following:

P S =0,
2

2
(5) yEor -+ Eji o* 23911 6",
e

i

rret — _t;w O* =niwp* O
Finally, eliminating the temperature ©* from the second and third

equation (5), we obtain a system of two equations of the fourth and
second degree:

(6) (V34— q) (P2 +*)D* — qep* @* =0, (724172 ¥* =0.

This system, combined with appropriate boundary conditions, describes
the course of the phenomenon under consideration. It should be
emphasized that the coefficient ¢=#x#, appearing in the equation (6),
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and defining the coupling of the thermal and elastic problems, is in the
case of many materials encountered in practice much smaller than unity;
this fact was stressed by Chadwick and Sneddon, [2]. For ma-
terials considered by those authors (Al, Fe, Cu, Pb) the value of & ranges
between 3.5:10~2 and 3.0-10~% 1In view of this fact, the quantitative
effect of the coupling of the equations of motion and the heat equation
is small and hardly perceptible in experimental investigations. On the
other hand, to take into account the inequality ¢ <<1 considerably
simplifies further discussion of the problem and investigation of the
qualitative effect of the coupling.

The solution of the equations (6) is assumed to be in the form of
harmonie functions with respect to the variable x:

O* (x,2) =1, (2) e7'**, P* (x,2) =fy (2) e~"o~.

Hence we obtain two ordinary differential equations for the functions

fi (2) and fy (2)
(M fiV—I[(e®+q) +(a® — o) +ge] fi’ +[(a® + q) (¢® — 0®) + ga’e] f; =0,
(8) f2' —(a* —7*) fo=0.

The solution of these equations leads us to the following form of the
displacement functiens @ and ¥ and the temperature ©, calculated by
means of the second equation (5):

(9) @ix,z t)=][A,chAz+ A, ch A,z+ Ay sh 4,z + A, sh 4,2] e/,
(10) ¥(x,z,t)= [A; ch yz+ A4, sh yz] eflet—*,

(11) Oz, z, t)=§1-- [A, (224 0 —a®) ch A, 2+ A, (A3 +0*—a®) ch ,z+
0
+ Ay (224 0® — o®) sh A z+A, (2 + o — a?) sh 4,2] eflo—=,

~ The constants A; will be determined from the boundary conditions
of the problem. In the above formulae the following notation has been
assumed:

y=Vd—7, 0% =

A, and A, denote two complex roots of the biquadratic equation:
(12) 2*—[(a®+ @)+ (a*— 0*) +qe] 2+ [(a* + @) (a®— ") +qa’e] =0.

Making use of the inequality e <1, the above roots may be simply
determined in an approximate way by assuming

A=a’+q+ed,, A2 = a® — o+ &d,,

il
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and then determining the coefficients é, and d, from the equation (12),

the terms containing &® being disregarded. Thus, we obtfain the approx-
imate relations

19 n~p e tafi+ ),

z LR
(14) ml/a —a o +q)

Out of four existing roots we consider the two satisfying the con-
dition Re (112) > 0.

If in the above considerations the effect of coupling be disregarded,
ie. if we set e =0, we should obtain:

o i - y ©°

A, +‘ /'[3 = == E? 1
— the coefficients corresponding to the propagation of purely elastic o
purely thermal disturbances. If, moreover, a were real, the wave motion
would take place in the direction of the x-axis with a constant velocity
and without dispersion.

In our case, however, e=> 0 and the coefficient a are to be determined
from the boundary conditions of the problem. We shall consider here
two kinds of conditions, namely:

(a) The surfaces of the plate free of tractions and maintained at the
constant temperature ® =0

(15) Orzz=0p=0=0 for z=-a.

(b) The surfaces of the plate free of tractions and a perfect thermal
isolation occurring:

00

(16) Ore=0np==—=0 for z=-4+a.
_ 0z

We shall discuss two types of vibrations — symmetric and anti-
symmetric (bending) — which corresponds to the assumption in the
solutions (9), (10) and (11)
(17) A;=A4,=A4A,=0 or A\=A,=A;=0.

