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THERMAL STRESSES IN TRANSVERSALLY ISOTROPIC BODIES

Z. M O S S A K O W S K A and W. NOWACKI (WARSZAWA)

1. General Statement of the Problem. Basic Relations

This paper aims to determine the state of stress due to the action of
a continuous and discontinuous temperature field in an elastic body show-
ing transversal isotropy. In particular, we shall discuss the state of stress
in an infinite space, a semi-space and in an elastic layer both for steady
and non-steady temperature fields. This problem was solved recently by
B. S h a r m a , [1], for a continuous steady temperature field using the
potential of thermoelastic displacement. In the present paper, another
method of solution is proposed, based on the displacement function. We
shall assume that the temperature field does not influence the mechanical
properties of the elastic body. For a non-steady temperature field, the
inexltia forces will be rejected, whereby the problem becomes treated as
a quasi-static one. The system of coordinates will be assumed in such
a way that the three planes coincide with those of elastic symmetry.
Denote by E, v Y o u n g ' s modulus and P o i s s o n ' s ratio in the
directions xu x2, and by E', v the same quantities for the direction x3.
Let a, X denote the coefficients of thermal expansion and heat transfer,
respectively, in the directions xu x2, and a , X the same quantities in the
direction xs.

The stress components atj (i, j = 1,2, 3) are related to> the displacement
•components u/ (i = 1, 2, 3) by the equations:

dUf dus *^8 om

dxi 12 dx2
 13 dx?:

du^ du2 dus ._

= A,

Jx\

= A i

dx

du2

A +

i

du,

dxs

o»-A«& +



570 Zofia Mossakowska and Witold Nowacki

where
1 / 1 V

(1.2)

A\z n u ' \ r? + n')> -̂ -13 —DE'\~E~ E7!' 1 2 ~ DE'\E ^ E'l'

l — v' E' & E^
DE2 ' 4 4 ~2(1 + / )

D =

E

.-v 2v'2

EE' \ E E' }'

If we substitute the stresses (1.1) in the equations of equilibrium of an
elastic element, the mass forces being absent, we obtain the displacement
equations:

(1.3)

dx\

da* +Aii dx\

. . d2us ,
144 dx\ ^ "H dx\ ^ 83 dx\

The heat equation of a body of transversal isotropy has the form

d2 rp • /IT1

.4 K, hr-f - • T T +• fc -5-1—cg-5- = —W.

The system of equations (1.3) and (1.4) may be written in the opera-
tional form:

(1.5) J £ Lyu/ = — Wdu (i = 1, 2,3,

where

d2 d2

' A + A
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i = A. dx\' Au)

LAA

L«—-0-jcr.

d t '

with the additional notation: u4 = T.
•: Let us express the displacements Ut (i = 1, 2, 3) and the temperature ut

•by means of four functions
[2], [3]:

Xx *M

(1.6)

u, =

u,=

2 -"18

Xi L 2 2 L 2 3

%3 L32 -^83

Xi 0 0

L11 L1 2 Xi

Ju

J24

J34

0 0

t — 1 , 2 , 3 , 4) in

^ a i

0

Lu
L21
L 8 i

0

the

Xi

Xi

l\

L1B

L22

L32

0

following

L l 8

0

LM

L28

L33

0

L«
"24

c
Xl

X2

Xs
X4

manner

>

The functions %I.(i= 1, 2, 3, 4) satisfy the equations:

(1.7)
12

0

L,

0 -M4

(i=l,2,3,4).

It is evident that the function %i satisfies the non-homogeneous equa-
tion, and the remaining functions %t (i = l, 2, 3) — the homogeneous
equation. After performing the operations indicated in the Eq. (1.7), we
can represent that equation in the form:

(1.8)

where

X

A*l,8
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2 ABfi
/% u' > r"\ A *

A U A 3 8 — 2 A 1 8 A 4 4 —Ais
A33

4 _ An

For the solution of the problems considered in this paper, two func-
tions, Xs and Xi, are sufficient. Since in the expressions for Ui (according
to the Eqs. 1.6), the operator iĄv2 + d2/dxl will appear, therefore we
assume that:

(1.9) t -

A similar state is observed due to the Eqs. (1.1) in the expressions for
stresses. The Eqs. (1.6) will therefore be represented assuming that Xi==0)

^2 = 0 in the form:

(1.10)

, . d 1 „ .
- P A« ix r + f l dxl

d2ws idt

where

and
t =

,__ A18

Substituting the Eqs. (1.10) in (1.1) we obtain after some trans-
formations:

au —f!AiSiA4
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(1.11)
d ! d

^ - l p [ 7 2 +

or12 = p AHM A4 4q 3—5— I P 2 + a-^-s 1 y + A,sA44(b, — a . ) 5 — , y , ' ,
1 2 \ 3^ 12S

a]3 — pA$xA.4

where the following further notations are introduced:

i 9 o 4 "7

= " + /*
= /"ii"s—

The function i/> satisfies the non-homogeneous equation:

(1.12.1) k'An = - W

and the function <p, the homogeneous equation:

a2

(1.12.2) tr'+ia
1'

It is easy to see that the function <p is the G a l e r k i n function
generalized icy the case of transversal isotropy, [4], [5] and [6].

