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THERMAL STRESSES DUE TO THE ACTION OF HEAT SOURCES
IN A VISCOELASTIC SPACE

WITOLD NOWACKI (WARSZAWA)

Introduction

In this paper, we shall be concerned with thermal stresses in a visco-
elastic space due to the action of heat sources. The problem will be
treated as quasi-static, the inertia terms in the equations of equilibrium
being rejected. We shall use the correspondence principle introduced by
E. S t e r n b e r g , [1], thus enabling the use of the solutions of the ana-
logous problems for a perfectly elastic body subjected to the action of
a temperature field.

Two ways of solving the problem will be described: first — by means,
of the potential of thermoelastic displacement; second — by the method
of V. Z. M a y z e l , [2], generalized to viscoelastic problems.

The problem of thermal stresses in an elastic space caused by the
action of a concentrated, linear or plane source of heat will be solved
in detail for three simple models of a viscoelastic body.

\. Basic Equations of the Problem

Let us assume that the viscoelastic medium, of linear character, is
homogeneous and isotropic. Let us assume also that the deformations are
small and that the physical constants (mechanical and thermal) are
independent of the coordinates and the temperature.

The relations between,stress and strain are, [1],

(1.1) P, (D) sij — P 3 (D) e,j, Ps (D) ou — P4 (D) (ait — 3 at T),

where aij, Sij, etj and ey are the component of the stress tensor, stress
deviator, strain tensor and strain deviator, respectively. Therefore

(1.2) su = oij —•=- &tj auk, e,-j = eij <r



H2 Witold Nowacki

where dtj denotes K r o n e c k e r ' s delta, at — the coefficient of thermal
dilatation and T — the temperature. The operators P/(D) (i = l, 2, 3, 4)
are represented by the equations, [1],

Nl

(1.3) Pi(D) = £ o'">D", a f M O ,

where D" = d"/dtnis the n-th derivative with respect to time t. The
coefficients af] are independent of the coordinates and the temperature,
and are constants. In the particular case of a perfectly elastic body, the
operators P/(D) become the first terms of the sum (1.3)

aJPJ-l, 4°' = 2G, a f = l , 'aJ» = 3K, N, = 0,

where G is the shear modulus and K — the compressibility modulus of
a perfectly elastic body.

We shall consider quasi-static problems, the inertia terms and the mass
forces being disregarded in the equations of equilibrium.

Therefore:

• ( L 5 )

The components of strain are given by the equations:

1 Idui , dui

Substituting the stresses in the equations of equilibrium (1.4), and ex-
pressing them by means of the Eqs. (1.1) and (1.5) in terms of dis-
placements, we obtain the following system of three equations:

(1.6) P2 (D) P, (D) P2 m + J- [2 P., (D) P, (D) + P2 (D) P, (D)} -^ =

dT
= 2 P4(D) P, (D) at j ^ (i = 1, 2,3),

where |/2 is L a p l a c e operator and Q = dilatation.
In order to find the particular integral of the system of equations (1.6),

we shall introduce the potential of thermoelastic displacement 0 related
to the displacement components by the equations:

Bearing in mind that
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we shall reduce the system of equations (1.6), after integrating it with
respect to xi, to the unique equation:

(1.8) \2P,,(D)P8{D)Ą-Pi(D)P1(D)]V20 = 3Pi(D)Pi(D)atT.

Expressing the stresses by means of the function 0 and using the Eq. (1.8),
we obtain the following equations for stresses:

(1.9) P l (D)a, = P a ( D ) ( - ^ - M

For a bounded body, the function 0 does not satisfy any boundary
conditions because the assumption (1.7) does not lead to the most general
solution of the Eqs. (1.6).

To the displacements Ui, expressed by means of the relations (1.7),
the displacements ui should be added, thus satisfying the system of homo-
geneous equations (1.6) (or, in other words, for T = 0), chosen in such
a way that any boundary conditions are satisfied. In the subsequent con-
siderations we shall confine ourselves to the state of stress in an infinite
viscoelastic space; the stresses an expressed by the Eqs. (1.9) will be the
stresses in which we are interested.