In order t¢ compute the stresses in the plate, the displacements ex-
pressed by means of the functions ¢ and ¥

_ 00 0¥ 0 d ¥’
oz 0z’ YT 0z
should be inserted into Hooke's equations
oy = Aerk 0ij+ 2 ieij— (3 A+ 2 p) Oay by, giyj= % (wey 4w, i)
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Since
Exk = Exx 1+ Eyy + &2z = ;72@’
we obtain, confining ourselves for the time being to the scalar potential ®:
*@
iy+2 M a.'l‘,‘ a;} .
Expressing in the above equation the temperature @ by @ according
to the second equation (3), we have:

BA+2p)a@=(A+2p)p D —

oy =[P 0—BA+2u a:0] 6

0*d
¢
and therefore:

, 0* ' 0*P
mj=2,u (mxj —"(SUVE) [ [ 3t (5;‘}.

Similarly, we can take into account the vector potential ¥ leading
to the stresses oij. Bearing in mind the representations (4), we obtain
the following formulae for the stresses o, and o,

2 h* 2y *
Czz ==—"Ji (2 % 4 P P*—2 adgri;;) e"“”,
'@p* 0¥t gty .
0‘,\:2:#(2 a:r az + -53-:_3 = _a‘z—f*)eu"".

Substituting these relations and the equation (11) into the conditions
(15) or (16), and taking into account (9), (10) and (17), we arrive at
a system of three homogeneous equations for the constants A;. Equating
to zero the determinant of this system, we obtain a transcendental equation
enabling us to determine a sequence of eigenvalues of «; then, we can
determine the phase velocities of plane waves in the plate vibrating
periodically with the frequency w.

In the four cases under consideration, the transcendental equations
for a have the following form.

1. The boundary condition (a), symmetric form of vibrations:

@a®—oP (B—2)  (¢*+7—a®) i, th lya—(o*+ B—a") &y th Ao
4aty oy th ya )
2. The boundary condition (a), anti-symmetric form of vibrations:
(2a®—2** (22 —22) (®*+A2—a?) A,cthda—(a®+ 22 —a’) A cthdja
4o’y cth ya ’

(18)

(19)

3. The boundary condition (b), symmetric form of vibrations:
(2 a® —2%)? A2y (A2 —2%) cth ya
4a’y  (o*+A2—a?) A, cthl,a— (o' + 42— a*)A,cthdja’

(20)
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4. The boundary condition (b), anti~symmetric form of vibrations:

(2a®— 7% A A, (ilf — Z%i th ya
@) T T Y E—d) 4 th o — (P F A — ) 4y th A

If we assume that e =0, the equations (18)-(21) reduce to well-known
relations discussed at length by V. G. Gogoladze, [3], and quoted in
the monograph [4]. In this case, obviously, ® =0 at all points of ihe
plate.

Let us now consider in greater detail the case (a) of the plate the
surfaces of which are held at the zero temperature. Introducing new
simplifying notations we shall represent the equation (18), corresponding
to the symmetric vibrations in the dimensionless form. We assume:

=2} el B e
'_.“ (cg) 1 ﬁl (C|) )-'I' 2‘“’ Cy V"w!
q Bo
=[] , h= —_—— — - 4
bo (cu) qte® B,—ip,
where ¢=w/ais the phase velocity of the plane wave only in the case

of real values of a. For complex values of a, a=a,—ia; the exponential
term in the formulae (9) and (10) assumes the form:

(22)

e!{mf—a’.x'_i == ei (wl—apX)—ax — e'—t'aR (wifce p—x) e—u,‘x'

Thus, the phase velocity is here equal to w/Ree, Ima constituting the
dispersive term. ' :

Making use of the notations (22), the equation (18) can be written in
the form:

{1_'__'0_:55}:! [ﬁ!_‘i_‘ iﬁn_ he {ﬁa = iﬁn)]
Vi—¢t |
=cth J/1—Caa |[B;+ify+heify] V1—B,C+hep, & th Y/ 1—B,t+hef,l aa—

—hepy V1+iBL+heiBol th Y1 +ifol+heif.l aa).