In the case of axially symmetric problems, it will be more convenient
to use displacements and stresses expressed in cylindrical coordinates.

Introducing the notation P ^ x l H 7T w e o b t a i n t h e differential equa-

tion for the function <p and y> substituting in the place of (72 in the Eqs.

Arch. Mech. Stos. — 9
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(1.12.1) and (1.12.2) the operator v). The displacements and the tempe-
rature are given by the equations:

(1.13)
T

and the stresses — by the equations:

(1.14)

d2 d2

a, V\ - (a, - b,) ̂  —y - ^ -

The assumption of the functions q> and %p suffices for the determination
of the thermal stresses in simple systems: an infinite space, a semi-space
and an elastic layer. On the other hand, for the solution of the state of
stress in thick circular and rectangular plates, we should, to satisfy all
the boundary conditions, take for the solution, besides the functions q>
and v, also the functions %1 and Xa- In further considerations, we shall
be confined to the most general case, that is Q < 1.

The passage to the case Q = 1 will be achieved assuming the roots
of the characteristic equation w in the form & = e{aj+ifo) and passing
with the results to the limit for a,->l, fr^O; the case of Q> 1 will be
obtained by putting /?/ = 0.
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2. Steady-State Thermal Stresses in a Space and a Semi-Space Showing
Transversal Iso tropy

Let a steady point source of intensity W act at the point (0, C). In this
case, we are concerned with an axially symmetric problem. To determine
the state of stress in an elastic space, the function y> will be sufficient.
The Eq. (1.12.1) has, in the case of steady temperature, the form:

(2.D i«'A,,A

The function y), a particular integral of the Eq. (2.1), will be assumed
in the form of a F o u r i e r - H a n k e l integral:

(2.2) y> = I A(a,y)J0{ar)cosy(z — Z)dady.

o o
Since

JS ( \ 1 (* 1 /*•

-—— = 77- aJ n (ar)do, ó(z — £) = — I cosy(z-
ZTCT Źli i 3i I

J j
0 0 '

the following integral * is a solution of the Eq. (12.1):
a J0(ar) cos y(z —W F7

V - 2»M,BA4Jc' J J
o o

or

(2.4)

where

J] CJJ f a-*J0

(i,j,I = 1,3,5,

The Eq. (2.4) is valid only for z—£>Ó. Introducing the notations
Ma = — j"i, 4̂ = — ^ , ^B = — ft, we can represent the function v> f°r
z — £ < 0 in the form:

(2.6) V Cyy f a-*J0(

1 See Appendix II.
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where

Substituting yin the Eqs. (1.13) and (1.14), we obtain for z — f > 0

(2.8)

where

Next:

W/S

/=1, 3, 5

m __ W

By = [r2 + tf (* - « a ] t f . '-a = ( ^
g (,«/) = 1 — a/Ą, h {fij) =b — c/xj.

(2.9)

.2

y-=i, 3,5

For z—C<0 we obtain equations analogous to (2.8) and (2.9), the only
difference being that summation will be effected according to even sub-
scripts and Cjj will be taken from the Eq. (2.7). It is evident that the
stresses and the temperature vanish at infinity.

Knowing the stresses ovy in the system of cylindrical coordinates, we
may pass to the stress components in rectangular coordinates by way of
the following transformation formulae:

<T11 = arr cos2 ę - f ~o<p<f, s i n 2 cp,

= = arr Sin2 (p COS2 <p ,

~avl = \ (arr —7x w ) sin 2<p,

Oi3 = Orz COS <p ,

^23 = °rz s in <p,

cos <p = sin (p
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Shifting the source from the point (Q,£) to the point (f 1( | a , f3), we
shall obtain the most general expressions for stresses "ay in the system
of rectangular coordinates.

Let us consider, finally, the particular case of a heat source uniformly
distributed over a circular area of radius r0, in the z = 0 plane. Then,
the right-hand member of the Eq. (2.1) has the form:

1 for . 0 < r < r O )

71
J1 (arn) Jn{ar) cos yzdady = — WS(z)

o o

ł for
0 for rn . oo.

Then

(2.10) \ r, z) = ,
Wr

7=1,3,5

r
arr> J, (ara) Jo (ar) e~ "'V* da.

The stresses are expressed by the equations:

r„)J0(ar)er«»j'da\,

(2.11)
) f «~1 Ji (ar0) U(ar) -

^^MT 2 Cjjf{/Uj) (a
y^l.8,5 J

The integrals appearing here may be expressed by means of elliptic
integrals, L e g e n d r e functions and hypergeometric series. The cor-
responding equations are given in Appendix I.

3. Concentrated Steady-State Heat Source in an Elastic Semi-Space
Let a steady concentrated source act at the point (0,0 of an elastic;

semi-space bounded by the plane z = 0. The solution of the differential
equation
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will be represented in the form of the function y>, obtained previously
for an infinite space and a sum of harmonic functions y>u satisfying the
equation

(3.2J

This will be more convenient than assuming two functions y> and <p,
of which the first gives the solution for an infinite space and the second
corrects the boundary conditions in the plane z = 0.

