
P O L S K A A K A D E M I A N A U K
INSTYTUT PODSTAWOWYCH PROBLEMÓW TECHNIKI

B I B L I O T E K A C L O W N A
nuvS' wnusi r •

A R C H I W U.M
M E C H A N I K I
S T O S O W A N E J

ARCHIVES DE MECANIQUE APPLIQUEE

6
XI

7 O L Xl • W A R S Z A W A 1959 No 6
. P A Ń S T W O W E W Y D A W N I C T W O N A U K Ó W E



PROPAGATION OF THERMOELASTIC WAVES IN PLATES

WITOLD N O W A C K I and MAREK S O K O Ł O W S K I (WARSZAWA)
>
Notations

u(u,v,w) displacement vector,
H,X Lame's constants,

v P o i s s o n ' s ratio,
o density,

at coefficient of thermal expansion,
k coefficient of thermal conduction,
x coefficient of temperature conduction: x = k/gcv,

cv specific heat at constant volume,
77= (3a + 2,u)a, T/fc,

T absolute temperature of the initial state,
0 increment of the absolute temperature,
t time,

2 a thickness of the plate,
ć,,c3 velocity of the longitudinal and transverse waves,

c^ velocity of R a y l e i g h ' s surface waves,
to frequency of forced vibrations,
e non-dimensional parameter,

c phase velocity,
' C = (c,'c2)

a.
Let us consider the problem of propagation of plane waves in an

infinite elastic plate bounded by the surfaces z = ± a. If the coupling
of the equations of motion with the heat equation be taken into
account, [1], the problem is described by the system of equations:

/j.) grad div u — 5-375-=y grad 0,
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where u is the displacement vector and 0 the absolute temperature of
the points of the plate measured from the initial state T which is free
of stresses.

Let us assume that the direction of propagation of the waves is
parallel to the x-axis; then the system (1) can be reduced to three scalar
equations. To this end let us introduce the scalar potential 0 and the
vector potential y>

(2) u = grad 0 + rot W.

In the simplified form we have:

0 — 0 {x, z, t\ ¥= T [0, W2 (x, z, t), 0].

Thus, we arrive at the equations:

(3)

1 d W
V c| Of

where \P2 (x, z, t) = W and cuc,z denote the velocities of propagation of
longitudinal and transverse waves in an elastic body:

Assuming that the vibrations are harmonic in time, i.e. that the dis-
placement functions (P and !F and the temperature 0 can be represented
in the form

(4)

the system (3) can now be replaced by the following:

(5)

Finally, eliminating the temperature 0* from the second and third
equation (5), we obtain a system of two equations of the fourth and
second degree:

(6) (P2 — q)(F2+aa)>* — qeV20* = Q, (F2 + T2) W* = 0.

This system, combined with appropriate boundary conditions, describes
the course of the phenomenon under consideration. It should be
emphasized that the coefficient e^rj^d^ appearing in the equation (6),

P2

a

p .

IJJ*

0*

+ CO

ft)2

cj

¥*

0*

0*

= 0,

— d



Propagation of Thermoelastic Waves in Plates 717

and defining the coupling of the thermal and elastic problems, is in the
case of many materials encountered in practice much smaller than unity;
this fact was stressed by C h a d w i c k and S n e d d o n , [2]. For ma-
terials considered by those authors (Al, Fe, Cu, Pb) the value of e ranges
between 3.5 -lO"2 and 3.0 -lO"4. In view of this fact, the quantitative
effect of the coupling of the equations of motion and the heat equation
is small and hardly perceptible in experimental investigations. On the
other hand, to take into account the inequality e <<: 1 considerably
simplifies further discussion of the problem and investigation of the
qualitative effect of the coupling.

The solution of the equations (6) is assumed to be in the form of
harmonic functions with respect to the variable x:

0* {x, z) = f, (z) e-iax, W* (x, z) = fj (z) e-'«*.