The investigation of the above equation in the general case is most
cumbersome. We shall therefore confine ourselves to the consideration
of the two extremal cases: aa>1 and aa<€1. In the first case, the
functions tgh appearing in the equation (23) may be replaced (if only
¢ <<1) approximately by unity; in the second case by their arguments.

If aa>> 1, then disregarding in the equation (23) the terms conlaining
¢, we obtain a simplified equation:

(1—0.50)?*[B,+ify—he (B, — Bl _
= [(8,+iBo)+heiy] V(1—B 0 +hep L —heb, VI+iBut-

(23)
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After sfmple transformations:

(24) (1— 05!:)2 =hs B — aﬁ'][ (1—0.58)* 1]+

VI—CV1—BC B +iBo|y/1—t /1B, ¢

Y [ —
+ G (1—p. g 11— 0B8R IH05iBI— )1 ﬁnCV1+tﬁoC]}-

In the case ¢=0 the-right hand side of (24) vanishes, and we obtain
the well-known equation:

(25) el S—1=0,

V 1—¢ |! 1— ﬁ,

leading to the phase velocitly c==cy corresponding to Rayleigh’'s
surface waves, [4]. The corresponding value of = c%/c} is denoted
by Cg.

In order to estimate the value of { corresponding to &> 0, we proceed
as follows. Denoting by helF, ({) the right hand side of the equation (24),
and by d the increment of { due to the coupling of the equations (1),
we can write (24) in the form:

(26) Fy (Cr+08)=heF,({r+0).

The postulate é <€ L enables us to expand both sides of the equatlon (26)
into Taylor’s series in the vicinity of the point{={g, preserving only
two terms of the series:

(27) P, (¢R1+a[dj‘;] sl it
Since F, ({z) =0, we obtain from (27):
d~he d? €r) .
[Tif ]§=c;e

Taking into account the real values of the functions F; and F; we have:

'*vﬁnl‘gl{ﬁn i) ) %
CBFBE1—B,lr)
L 1—0.58,Cr+0.5ip,Cr—V1—Bitr ¥/ 1+ iBulr

058,01 — B, L)+ 0.5/(1—CR) —1/(1— 0.5¢r)

In the above equation the increment of the phase velocity c¢ is repre-
sented in terms of dimensionless variables e, f;, {r and f,.

Let us bear in mind that the coefficient ¢ =%x¥9, depends on the
thermal properties of the material, and satisfies the inequality e £1.
The values of f;, and tr depend exclusively on the elastic properties of
the material, and they range from 0.5 to 0 or from 0.766 to 0.913
(cf. Table 1):

(28) o=
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Table 1
" 0 0.1 0.2 0.3 0.4 0.5
B 0.500 0.444 0.375 0.286 0.166 0.000
;R 0.766 0.797 0.830 0.860 0.888 0.913

The dependence of § on the parameter g,, f, = c/xw, connected with the
frequency of the forcing vibrations is analysed in greater detail; this depend-
ence is given at Fig.1, the real and imaginary parts of the function § = é,-414;
being drawn separately. The graph has been constructed for a definite
plate made of aluminium with the following properties:

E="7-10"kGecm™ v =0.34, o=2.T5gem™?,
%= 0.61 cm® sek—!, & = 0.035, ¢, =6.17-10° cm sek™',
c;=3.04-10°cm sek—",  f,=0.242,  Zp= 0.870.

The initial temperature was assumed to be T =293°K =—20°C.

~Log(Red) §~Loy(?m d)

Re (8)=0,0027

-

=l | |
2 1 { 1

L
3 Log fo

[y -

Fig. 1

_ On the basis of the formula (28) and Fig. 1, three ranges of §, may be
distinguished, namely: for small values of B, — 0 the absolute value
|6]—0, and ¢ assumes purely imaginary values in accordance with the
approximate relation

(29) d=<4.5-10~1 if,.
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The maximum influence of the coupling of the original equations takes
place in the interval 1< f,<<10, where ¢ attains values of the order
6.4-10~%(1+i). For large values of B, the imaginary part 4; tends to
zero, and the real part é, tends asymptotically to the value:

s 0.5 ef, e
T (1B, Lr) [0.5 /(1 — B, )+ 0.5/(1 — Lr)—1/(1— 0.5 L]

=10.0021.