Therefore, the general solution of the Eq. (3.1) has the form:

< 3 - 3 )

In the first sum the subscripts j take the values j = 1, 3, 5 for z —
and j = 2, 4, 6 for z—C<0. Since the integrands should be zero at
infinity and its second term should not involve singularities in the region
considered — which ensures the vanishing of the stresses at infinity •—
therefore

This will take place if, at the same time, Re /*,> 0, Re,«y<:0. This
condition limits the number of the constants Cij to nine, where the sub-
script j takes the values 2, 4, 6 and the subscript i — the values 1, 3, 5. The
coefficients Czn-\,u, n,k = l, 2, 3 remain different from zero.

We substitute y>(r,z) in the expression (1.13) for the temperature T.
We have:

f J o
o

0-2,4,8 , i== 1,3,5).

Since /Ą = (Ą, /Ą = /Ą, therefore in the first sum C6fi alone will appear,
and in the second the coefficients CBj{j = 2, 4, 6) alone. Therefore, bearing
in mind that /Ą = /Ą, we obtain:

w r
( 3-5 ) T = ~£M (-"I ~ $(^ ~~JQ J J"o(«r)lCoc> er-o^-i) +CM «—(^*-rtl+

o
da.
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In the case of the boundary condition T(r, 0) = 0, we obtain:

W C
T(r, 0) = - ^ (jĄ - $ (/Ą - £) J J0(ar) [C66 e«M + c 55 2

+ C64e«M-|-C56e
a'<«qda = 0,

whence

Introducing these values in the expression (3.5), we obtain after
integration:

(3.7) T(r,z) =

The remaining constants Cij will be determined from the kinematic or
dynamic boundary conditions at the edge z^=0. Let us assume that the
stresses are lacking at this edge. Then:

(3.8) ozz{r,Q) = Q, arz(r, 0) = 0.

Using the Eqs. (1.14) and (3.3), we obtain for z — £ < 0

fcr fjo{ar)\%C
J \. J

(3.9) +
w r

ink J
Jt(ar)

Bearing in mind the boundary conditions (3.8), and setting the coef-
ficients of the function e<*fjS equal to zero, we obtain the following system
of equations:

Ca2f (JU«) + C12;f W + C3J (ft,) = 0,

C^fO^) + Cufbx,) + Cuj(N) = 0,

(3.11) f W +
CM[lief(Ki) — ftif(i"s)l +

i) + CMjB,f (/!,) = 0 ,

f (ft) + CMAi.f (ft,) - 0,
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The Eqs. (3.6) were used here. Since the quantities C/j(j = 2; 4, 6) are
given by the Eqs. (2.7), we have six non-homogeneous equations, (3.10),
(3.11), for the determination of six quantities Ctj:

Ma J"3 Mi

Ma-

After determinating the constants Ctj we know the function y>. Thus,
by way of the Ewqs. (1.13) and (1.14), we can determine the displacements
and the stresses.

r-lLet us consider now the case of -5-1 = 0 , which is a case of thermal

isolation in the z = 0 plane. We have:

[dTl W C

~di\z Q
=~ ^'''W-flW-f® J Jo(ar )a {^

, ° +fiiCtie
a

Hence: '

"Sfle/Ufl + C89/u5 — 0,- C 6 2 = 0,

Since /<„ = ~ni, therefore C6 6 = C 5 ( i. Thus:
(3 14) T = - W I"

If the boundary z = 0 is free from stresses, we obtain from the boun-
dary conditions a system of equations analogous to (3.10) and (3.11). The
first two equations of the groups (3.10) and (3.11) remain unchanged. The
third equations of these groups take the different form:

( 3 1 5 ) / 2Cw/fa) f Cut(ft) + C36f(f,B) = 0, .

Hence:

(3 16) C =-
Ms HMI) MS—Mi !\Ms)

Let us consider the case of clamping in the plane ż = 0. From the
boundary conditions, we have:

(347), Wr(r,0) = 0, W(T,0) = 0.
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From the Eqs. (1.13) and taking the Eq. (3.3) into consideration, we
obtain for z — £ < 0

(3.18)

ur(r, z) =
W/S

*88
a~iJ^{ar

i.j

W{r>Z)" J l / ""'Jo(ar)

0 = 2 , 4 , 6 , i = l,3,5).