Hence we obtain two ordinary differential equations for the functions

ft (z) and M O

(7) J[v - [(a2+q) + (a2 - cr2) + qe] fi' + [(a2 + q) (a2 - a2) + qa2 e] Jt - 0,

(8) f2 ' - (a 2 -T 2 ) f 2"=0.

The solution of these equations leads us to the following form of the
displacement functions 0 and T and the temperature 0, calculated by
means of the second equation (5):

(9) &(x,z,t)={A1ch

(10) P{x, z, t ) = [A5 ch yz + A6 sh yz\ e'M-"*),

(11) 0 (x, z, t) = *- [At [X\ + c;2 — a2) ch Xy z + A2 (A| + a2 — a2) ch

+ AB (A2 + a2 — a2) sh \z+A4 {k\ + a2 — a2) sh A2zJ e'

The constants Ai will be determined from the boundary conditions
of the problem. In the above formulae the following notation has been
assumed:

— r2,

jlj and Aa denote two complex roots of the biquadratic equation:

(12) A4 - [(a2 + q) + (a2 — a2) + qe] A2 + [(a2 + q) (a2 — a2) + qa2e] — 0.

Making use of the inequality.e <^1, the above roots may be simpjy
determined in an approximate way by assuming
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and then determining the coefficients <5, and d2 from the equation (12),
the terms containing e2 being disregarded. Thus, we obtain the approx^
imate relations

(13) ^

(14) " ^

Out of four existing roots we consider the two satisfying the con-
dition Re (At,a) > 0.

If in the above considerations the effect of coupling be disregarded,
i.e. if we set s = 0, we should obtain:

— the coefficients corresponding to the propagation of purely elastic or
purely thermal disturbances. If, moreover, a were real, the wave motion
would take place in the direction of the x-axis with a constant velocity
and without dispersion.

In our case, however. e > 0 and the coefficient a are to be determined
from the boundary conditions of the problem. We shall consider „here
two kinds of conditions, namely:

(a) The surfaces of the plate free of tractions and maintained at the
constant temperature 0 = 0

(15) oxt s= or** SB Q = 0 for z — ±a.

(b) The surfaces of the plate free of tractions and a perfect thermal
isolation occurring:

00
(16) azz — axz = ^ - = 0 for z — -ha.

oz
We shall discuss two types of vibrations — symmetric and anti-

symmetric (bending) — which corresponds to the assumption in the
solutions (9), (10) and (11)
(17) At = Ai = Al = 0 or A , = ^ 2 = AG = 0.

In order to compute the stresses in the plate, the displacements ex-
pressed by means of the functions 0 and W

should be inserted into H o o k e ' s equations

j = — {uij + uj,,•).
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Since
fiftft = SXX + Syy + S2Z = F 2 <P,

we obtain, confining ourselves for the time being to the scalar potential &:

o'u = [Ap2 0 — (31 + 2 /i) at Q) dy + 2fi -J"%-.
UXi OXj

Expressing in the above equation the temperature 0 by <P according
to the second equation (3), we have:

and therefore:

Similarly, we can take into account the vector potential !P leading
to the stresses aYj • Bearing in mind the representations (4), we obtain
the following formulae for the stresses azz and axz

dx dz dx* dz2

Substituting these relations and the equation (11) into the conditions
(15) or (16), and taking into account (9), (10) and (17), we arrive at
a system of three homogeneous equations for the constants Ai. Equating
to zero the determinant of this system, we obtain a transcendental equation
enabling us to determine a sequence of eigenvalues of a; then, we can
determine the phase velocities of plane waves in the plate vibrating
periodically with the frequency m.

In the four cases under consideration, the transcendental equations
for a have the following form.