The validity of the graph in this part is restricted by the condition on
which the formula (24) is based, namely by the inequality aa >>1 equi-
valent approximately to the inequality

aa=-a—wa%w—a>l, ie. w3 %k
() Cr
At the same time, however, the inequality f, = ¢%/x®» >>1 implies o << ¢}/x.
The right-hand side of the graph at Fig. 1 is valid only to f,=acj/xc,
which in our case is approximately equal to 5.3-105
The above result may be compared with that given by F. I. Loec-
kett, [5], because in this particular case we deal, in fact, with a phenom-
enon similar to Rayleigh’s surface waves. The equation (24) may
be represented in the form:

— 2 B, — b,
(1—0.5¢) (1 hsﬁiﬂﬂ) l e g, )“
V=% V(l_ﬁlc)+hsﬁl B, +ip,

— hep,

V1+ip.l
(ﬁ1+‘ﬁo)V1_ﬁl +haﬁ1
If we now assume thatf,>>1, h~1 and disregard the terms con-

taining e, except for the term hef, { in the denominator in the left-hand
side, we shall obtain the approximate relation:

V1= Y1—1—¢)B, ¢

Since we may take approximately
)P
ﬁ] (-1 8) e 1 + e ]

our condition is identical to Lockett’s condition. Lockett estab-
lished that the velocity of the surface waves for small values of ® may
be calculated from the well-known transcendental equation for Ray-
leigh’s. waves, in which the coefficient g, has been replaced by (8,/1+e).
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Passing now to the direct determination of the change of the phase
velocity e, let us observe that for small values of § we can set

2 (c,‘, a Ac)” (cH) 2¢c, de
e ) T la T
whence thé relative increment of velocity follows:
de 0 _ 8
¢, 20, L74° ‘

- Let us now return to the formulae (9) and (10). Bearing in mind that

[0} I
A SR,

the displacement function @ (x, 2, t) may be written in the form:

?(x,2,t) =, (2) exp [i (wt —ax)] =
wd;

. W or 1
e s

It follows clearly from the above results that Re d==4d, constitutes the
factor increasing the phase velocity of the vibrations in the ratio
(1+6¢,/28g); Im §=24; on the other hand, being the dispersive factor. The
coefficient of dispersion will be defined thus:

_ 2R _2CH By _ 3 q410-0P0
w0; dicy, o

Figure 2 represents in the logarithmic scale the relative increment of the
velocity 4c/c, and the coefficient of dispersion a in terms of the fre-
quency w of the acting force in the aluminium plate under consideration.

Let us now consider the second extremum case aa <€ 1. Making use
of the first terms of the expansion of the function tghx=ax+..., the
condition (23) may be written in the form:

(80) (1—0.507*—[p+ 130_'h3{ﬁ1”iﬁn}] =
= [(B,+ipu)+heif) [(1—p; L) +hep, Zl —hef, (14-1B,0),

if the terms containing e in the second and higher powers be disregarded.
The equation (30) can be transformed as follows:

(1—050° B, — 1B
[ 1—8,¢ 1] (1 e B + "'-ﬁn) 0-

The last condition yields, irrespective of the value of e, a value of { iden-

tical with that for the uncoupled problem (cf. e.g. [4)):{=4(1—§,).
Depending on the Poisson ratio », we obtain for the phase

velocity ¢ values from c¢; to 2cy (see Table 1), the coefficient & having

(31)
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no noticeable influence on this result. This can be explained if it is re-
membered that we are considering a plate the thickness of which is very
small in comparison with the length of the wave; and the surfaces of
the plate are held at zero temperature. Therefore the maximum value
of the temperature © must be small, and hence its influence on the phe-
nomenon under consideration is negligible. On the other hand, in the case

Ac ) d
cg [(em)
103~
i
107~
o0 |10° o® o 0 0t
| | T ¥ | I ) s
€ 2
S in (sec™)
0 R
m
o |d
KRN
02 EL';'»’ d
]
'!D.’— —_—
Ac
1074 - tr
Fig. 2

of a thermal isolation of the surfaces of the plate, the representation of
the appropriate transcendental equation in the form (31) is no’ longer
possible and the temperature @ may reach greater values.