If we assume in addition that T(r, 0) = 0, or, in other words, that
C66 = — Cfl8, C52 = 0, CS4 = 0, we obtain from the boundary conditions
(3.17)

L 1 2 " A 22 )

(3.19),,
C _ "/*8y

14 ~ " C'44 l

zl =

If we assume the boundary conditions

(3.20) ~ \ 0, ur(r,0) = 0,

the constants C12,C32,Cxi,CM will be taken from the equations (3.19) and
Cl8, C36 from the equations

(3.21) n
C 3 G -

1) ^ „ _

In the case of the boundary conditions

(3.22) <r«(r,0)=0, w(r,0) = T(r,0) =
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we have

{3.23)

C j 2 C22 j

r
11'

M = C 4 4 , C s 4 — O ,

Finally, in the case of the bounda ry conditions

(3.24)

we obtain

(3.25)

- o

Cvi = C22, C33 = 0,

0 , 4 = 0 , CSi = Cu

C52 — 0,

C54 = 0,

^ 5 6 = =

In all the above cases we can obtain the solution by superposition

(3.26) y,(r, z) = rP (r, z) o~* J0(or)

= 1,3,5, j —2,4,6),

da

where y> is given by the Eq. (2.4) for z — C > 0 or (2.6) for Z — f < 0 .
The displacement and stress components are represented by the equations

(3.27)

Ur =Ur

'.;

= w ——i l n

(,/

ff» =

arr =

£

(1=1,3,5, j = 2,4,6).
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where

The quantities ur, w are taken from the Eqs. (2.8), and the stresses
~Ozz^Grr, Gq>y>, Orz f r o m ( 2 . 9 ) .

It can be shown that in the particular case of isotropy and thermal
isolation in the plane z = 0, the stresses azz and arz vanish for C -> 0,
so that the stresses arr and ffw remain the only ones different from zero.

4. The Stresses Due to Heat Transfer in the Region P of the Plane z = 0
Bounding the Elastic Semi-Plane

Let the temperature of the region F of the plane z — 0 be T{Xi, Xj, 0)
and let T = 0 outside that region F. Our objective is to determine the
displacements and the stresses due to such thermal conditions. Consider
first the auxiliary problem of determining the displacements and stresses
due to the action of thermal exposition on the element dF at the origin.
The thermal boundary condition will be expressed in the form:

(4.1) T ( r , 0 ) M T d ^ 4 ^ T = = ^ p faJ0(ar)da.
o

Since in the elastic semi-space there are no heat sources, our starting
point will be the homogeneous equation (2.1). The solution of this equation
will be assumed in the form:

(4.2) w(r,z) - {Jdr) f a-*JM) ( E Djjer^Ą da.
ć,n/±MsiĄi j V=I,8,B /

o

Using the last of the equations (1.13), we obtain:

<4.3)

^

o
From the boundary condition (4.1), we shall determine the constant:

4 ) D

Therefore,

<4.5) T M
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The remaining integration constants D u , D33 will foe found from the
kinematic or dynamic boundary conditions at the boundary z<=Q. Let us
assume first that the plane z = 0 is free from stresses. Therefore, we
require that:

(4.6) <r«(r, 0) = 0, ov*(r,0) = 0.

"' Using the Eqs. (1.14), we obtain:

(4.7)

r, 0) =

rAr, 0) -

a J0(ar) £ ^ D}Jf(fij)da = 0,

a J, (ar) = 0.
./—I (3,5

From the solution of this system of equations we have:

'ss thf.ilh)

In a way similar to that of the case of sources in the semi-space, we
can determine the constants Dj/(j = 1, 3, 5) for other boundary conditions
in the plane z = 0. From the Eqs. (1.13), (1.14) we obtain:

(4.9)

- -

7=1.8, i

2n j£fBt

(TdF)p

;=I ,3 ,B

-Q9(w)^U —

y=i,3.B

where Rj = (r2 + pjz2f/2.

The solution presented here constitutes a generalization of the known
problem of E. S t e r n b e r g, [7], to the semi-space of transverse isotropy.

The knowledge of the displacements and stresses for thermal exposi-
tion in the element dF will enable the determination of the displacement
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and stress in the case of thermal exposition in the region F lying in the
plane z = 0. • . j

Let us consider the particular case in which To = const over the regibh
of a circle of radius r0. The condition (4.1) has the form:

(4.10) T(r,0) = Toru f
J

J1(aro)J0(ar)da = •

[ O for rn<Cr <óo .

The stresses take the form:

(4.11)

J

Orr — — Tnrufi 2
;=l,8,B

{ar)

j) (

= — Toroi3 J^ D^ f j [
=i, 3, s J I

] (ar0) J0(or) -

o) J, (ar) (ar)-1 i r ^ > z da,

On = Toroj8 2_t Djj/j,jf(/xj) I Ma ro)*Ma ?"
7=1.8,5 J

0

The temperature field is given by the relation:

(4.12) T - T 0 r 0

The integrals appearing in the Eqs. (4:11) and (4!12) may be ^pressed
by means of elliptic functions and L e g e n d r e ' s functions (see the

. Appendix I).
Let us consider also the following problem with mixed bouridary con-

ditions, [8]. Let the temperature over the region of >a circle of j radius r0)

lying in the plane z = 0, be To = const. In the remaining part of the plane
z=:0, let dT/dzz=0. We should satisfy the heat equation

/ da

(4.13)
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with the boundary conditions
T(r,0) = Tn for 0 < r < r o ,

r° r
and T = 0 at infinity.