Let us assume that at the initial time the body was free, in its natural
unstressed state. Applying L a p l a c e transformation to the Eq. (1.8)
and the relations (1.9) we obtain:

(1.10) |73 0 (xr, p) = #(p) T (xr, p),

(1.11) aij (xr, p) = 2 G(p) |-j—-r— — % V2\ 0(xr, p),

where

T (xr, p) = f e-"1 T(av, t) dt, 0 (xr, p) = / e~pt 0 (x„ t) dt,
(I 0

"StJ (Xr> p) = / e~pt Gij (Xr, t) dt.
0

The quantities G (p), 8 (p) are functions of the parameter p of the trans-
formation:

It was assumed that:
QlP-V (xr, 0) = 0 for p — 1, 2,..., max [(JV8 + NB); (W, + NA)\,

T^-1* (xr, 0) = 0 for y —1,2, . . . , (» !+ WJ.
The initial conditions for the functions 0 are at the same time the initial
conditions for the displacements Ui and the stresses <r,y.

Arch. Mech. Stos.
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Let us observe that the following relations, [3], are valid for a per
fectly elastic body

00"
(1.12) V * 0 " ( ) & T ( ) U 1

(1.13) 9 o A ( p ) = = = 2

where da — \(l+v)/(l— v)]at and G are constants, and v is P o i s s o n ' s
ratio.

Comparing the Eqs. (1.10) and (1.11) we see that:

(1.14)

(1.15) h,(Xr,p) = ~-^J^ty(xri

Introducing the functions F (p) and f (p)

(1.16)

and performing the inverse L a p l a c e transformation, we obtain from
the Eqs. (1.14) and (1.15):

.17) 0(*,, t) =~ ff(t-r)-|T 00(xv, T) dr,

ó

(1.18) atj(xr, t) = ^ ^ | F (t — T) | T ^ (K„ T) dr.

It is seen that, owing to the above equations, we can determine the
displacements and the stresses in a viscoelastic body using the solutions
for a perfectly elastic body.

In many cases, it will be more convenient to determine first the
function

(1-19) ^(x,-,t)= I- | F(t — T) S~
&n) Or

o

and use it to determine the stresses:

(1.20) <x,y(xr,t) =
1 The functions F (p), f(p) are assumed in a form securing the inverse trans-

formation of these functions.
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Let us consider the following relation between the state of stress and
that of strain, different from (1.1):

i i

(1,21) aij(Xr,t)~=ótj I A(t — r) v- Q(cc,, T) dr + 2 I /.t (t—i) - eij(xr,t)dz,

o o t> 0.

This relation was given by M. A. B i o t, [4], and generalized by D. S. B e r-
r y> [5]J to three-dimensional viscoelastic problems. These relations
concern also bodies free up to the initial moment. A(t), ^.(t) are relaxation
functions which for a perfectly plastic body reduce to L a m e ' s constants.

In the case of thermal stresses, the relations (1.21) should be generalized
to the form:

t

(1.22) try (at,, t) — 6y | A (t — r) g- [o (a,, T) — 3 a, T (»fl t ) |

" i
f 2 I /./,(t — T) g- |etj(xr, r) - dij afT (xr, r)\dz.

ó

Let us perform on these relations L a p l a c e ' s transformation. Then, •

(1.23) aij (xr, p) = Sij pl(p) fo (xr, p) - 3 atf (xr, p)] + 2 p/i(p) fezy (xr,p) ~

Expressing the stresses in terms of displacements, substituting in the
equations of equilibrium (1.4) and introducing the potential of thermo-
elastic strain <P, we obtain the equation

(1.24) r2 0 (xr, p) = g(p) f (xr, p),

where

The relations (1.23) will be transformed, using the Eq. (1.24), to obtain:

(1.25) atj (xr, p) = 2

Comparing the Eq. (1.24) and (1.25) with the Eq. (1.12) and (1.19), we find
that:

(1.26)

(1.27) ?</(«r,p)
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Using the convolution theorem we have:
t

(1.28) <Z> {xr, t) = ~ I g (t — T) 0° (xr, x) dx,
0

(1.29) at) (xr, t) = -r-- j h (t — x) ^- a?. (xr, x) dr.

o
Sometimes it will be more convenient to determine the stresses by means
of the function W,

atj (xr, t) - 2 l ^ d x j - ill A W(xri t),(1.30)

where

(1.31) V(xrtt) = ^- fh(t — r)~0°{Xr,t)dr.
0

The Eqs. (1.28)-(1.31) represent the correspondence principle between the
state of thermal stress in a viscoelastic body and a perfectly elastic body.
Another method of finding the stresses and strains in viscoelastic bodies
is possible, using solutions for a perfectly elastic body. The method which
will be given here will be a generalization to viscoelastic problems of
the known method of V. M. M a y z e 1, [2].