Passing to the case of anti-symmetric form of the wave described
by the equation (19), i.e. to the bending vibrations of the plate, let us
observe that the first extremum case aa > 1 leads to a relation identical
with (24), since for the large arguments {gh x~~cigh x~1. Accordingly,
the discussion of the dependence of { on & carried out for the symmetric
form of the vibrations remains valid, as well as the graphs at Fig. 1
and Fig. 2.

The discussion of the second extremum case aa <1 is also simple.
In this case, in the expansion of the function ctgh , two terms should
be retained, according to the formula:

1
3

1
ctghx= = o i VO
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Taking into account this expansion and introducing the notations (22),
the equation (19) can be transformed to the following form:

(1—0.50°  1/(@a)+1—p,0/B8](;,_, Ai—ib
1—{ 1/(aa)! +(1—&)/3 B, + if,

Comparing this result with that quoted in [4] on page 285, we observe
that the phase velocity ¢ is unchanged in this case as well, and with
the assumed degree of accuracy it is independent of e&. For we have
approximately:

Eme g (aa)? (1—B,)

Similarly a discussion can be conducted for the plate the surfaces of
which. are isolated. To this end an approximate analysis of the equations
(20) and (21) should be made.
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Streszczenie

ROZCHODZENIE SIE FAL TERMOSPREZYSTYCH W PLYTACH

W pracy rozwazono zagadnienie rozchodzenia sie fal plaskich w plytach
sprezystych przy uwzglednieniu sprzezenia réwnan ruchu i przewodnictwa
cieplnego w postaci podanej przez Biota, [1]. Oméwiono wplyw sprze-
zenia na charakter rozchodzenia sie fal sprezystych w dwoch przypadkach
skrajnych: plyty bardzo grubej albo bardzo cienkiej w stosunku do dlu-
gosci fali. Wplyw ten jest dwojaki: z jednej strony zwieksza sig¢ predkosé
fazowa ruchu falowego, z drugiej za§ strcny w rozwigzaniach dla prze-
mieszczen pojawiaja sie czlony powodujace dyspersje. Przyklad liczbowy
dotyczgcy plyty aluminiowej pozwala na wyrobienie sobie pojecia o ilo-
Sciowym charakterze zjawiska,
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Pezwome
PACIIPOCTPAHEHHE TEPMOVIIPYI'MX BOJIH B IIJMIACTHHEAX

B pabote paccmarpuBaercs rpobieMa paclpoCTpaHeHMs IVIOCKMX BOJH
B YHPYIMX IUIACTMHKAX C YYeTOM COTPAMKEHMA YPaBHEHMIT [ABUIKEHUA
¢ ypaBHEHMEM TeIJIoNpPoBoHOcTH B (hopme manHOM B 1o T o M, [1]. Pacemo-
TPEHO BJIMAHME 9TOrO CONPAMKEHMUA Ha XapaKTep paclpocTpaHeHus BOJH
B ABYX KpaMHuX CJAyYadX: IJIACTMHKM BECbMa TOJCTOM MJIM BECbMa TOHKOM
110 CPABHEHMIO € MJIMHOM BOJIHBEL OTO BJMAHME IPOABJIACTCH ABOMHBIM
obpazom: yRemmuuBaeTca haz0Basg CKOPOCTh BOJHOBJIO JBMIKEHNWA U B pe-
LIeHMAX AJIA [IepeMeleHui MoABIAITCA YJIEHE!, BEI3hIBAIOLIME JUCTIePCHIO,
UycneHHBIT NpyMep, Kacarwluuiicd aJloMMHMEBON IJIACTMHKM, ONMCHIBAeT
YMCJIEHHBI XapakTep ABJIEHMS.
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