The solution of the Eq. (4.13) with the boundary conditions (4.14) is
the function:

n J a(4.15)

The function y> will be assumed in the form:

(4.16)
7T< £l't:t Xx,|

I a~B si2T
°— I a~B sin ar0J0(ar) y=i.3,5

Substituting the function y> in the expression

(4.17) T = A3SAU

and setting this equal to (4.15), we obtain:

The remaining constants D u , D33 will be determined from the boun-
dary conditions of the problem. Thus for the edge z = 0, free from stresses,
we shall find the quantities Du» O33 from the Eqs. (4.7). The stresses an
will be calculated from the equations (1.14):

(4.18)

n l/=l,3,

"f s i n

{ £
U=1.3,5

71 y=i.s,5
D/jf(W)

JQ(ar)a'1 sin

f a~2 J i (« r ) s i

o
CO

f a-1 sin (ar0) [Jo (or) [^

— qg(w) (ar)-1^ (ar)]

fjo(ar) a-1 sin

e-«f>j*da

2Tn/9 v 1 F
" - T T - Z DjJWttw) Ja(ar)a-1 sin (aro)e-«^da.

31 y=i.8.B J
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The integrals appearing here are given by the equations:

er1 J0(ar) sin (ar0) tr^J'da = arc sin (-7—- 2r° ,

/
a"1 Jj(ar) sin (ar0) e~°"./*da = — ro(l — 1?),

0

5. The Stresses Due to a Discontinuous Temperature Field

Our basic problem -will be to determine the G r e e n ' s function for
stresses for a temperature nucleus. By «temp'erature nucleus* we mean
a state in which the temperature in an infinitesimal neighbourhood of
a point P is T, while the temperature outside that neighbourhood is zero.
If the point P is the point (0,0 in cylindrical coordinates, then:

(5.1) T = (TdV)^ ^S(z — 0 = ^ ^ f faJn
2TIT 2?t

«/ */
0 0

On the other hand, we have:

(5.2) T(r, z) = A33 A44 L ; P2
r + ^ - j ^ 1 F2

r + ^ a

Assuming the function f in the form

(5.3) y(r,z) = j ^ f fc(a,p)Jn(ar) cos y(z — I
0 0

we shall determine, by comparing the Eqs. (5.2) and (5.1), the quantity:

(5 4̂  n(n R) ^ r-.

Introducing (5.4) in (5.3) and integrating with respect to y, we obtain:

(TdV^ V C f\ *^ n
(5.5) ^(rjZ)^1— — / C/y I a~2c~a'V'z~"Jo(ctT)dci (z O -^-«r

47tA83A44 y=1 3 J
«

where
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Introducing ip in the Eqs. (1.13) and (1.14), we obtain:

y 1 8

(5.6)

{TdV)§
Ur i

Or
4 j r js!i

_ _ (TdV)pJ? - +

*** y=i,s

For z—C < 0, the summation subscripts in (5.6) and (5.5) are j = 2, 4.
In addition we have:

(5.7)

If the temperature is given over the region V, then, treating the quan-
tities y), ur, w, liij as G r e e n ' s functions, we obtain the displacements
and the stresses by integrating over V.

Let us consider finally the action of a temperature nucleus in an elastic
semi-space bounded by the plane 2 = 0. Let the temperature nucleus act
at the point (0, C). The procedure will be analogous to that used in the
case of a thermal source in a semi-space.

The function y> will be assumed in the form:

(5.8)

Cij e~« '•"i'-fj A da (j = 2, 4, z —

The constants C/j are given by the Eq. (5.7), and the constants C,y will
be determined from the boundary conditions. In the case of lack of stress
in the plane z = 0, we have:

<5.9) o«(r,0) = 0, ar,(r,0) = 0.
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Using the Eqs. (1.14), we shall represent the boundary conditions (5.9)
in the form:

(5.10)

T0(ar)Ą2 Cn + % C,j tj da = 0,

f £
From these equations we shall determine the following four integration

constants:

(5.11)
22 I

r — 2|"3 f((h) r
^ 3 4 £( \ *̂*44 )

Thus the function y> is determined. Using the Eqs. (1.13), (1.14) and
(5.6) we have:

(5.12)

S3 i.j

W =10 +
33 ;,_/ t - vfr V-

Ozz — Q zz '

(TdV) /?
4?r

(TdV) 01 ^ 2; Cy
I 3 ( ^

The constants Cy for other boundary conditions in the plane 2 = 0 will
be determined easily. Knowing the state of displacement and stress due
to the temperature nucleus, we can determine the displacement and
stresses due to a discontinuous temperature field.

Aroli. Mech. Stos. — 10
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6, Heat Sources and Temperature Nuclei in an Elastic
Layer of Transverse Iso tropy

Let a concentrated heat source act at the point (0, £) of an elastic
layer of thickness h, Fig. 1. To solve this problem a procedure different
than that of the Art. 2 will be chosen. We shall select such a particular
integral of the Eq. (1.12.1) that the thermal boundary conditions and some
of the mechanical or geometrical boundary conditions are satisfied in the
planes /=—Q, h. Using the function y> constituting the solution of the
Eq. (1.12.1), we shall determine the stresses cry. The final stresses ay
will be obtained by adding to the stresses ~aij, the stresses atj chosen in

such a manner that all the boundary
conditions in the planes z' = 0, h are
satisfied.