1. The boundary condition (a), symmetric form of vibrations:
(2 a 2 —T 2 ) 3 (A2—Ę) {a -\-X\ — a2) l% th A2o — (o" + ą—a-)At th Axa(18)

2. The boundary condition (a), anti-symmetric form of vibrations:

(2a2— T T U 2 ! — Ą) (

( \

4a2y = ~ "~ cth ya
3. The boundary condition (b), symmetric form of vibrations:

(2a a -T 2 ) 2 WĄ-ą)cUi ya
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(21)

4. The boundary condition (b), anti-symmetric form of vibrations:
(2 a2 — T2)2 _ A, X2 (Af — A|) th ya

4 a* y ^ (ff8+ Af11 a2) lt t h l ^ ^ o - M 1 ^ — a2)

If we assume that e = 0, the equations (18)-(21) reduce to well-known
relations discussed at length by V. G. G o g o l a d z e , [3], and quoted in
the monograph [4]. In this case, obviously, 0 = 0 at all points of the
plate.

Let us now consider in greater detail the case (a) of the plate the
surfaces of which are held at the zero temperaturę. Introducing new
simplifying notations we shall represent the equation (18), corresponding
to the symmetric vibrations in the dimensionless form. We assume:

(22) A+ly

> C 0 ,

where c = co/a is the phase velocity of the plane wave only in the case
of real values of a. For complex values of a, a = a^ — iai the exponential
term in the formulae (9) and (10) assumes the form:

__
Thus, the phase velocity is here equal to w/Rea, Ima constituting the
dispersive term. • <

Making use of the notations (22), the equation (18) can be written in
the form:

(l-O-Sfl'to + ifln-hafo —ift,)](23) / r _ ^

= cth |/1 —Caa {[j8, +ij80+hsi/S0] /^fiJ+he^Cth /l—f^+he^C aa—

-he^l/l+i/30C+heij80C th/l+i^C+heiJS aa}
The investigation of the above equation in the general case is most

cumbersome. We shall therefore confine ourselves to the consideration
of the two extremal cases: aa^>l and aa<Ę.l. In the first case, the
functions tgh appearing in the equation (23) may be replaced (if only
C < 1) approximately by unity; in the second case by their arguments.

If a a ̂ > 1, then disregarding in the equation (23) the terms containing
e'1, we obtain a simplified equation:

=[{Pi+i0o)+heipo] i/(l—/JiO+heftC —haft
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After simple transformations:

(24) Ti^T!^" 1 ^ift+^lTI^fc

In the case e = 0 the-right hand side of (24) vanishes, and we obtain
the well-known equation:

(25) F l ( 0- 0 ^ 0 - _o,

leading to the phase velocity c = cR corresponding to R a y l e i g h ' s
surface waves, [4]. The corresponding value of f = c'^lc\ is denoted
by C*

In order to estimate the value of £ corresponding to e > 0, we proceed
as follows. Denoting by heF2(C) the right hand side of the equation (24),
and by 6 the increment of £ due to the coupling of the equations (1),
we can write (24) in the form:

(26) Fi(C*+a)=h8F,(C«+a).
The postulate Ó<Ę.CR enables us to expand both sides of the equation (26)
into T a y l o r ' s series in the vicinity of the point£ = £/?, preserving only
two terms of the series:

(27)

Since F1(CR)==O, we obtain from (27):

L d£ R

Taking into account the real values of the functions Fy and F 2 we have:

1 — 0.5/3, ftf + 0.51

0.5 /V(l — ft C/j) + 0.5/(1 — £«) —1/(1 — 0.5 tR)

In the above equation the increment of the phase velocity c is repre-
sented in terms of dimensionless variables E,PVCR and /30.

Let us bear in mind that the coefficient e = r)xd0 depends on the
thermal properties of the material, and satisfies the inequality e <^ 1.
The values of /3, and £/? depend exclusively on the elastic properties of
the material, and they range from 0.5 to 0 or from 0.766 to 0.913
(cf. Table 1):
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Table i

A

0

0.500

0.766

0.1

0.444

0.797

0.2

0.375

0.830

0.3

0.286

0.860

0.4

0.166

0.888

0.5

0.000

0.913

The dependence of ó on the parameter /?„, /?0 = cl/xco, connected with the
frequency of the forcing vibrations is analysed in greater detail; this depend-
ence is given at Fig. 1, the real and imaginary parts of the function 6 = dr+id,-
being drawn separately. The graph has been constructed for a definite
plate made of aluminium with the following properties:

E = 7-105kGcm-a, v = 0.34, Q = 2.75 gem"3,

x = 0.61cm2sek-], e = 0.035, ct = 6.17- lO^msek"1 ,

ca = 3.04-105cmsek-1, ft = 0.242, ^ = 0 . 8 7 0 .