In this method, we find the displacements of the perfectly elastic body
from the equation:

(1.32) tĄ(xr,t)^atjT(Sr,t)Sf>(Xr-Jr)dV (1 = 1,2,3).
(V)

This equation is obtained by V. M. M a y z e 1 as a particular case of
E. B e t t i ' s theorem of reciprocity of displacements to thermal stresses.

In the Eq. (1.32) u°£ (xr, t) denotes the displacement component of the
point xr in the direction of the ;r,-axis, due to the temperature field
T (xn t). The function S^(a:r; IV) is the G r e e n ' s function, and represents
the sum of normal stresses due to a concentrated unit force at the point
ir acting in the direction of the sought for displacement uo

n assuming
that the body is in the isothermal state (T •=()).

Using L e e ' s correspondence principle, [6], we can represent the
transformed displacement ui(xnp) in the viscoelastic body by an analo-
gous integral expression,

U-33) ul(xr,p) = atjT(Cr,p)Si(Xr-Jr)dV (i = 1,2,3),
. . (V) '

where Si(xr;£r) is a sum of normal stresses at the point fr of a visco-
elastic body in an isothermal state (T = 0), due to the action of a con-
centrated unit force at the point | r in the direction of the xr-axis.
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It is seen that knowing the function &}(xr;ir), the function St{sc.r'Jr)
may easily be found using the correspondence principle for a perfectly.
elastic and a viscoelastic body. Both bodies are in the same isothermal
state. Integrating over the region of the body, we can determine from
the Eq. (1.33) the function ui(xr,p) and, after performing the inverse
transformation, the function ut (xr, t). The stresses a,y will be obtained
from the Eqs. (1.1) or (1.22).

2. Thermal Stresses Due to a Concentrated Heat Source

Let an instantaneous heat source act at the origin. It will result in
a temperature field determined by the equation

(2.1) £L

where % = Ay'eg and A is the coefficient of heat conduction, Q — density
and c — specific heat. Next, Q = W/QC where W is the quantity of heat
produced by the heat source per unit time and volume.

Let us perform on the Eq. (2.1) L a p l a c e ' s transformation. We have:

(2.2) T (H, p) = ^

The solutions of the Eq. (1.12) is, [7]:

(2.3) $ ^

After performing the inverse L a p l a c e transformation we have:
x z

(2.4) 0HR,t) = -^%eri(-7ŁJ, f

According to the Eq. (1.19) we have:
t

(2.5) ^(Rtt)-= — - ^
in y

o

The stresses Oti will be determined from the Eqs. (1.20):

4(2.6) a M (R, t )==

Let us consider two particular models of a viscoelastic body: the
K e l v i n model and the M a x w e l l model.
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For the K e l v i n model we have, [1],

f Pj (D) = 1, P2 (D) - 2 G* (1 +1., D),
| P g ( D ) = D, P4(D) = 3 K * D ,

where t* = rj/Gn represents the retardation time andłjis the viscosity. The
constants GK, KK are the shear and compressibility moduli of the K e l -
v i n body. For t # -> 0 the viscoelastic body becomes perfectly elastic,
the moduli GK, KK become G, K of the perfectly elastic body.

Bearing in mind that the Eqs. (2.7) will be obtained from the Eq. (1.16),

(2.8.1) F(p) =

where

IGKU

We perform the inverse L a p l a c e transformation

(2.8.2) F (t) = a (1 — /Se-x<0

and substitute the function F(t—r) in the Eq. (2.5). After performing the

o
-/Je-*1' — erfc - , + &N(R, t, «t)

r 4 at

n. * / R • r
t l ' I £ OY*Tf» 1 ——- ——- t 1/ 1/ T

1 _ / * ' *

operations required

(2.9) ! P ( R , t ) - -

where
1

we obtain
Qo

e~

1 -

_). e'flv1*,/* erfc

eric z = 1 — erf z.

It may be shown that the function N (R, t,x^ is real for any real tcv

For the M a x w e l l model of a viscoelastic body we have:

(2.10) ] ri\u> lo r u, r2 (U) — & KIM V,

where t0 = TJ/GM is the relaxation time and rj — the viscosity.
The constants GM> KM are the shear modulus and the compressibility

modulus for the M a x w e 11 body. For t 0 -v 00 these moduli become G, K
of the perfectly elastic body.