We are concerned with an axially
symmetric temperature field and1,
in consequence, an axially symmetric
state of stress- Assuming that the
temperature is equal to zero in. the
planes z' —= 0, h, we shall assume the
function w in the form:

rLr

_. .

(6.1)
DO n

V sina,,z' I An (a) J o (ar) da, a « = ~

We have assumed that y — 0 for z' —0,h. The right-hand member of
the Eq. (1.12.1) will be expressed by:

V sin anC sin anz' I aJ0(ar)da.

Substituting (6.1) and (6.2) in the Eq. (1.12.1), we find the quantity
An (a) and then the function:

( 6 - 3 ) W vi 4 n ' 7 aJ0(ar)da
V ~ ~ruT~i~~k T~ / s l n a" * s l n a " z I T~9—iT"i—»T7~9—2~i—9TT2—2~i il •

nhkAssA4liZj J (/Ąa2 + a«) {Aa' + aD ($a2+a2
n)

0Using the last equation of the group (1.13), we obtain the temperature
field:

(6.4)

W
. , , ,

sin an . sm a„ z

aJQ (ar) da
2 2 . § ~ >
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or

(6.5) T(r, z ) = w
n h k' //?

r (<*nr\
L0 — ^ | sin a«C sm

where Ko (a„ r/,«6) is a modified B e s s e l function of the third kind.
Finally, the temperature field may be expressed by the relation:

(6.6) T (r, z') = 4 ^ | R j - ^ + J

j/R|~+ 4 n& ^ [nh — (z' + C) I

)/R\+ nhfĄ[nh+(z'+Z')]l\
.

It is evident that the singularity of the temperature field is thus
separated. It is contained in the first term Rf1. Forr = 0 and «'->£',R^1

tends to infinity. By means of the function y>, we shall determine the
stress components a/j, using the Eqs. (1.14).

Thus:

(6.7)

óz'z< = — hk, ^ sin an f' sin an z Djj K n

n = l y=l,8.5

anr

Or'r< = wp sin an r sin an unr

-*& 2s sina"z2

;=1,8,6

where

(6.8) (3,^,1-1,3,8,
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The function

is a hypergeometric series. It is evident that on the edges 2' = 0Ji we
have T = 0 and aZ'z' = 0. In the planes z = 0,7i, the stress orz< is different
from zero. It can be represented in the form:

(6.9)

a,, sin

7'=1,8,!5

where we used the relation

sin

(6.10)
2

in which

I

n=—śi—

r *?(«,£'),

sh a/IJC'

In further considerations, the action of the source will be replaced by
that of two sources of half the intensity acting symmetrically and anti-
symmetrically in relation to the plane z' = h/2 (see Fig. 2a, 2b).

Consider first a system of sources represented at Fig. 2a. In the new
system of coordinates (r, z), for heat sources symmetric in relation to the
plane 2 = 0, we have:

(6.11)
0,

2 / " ^
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where

To annul the shear stresses in the planes z=±h/2, we shall add to
the state ófe1 the state a^fj selected
in such a manner that in the planes
Z = ± h/2 we have:

a /•••/-

(6.12) *« — 0 , 0.

The stresses ojy' are expressed
by means of the L e k h n i t s k y
function, [9], % which satisfies the
equation

J—,

The stresses 5,-/ are expressed
by means of the L e k h n i t s k y
function thus:

u

•M

\A

p
1

1

z'

W/2

z
Fig. 2

i a

(6.14) a 2 '

a,Sl.
where

a °~ O1 ~ A,/
j 1 A-33

"1 Ajt

= ^ - =
A A2 A A

. -"83 •"lą -"-13 -^44

«1 A n A 4 4 '

i 0 | " 1 2 ( " ] 8 I An) " 1 1 " 1 8
^ n A A '

and the quantities alt bi, p, y as introduced in Art. 1.
It can easily be verified that the L e k h n i t s k y function is pro-

portional to the displacement function <p introduced in Art. 1,

" 3 3 " 4 4 *̂1 *P X '
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The Eqs. (6.14) are identical to the corresponding members of the
Eqs. (1.14) containing the function q>.

For the state a\f, the L e k h n i t s k y function will be assumed in
the form of the H a n k e 1 integral:

(6.15) xis) = / a~3 Ja (ar) [A (a) sh a/i^ + B(a) sh a/uH z] da.

A(a) = „ r~ r — /i D.-/A- Q* ' (a, C),

L ^ + y

The function %(s) is symmetric in relation to the plane 2 = 0, and
satisfies the Eq. (6.13). The quantities A (a), B(a) will be determined from
the boundary conditions (6.12). We have:

(6 16)

Knowing the function j; ' ' s | it is easy to determine from the Eq. (6.14)
the stress components ajjK

Consider a system of sources represented at Fig. 2b, and located
anti-symmetrically in relation to the plane z = 0.

In the system of coordinates, we obtain:

(6.17)

where

sh a/ij C
1 sh Yj

To the state d\f we add the state a[f, so selected łhat in the planes
z — ±h/2 the following boundary conditions are satisfied:

(6.18) S&' + SW-O, 5 g + a W - 0 .