The initial temperature was assumed to be T = 293°K==20°C.

-LoglSki) -U/stini)

i
1 2

Fig. 1
Log fi»

On the basis of the formula (28) and Fig. 1, three ranges of 0O may be
distinguished, namely: for small values of ft, -> 0 the absolute value
|<5|->0, and 6 assumes purely imaginary values in accordance with the
approximate relation

(29) <5«=*4.5-10-4i/30.
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The maximum influence of the coupling of the original equations takes
place in the interval K f t , < 1 0 , where d attains values of the order
6.4-10~4(l+i). For large values of /30 the imaginary part 61 tends to
zero, and the real part dr tends asymptotically to the value:

1/(1—
—0.0021.

The validity of the graph in this part is restricted by the condition on
which the formula (24) is based, namely by the inequality aa >̂ 1 equi-
valent approximately to the inequality

a coa. ^ CQ
a o = ma «=*—!S>1, i .e . w S> — .

cu CQ a

At the same time, however, the inequality |80.= c'^/xw^l implies m <3| c\jx.
The right-hand side of the graph at Fig. 1 is valid only to /30 = ac\jxcR

which in our case is approximately equal to 5.3 • 105.
The above result may be compared with that given by F. I. L o c-

k e 11, [5], because in this particular case we deal, in fact, with a phenom-
enon similar to R a y l e i g h ' s surface waves. The equation (24) may
be represented in the form:

yi—Cl^i—

If we now assume that p0 >̂ 1, h *=*> 1 and disregard the terms con-
taining e, except for the term he/3, £ in the denominator in the left-hand
side, we shall obtain the approximate relation:

Since we may take approximately

our condition is identical to L o c k e t t ' s condition. L o c k e t t estab-
lished that the velocity of the surface waves for small values of w may
be calculated from the well-known transcendental equation for Ray-
1 e i g h' s waves, in which the coefficient 0t has been replaced by (0t/
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Passing now to the direct determination of the change of the phase
velocity c, let us observe that for small values of d we can set

'__ I '<
c2 / \ c a

whence the relative increment of velocity follows:

Ac d ó
•c7^2C / ?

 = T774"
Let us now return to the formulae (9) and (10). Bearing in mind that

the displacement function $ (x, z, t) may be written in the form r

. 0(x,z,t) = fi (z)exp

It follows clearly from the above results that Re <5 = 6r constitutes the
factor increasing the phase velocity of the vibrations in the ratio
(i-f <5r/2 £fl); Im <5 = <5/on the other hand, being the dispersive factor. The
coefficient of dispersion will be defined thus:

w di di c 2 di '

Figure 2 represents in the logarithmic scale the relative increment of the
velocity AcjcR and the coefficient of dispersion a in terms of the fre-
quency co of the acting force in the aluminium plate under consideration.

Let us now consider the second extremum case aa<Ąl. Making use
of the first terms of the expansion of the function tgh x<=x+..., the
condition (23) may be written in the form:

(30) (1 — 0.5C)2— [ft + i/So — hefft—ij80)] =

if the terms containing e in the second and higher powers be disregarded.
The equation (30) can be transformed as follows:

A-MA..
The last condition yields, irrespective of the value of e, a value of £ iden-
tical with that for the uncoupled problem (cf. e.g. [4j):£ = 4(l—(3X).