For the M a x w e l l model we have:



Thermal Stresses in a Viscoelastic Space / 119

Introducing in (2.5) the function

(2.11.2) F(t — z) = be-*^ł~-%\

we obtain after performing the operations required
(2.12)
where

e r f c / JL-_ ij/*2

\
J» erfc (—-.- f i

The stresses a,-y will be determined from the Eq. (2.6) by performing the
prescribed differentiations on the function W. If a continuous heat source
acts at the origin, then, [7],

and

( U l ) ^ ^

The function !f for a continuous heat source will be found from the
equation:

o
Bearing in mind the Eq. (2.8.2), we obtain for the K e l v i n model:

e-*.>--lw(2?,t,*!)--•£erf—I, «-4i»t.

For the M a x w e l l model we obtain:

(2.15)

Let an instantaneous heat source act at the origin and let the relations
between the state of stress and that of strain be described by the Eqs.
(1.22).

Let us assume that the relaxation functions I (t) and fi (t) have the
same relaxation time a"1

(2.16)
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Since

we have

= —L_ where v = ,

In view of the Eq. (1.31) we have:

(2.17) ViR, t) = — ~£ I e-a«-c) "- erf

or:

(2.18)

For a continuous source we have:

(2.19) XV{R, t) == — — ^ 11—e-"' erfc -^= + N (R, t, a)

The stresses ay will be obtained from the Eq. (1.30).
Let us determine also the displacements uR due to the action of an

instantaneous heat source, using the Eqs. (1.33).
Let us determine first the function S° {R, Q) for a perfectly elastic

body. In the particular case under consideration, characterized by the
spherical symmetry, S° (R, Q) will be treated as a sum of normal stresses
°"Ak "̂  CT°'* "̂  ffoo* ̂ u e t° the action of a unit load, uniformly distributed
over the sphere of radius Q. Let us denote by ZJR the displacement cor-
responding to this state. This displacement should satisfy the displacement
equation:

(2.20)

The solution of this equation is Ui?=AR + B/Rz. Since the displace-
ment 17R should be finite for R = 0 and equal to zero for R -> 00, there-
fore:

In view of the continuity of displacement on the sphere R — o we
have A = B.

The quantity A will be determined from the relation
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Bearing in mind that

we obtain from the Eq. (2.21) the relation A=B=[(1—2v)/ZE][(l+v)j(l—v)[.
The dilatation e°>* is expressed by the equation:

(2.23) 6o,*aas±ZZiISoB . '* ~U
5 = ^ + 2

It can easily be seen that 5° is given by the following equations:

I S°(R, e) = J-t-? for 0<R- p,
(2.24) I 1 — v t :

I Sft(K, JJ) = O for g < J R < o o ,

The function S (R, Q) for a viscoelastic body will be found by substituting
in place of (l + v)/(l — v) = 9K/(4G + 3K) the quantity

3P4(p)Pi(p)
2Pa(p)P8(p)-+P4(p)-P1(p)

in the case of a viscoelastic body in which the equations (1.1) are valid,
or the quantity

for a body where the relations (1.22) are valid.

Performing the inverse L a p l a c e transformation on the Eq. (1.33)
we obtain:

* t

(2.25) U^{R,t) = ^[ Q'A \kj(t -T)4-T(g,r)dT dg (j = l,2).
KJ [J Or

o o
For a viscoelastic body for which the relations (1.22) are valid, and

assuming that X (t) = Xa e~at, /x (t) = /j.o e~at, we obtain from the Eq. (2.25):

(*.26) U* (B, t )»?%?,?°+?^ (erf - J
4 3rR2U + 2 / i ) \ |/4

3. Thermal Stresses Due to the Action of an Instantaneous Linear Heat Source

Let an instantaneous linear heat source act at the origin. This will
result in a temperature field determined by the equation:

(3.1) T(r,t) = , - - - e - r ' / 4 ' " , r = (x\ + x^1'2.
471X1
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The Eq. (1.12) takes the form

(3.2) dr* dr

where KQ(Z) is a modified B e s s e l ' s function of the third kind. Solving
the Eq. (3.2) we obtain:

(3.3)

Performing the inverse L a p l a c e transformation we obtain

(3.4)

where

— Ei (— x) — I — du.