The stress components 5{?; will be determined in terms of the
L e k h ' n i t s k y function by means of the Eqs. (6.14). The function
X^ will be assumed in the form:

(6.19) jfMa
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The quantities Q«), D(«) will be determined from the conditions (6.18).
As a result, we obtain:

ta m, C ( a ) = = A(6.20)

The final stresses will be obtained by superposition:

(6.21) o^By+ąf+Ąf.

Consider, finally, the action of a temperature nucleus at the point (0,t)
of the elastic layer. This nucleus will be determined in the following way.
Let the temperature in a volume element dV with the centre at (0, C) be T,
the temperature outside that element being zero. This nucleus may be re-
presented by the equation:

(6.22) T (r, z) = ( ^ ~ V sin an f sin a,, z' f aJ0 (ar) da.
Tin —J I

The state of stress due to the action of that nucleus will be described
by means of the function f and %. Let us assume that:

(6.23) v ' = ^ s i n «/« 2' A, (a) aJ0 (ar) da,

where An (a) is a quantity unknown for the time being. Bearing in mind
the last equation of the group (1.13), we have:

(6.24) T (r, z) = A3!i A

= A3 3 A44 J^ 1 sin a„ z' I An (a) aJ0 (ar) (/Ą a2 + a )̂ (/Ą a2 + a\) da.

Comparing the relations (6.22) and (6.24), we determine the quantity
An (a). Then,

(6.25) w = -~ '-- } sin a„ C sin a„ z 2 2 2 W 2 a . 2 >
' jtfiA8 8.A4 4Zi J (AqaB + a J ) ( ^ a + a „ )



596 Zofia Mossakowska and Witold Nowacki

For the stresses aip we shall obtain the following equations:

a ={™V±i V sin anC'sm an z' VIB^KJ— ) —r'r' nh Z " . Z \ JJ " ° \ UJ I
rt=l ; = 1 , 3 L \ r J I

-~MJJK

(6.26)

y / a " r U y

sin a,, T sm a» 2 > -«B;y Ko ,

o

/ bill Llfi b Lt/O U/( |O

n = l

where

On the boundaries z' = 0,ft, the normal stresses az>Z' vanish. The
stresses ar'z' remain different from zero. They will be expressed by the
equations:

5rv (r, 0) = ^ ^ ^ B/y Ą fa* J t (ar) tf Jfl (a, Ida,

(6.27)

y=/,3

where &p, d^ a r e given by the Eqs. (6.10).
The further procedure — that of cancelling the stresses ~br>'i< on the

boundaries z' t = 0,h by adding the state ay to the state cr,y — introduces
nothing new. It is identical with that used in the case of a heat source
in an elastic layer.

7. Non-Steady Thermal Stresses in on Elastic Space and Semi-Space

Consider the action of a transient heat source at the origin. Let us
determine first the function y> satisfying the differential equation (1.12.1):
(7.1)
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CO

Using L a p l a c e ' s transformation y>* = je~pty)(rtz,t) dt, and bearing
in mind the initial condition T (r, z, 0) = 0, we shall transform the Eq.
(7.1) to obtain:

The solution of this equation is:

a Jn(ar) cos Yz da dy[ f
2n2A33A4ik

o o
Retransforming this, we have:

W ? 7aJ0(ar)e~lt'i aHf)* cosyzdady
J J
? 7aJ0(ar)e

Jc'J J " (fĄ
o o

Bearing in mind the last equation of the group (1.13), we have:
oo oo

(7.5) T (r,z, t) = 2J^k, j JaJo(ar) e~{fl' a'+y^ cos yzdady -
0 0 r'+rf z1

where

Knowing the function f we can determine the stresses from the Eqs.
(1.14). Thus, for instance:

(7>6) az$=_W£_ |*J ^ .y i ' ( f t+f f i e ^ ^ ^ c o s y2dady =
o o Ł 3

= = o — a p I a 2 ^ ^ ) ^/ -N;/f(w) r (WJ z >*> a ) c ^ 0*1 d a ,
OTTO1 K J L/=l,8

0

with the notation

JV//== , / 2^ 0 = 1.3, j^fc).
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Similarly,

WB f?aP
<7-7) a" = 2 ^ h J

o o
r i > n aH 1

0 (ar) ^ N,y f (/y) e ° r ( w ;r,t,a)\da,
L/=i,S J

O

where
az; z, t, a) = e">V ̂  erfc ^ " (/t ~ - ^ = - e'V (" erfc ^

2 l/f/ \ * ' 2]/t/'

The solution for a transient source of heat makes possible the solution
for sources varying with time in any manner.

From among these cases, the most simple is that of continuous source.
The solution may be obtained either from the Eq. (7.4) by integration with
respect to time from 0 to oo, or from the direct solution of the equation
(7.1). In the latter case, the right-hand member of the Eq. (7.1) has the
form — W | d(r)/2nr] d(z)rj(t), where rj{i) is H e a v i s i d e ' s function. For the
right-hand member of the Eq. (7.2), we have—W[d(r)l2nr] 6(z)p~\ Therefore,

- i f a J u (ar) cos yzdady

o o

After performing the inverse L a p l a c e transformation, we obtain:

H a ł / K ^ ^ d j ^ cosyzdady.
o o

Bearing in mind the Eq. (2.3), we can represent the expression (7.8)
in the form:

(7-9) f(r,z,t) = y,(r,z) + yh(r,z,t).