Depending on the P o i s s o n ratio v, we obtain for the phase
velocity c values from c2 to 2c2 (see Table 1), the coefficient s having
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no noticeable influence on this result. This can be explained if it is re-
membered that we are considering a plate the thickness of which is very-
small in comparison with the length of the wave; and the surfaces of
the plate are held at zero temperature. Therefore the maximum value
of the temperature 0 must be small, and hence its influence on the phe-
nomenon under consideration is negligible. On the other hand, in the case

Ac
CR

10"

10-'

io->

(cm)

10'
i

<ń
OS

•A

\

i

•n

II

10*\ 10n 4" 10tt «J°
1 \ ' ' ' ' Ł)

Fig. 2

of a thermal isolation of the surfaces of the plate, the representation of
the appropriate transcendental equation in the form (31) is no" longer
possible and the temperature 0 may reach greater values.

Passing to the case of anti-symmetric form of the wave described
by the equation (19), i.e. to the bending vibrations of the plate, let us
observe that the first extremum case a a ~> 1 leads to a relation identical
with (24), since for the large arguments 1gh x^ctgh x^l. Accordingly,
the discussion of the dependence of C on e carried out for the symmetric
form of the vibrations remains valid, as well as the graphs at Fig. 1
and Fig. 2.

The discussion of the second extremum case a a < ^ l is also simple.
In this case, in the expansion of the function ctgh x, two terms should
be retained, according to the formula:

ctgh z = i-+ }*....
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Taking into account this expansion and introducing the notations (22),
the equation (19) can be transformed to the following form:

-0.5C)2 l/(aa)2 + (l-/?,a/3] / P^JiĄ =

J\ P+W]
Comparing this result with that quoted in [4] on page 285, we observe
that the phase velocity c is unchanged in this case as well, and with
the assumed degree of accuracy it is independent of e. For we have
approximately:

Similarly a discussion can be conducted for the plate the surfaces of
which are isolated. To this end an approximate analysis of the equations
(20) and (21) should be made.
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S t r e s z c z e n i e

ROZCHODZENIE SIĘ FAL TERMOSPRĘŻYSTYCH W PŁYTACH

W pracy rozważono zagadnienie rozchodzenia się fal płaskich w płytach
sprężystych przy uwzględnieniu sprzężenia równań ruchu i przewodnictwa
cieplnego w postaci podanej przez B i o t a , [1]. Omówiono wpływ sprzę-
żenia na charakter rozchodzenia się fal sprężystych w dwóch przypadkach
skrajnych: płyty bardzo grubej albo bardzo cienkiej w stosunku do dłu-
gości fali. Wpływ ten jest dwojaki: z jednej strony zwiększa się prędkość
fazowa ruchu falowego, z drugiej zaś strony w rozwiązaniach dla prze-
mieszczeń pojawiają się człony powodujące dyspersję. Przykład liczbowy
dotyczący płyty aluminiowej pozwala na wyrobienie sobie pojęcia o ilo-
ściowym charakterze zjawiska.
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P e 3 IO M e

PACnPOCTPAHEHME TEPMOynpyrHX BOJIH B IIJIACTMHKAX

B paBoTe paccMaTpuBaeTca npoSjieMa pacnpocTpaHeHKa IIJIOCKHX BOJIH
B y n p y r a x njiacTHHKax c yie-roM conpasceHHa ypaBHeHwii flBMSceHHa
c ypaBHeHneM TenjionpoBOflHocTM B (popMe ^aHHoii B H O T O M , [1]. PaccMO-
TpeHo BJiMHHwe 3Toro oonpjKKeHMfl Ha xapaKTep pacnpocTpaHeHMa BOJIH
B ffByx KpaiiHMX cjiynaax: ruiacTHHKM BecsMa TOJICTOH HJIM BectMa TOHKOM
no cpaBHeHMM c ^JIMHOM Boonrbi. 3 T O BJiMflHMe npoHBJiaeTca HBOMHBIM
o6pa3OM: yBejiJtHHBaerca cpa30Baa CKopocTt BOJiHosjro flBHaceHMa M B pe-

nepeMemeHMM rroa-BJiHiOTca ^JieHti, Bfci3biBaioiii;Me flMcnepcTtto.
npHMep, KacaioiUHMca ajiJOMMHMeBOM njiacTKHKH, orracŁtBaeT

xapaKTep
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