X

Let us determine the function *P{r, t) from the Eq. (1.19):

(3.5) *P(r, t)=~- [ F(t — T) [.5 (r) Inr + 6••-~"-l dr.
2^J [ 2T

The stresses CT^ will be found from the equation:

(3.6)

2 d¥
r dr ' , a ,

= — 2

For the K e l v i n model of a viscoelastic body we obtain, bearing in
mind (2.8):

r, t) - fn[in r - \ Ei ( = ^ ) -/fe-*.< In r - |(3.7)

For the M a x w e l l model we have:

(3.8) 1 /"
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4. Thermal Stresses Due to the Action of an Instantaneous Plane Heat Source

Let a p lane in s t an taneous source of hea t act in the rc2, x§ p lane. The
temperature field is determined by the equation:

(4.1)
\'ni)

The stresses and strains depend only on the variable X\, Thus, according
to the Eq. (1.11) we have:

(4.2) Sn = 0, a„ = aM = — 2 G (p) ~ .

On the other hand, bearing in mind (1.10),

(4.3) jT=f(p)T,

we find that the stresses CT22, a8K may be expressed by the simple relation:

(4.4) CT22 = 08s = 2F(p )p f .

Performing; the inverse L a p l a c e transformation we obtain:

(4.5) a =f f = — 2 \ F(t — T) <-T(xur)dT.

o

For the K e l v i n model we have:

(4.6) a.,, = aM == - ^ 4 ? e---c-'» — /̂ M (re,(t, x,) — 0 e
7 ^ -

)/ « I j / rrt K 7ft

For the M a x w e l l model we have

(4.7) ff22 = ff88 = — -7= I —p==- + M (a:,, t, x,,

where

M(cc,
I -S I \ I £/ /

erfc

,, t; Mi; 0 - 1 ^- e'AM

It can be shown that the stresses <x22, a8S are real functions if xt, «a are
real, positive or negative. In our case x, > 0, x2 > 0.
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S t r e s z c z e n i e

NAPRĘŻENIA CIEPLNE WYWOŁANE DZIAŁANIEM ŹRÓDEŁ CIEPŁA
W PRZESTRZENI LEPKO-SPRĘŻYSTEJ

W pracy rozpatrzono stan naprężenia wywołany w ciele lepko-spręży-
stym działaniem skupionego, liniowego i płaskiego źródła ciepła. Zagad-
nienie potraktowano jako quasi-statyczne nie uwzględniając członów iner-
cyjnych w równaniach równowagi.

Wykorzystano zasadę odpowiedniości obmyśloną przez E. S t e r n b e r -
ga dla naprężeń cieplnych w ciałach lepko-sprężystych, a pozwalającą
na wykorzystanie wyników uzyskanych dla ciał doskonale sprężystych.

Przedstawiono dwie drogi rozwiązania postawionego zagadnienia: za
pomocą potencjału termosprężystego przemieszczenia oraz za pomocą roz-
szerzonej na zagadnienia lepko-sprężyste metody W. Z. M a j z i e 1 a.

Dla trzech prostych modeli ciała lepko-sprężystego wyznaczono stan
naprężenia. Wyniki uzyskano bądź w postaci zamkniętej, bądź w postaci
całek oznaczonych.

Pe3 K)Me

TEPMMHECKME HAIIPHJKEHMH, BH3BAHHBIE ftEtfCTBMEM HCTOHHMKOB
TEIIJIA B BH3KO-ynpyrOM nPOCTPAHCTBE

PaccMaTpMBaeTCH HanpaaceHHoe cocTOHHHe, BBi3BaHHoe B BH3Ko-ynpy-
roM npocTpaHCTBe .aeiicTBueM JintteiiHoro w. miocKoro HCTo^HMica .Terma,
fionpoc oScyjKflaeTca, KaK KBa3w-cTaTMHecKyio sagany, He
B ypaBHeHMHX paBHoeeCMH, MHepujroHHbrx
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ca npimmrn cooTBeTCTBeHHOcra E. H l ' r e p i i S e p r a
HanpHJKeHMM B BH3K0-ynpyrHx Tejiax, ^aioiî MM BO3MOJK-

pe3yjiBTaTbi, nojiyneHHtie «JIH a6cojiioTHO ynpy-
TMX TeJI.

IIpefl;cTaBJieHBi flBa MeTo^a peuiem^H 3Toro Bonpoca npM noMomn Tep-
Moynpyroro noTei-mwajia nepeMemeHMa it npH noMomw pacuiwpeHHoro Ha
BH3K0-ynpyrMe npo6ji6Mti MeTO^a B. 3. M a ił 3 e JI a.

,D|JIH Tpex npocTbix MOAejieii Ba3KO-ynpyroro Tejia onpeflejiaeTca Ha-
npHxceHHoe cocToaHMe. nojiynaiOTca pe3yjiBTaTBi B 3aMKHyTOM BK^e xurn
B BMfle onpe,a,ejieHHbDc MHTerpajioB.
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