The first term of the right-hand member of the Eq. (7.9) does not
depend on time and gives the function y> for the case of a steady heat
source. The function ^ may be expressed by the simple integral:

Cjje ^ ^ r(M/,z,t,a),da,

where

,•." i,- —. i _. u I -j A I - — | V R i i —/•
jj /2 o\ / o Q \ V ł J ł ł ) f "'^
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The temperature field is described by the relation:

W10) T ( g t ) T ( r z )
fc,

ó

J0(ar)r((«5;z,t)a)da=T,)(r,2)+T1(r,z,t).

The function To is independent of time and given by the Eq. (2.8). The
function T t depends on time and tends to zero for t-yoo. Using the Eqs.
(1.14) and (2.8), we shall determine the stress components. Thus, for
instance,

•(7.11) a„ (r, z, t) = a„ (r, z) + og (r, z, t),

where the function ozz is given by the Eq. (2.8) and does not depend on t,
while the function cr̂ J is given by the integral:

.(7.12) a® (r, z, t) = - ^ [ Jo (or) J£ """" ~ ®

To determine the thermal stresses in an elastic semi-space, the most
convenient method will be that of reflections.

If we are concerned with a semi-space with a concentrated heat source
at the point (0,£), and if T = 0 in the plane z<=0, the stresses a/y will be
•composed of two parts: ó/j and ay. The stresses ay concern the infinite
space in which two heat sources act: positive at the point (0,C) and negative
at the point (0, — £)• Such a location of the sources satisfies the boundary
condition T = 0, and gives azz = 0 at every moment t. The state on is
the state of stress in an elastic semi-space z ^ 0, so selected that the
remaining boundary conditions are satisfied in the plane z = 0.

If the boundary z = 0 is thermally isolated, [dT/dz]z=o= 0, positive
concentrated heat source should be located at the points (0,£), and negative
at the point (0, — £). In the plane z = 0, we obtain the stress arz equal to
zero. Adding to the stress ay, a stress ay chosen so that the normal stresses
become zero at the boundary, we obtain the final result atj.

In the second stage of solution, we shall use the L e k h n i t s k y
function constituting a generalization to transversally isotropic bodies of
the familiar L o v e ' s function.

Appendix I

Some of the H a n k e l integrals appearing in the Eq. (2.11), (4.12)
and (4.13) may be determined by means of L e g e n d r e ' s functions and
elliptic integrals.

Thus:

(8.1) Mr,,, r ) - J « ' ; J t (aroJJ i (ar )da - rc" 1 (r0r)- '
ó
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(8.2) I2(rO)r)=/e-"' t^J1(aro)Jo(ar)da = (7rro)--
t [K'E(k,0) -

• — (E1 — K')F{k,9) — PjZWQ+rY+tf??

where Qv denotes L e g e n d r e ' s function of the second kind with super-
script v = 1/2.

F(k,@) and E(k,9) are non-complete elliptic integrals for the com-
pleting modulus

fc = fro ~ r ) 2 + 0/23]1/2 Kro + *f + /") z2] -1/2

and the argument
6> = sin-VyZ[(ro — rf + ^z 2 ] - 1 ' 2 (0 < 0 < w ) .

Using the integrals It and h, we can determine the following integral:

(8.3) I8 — fa-1 e-«";z Jj (or,,) Ja (ar) da = -|- [r012 (r, r0)+rl2 (r0, r) — w «IJ.

o
The remaining integrals may be expressed by a series' of hyper-

geometric functions, [11]:

(8.4) /aA- 3 ' 2 e-ofj z Jfl(ar0) Jv(ar) da =

2 mir^+m+l) (2^)

Appendix II

All the integrals appearing in this paper, for instance (2.4), (2.10), (3.3)
etc. should either be treated formally as integrals subjected to the
differentiation law with respect to the parameter (which is valid for
convergent integrals), or we should take only a finite part of a given,
divergent integral.

The finite part of a divergent integral is defined in the following way.
b b

Let ff(a)da be divergent and jj{a)da convergent, e > 0, and
b b

f (a) = g (a) + h (a) where / g (a) da is divergent and / h (a) da convergent
a a

and G'(a) = g(a). We have:

In our case,
a = 0, b = oo.
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Thus, for instance, for the integral (2.4) we have:

-JJ-z(^-^j a2 sin all

,-„-.[, r2\ /r2 s2

r2\
A* 2 { ^ \ —•

' Y~4
<G(oo) = 0;

or:

pf f a-

The latter integral is convergent and differentiation and integration
'with respect to the parameter under the integration sign is permissible.
It should be borne in mind that the part in brackets does not influence
"the stresses, and the displacements are determined, according to K i r c h-
hof f s theorem, with the degree of indeterminacy to the extent of rigid
•displacement.

Since we are interested in displacements and stresses only, all the
integrals appearing throughout the paper may be differentiated and
integrated formally with respect to the parameter under the integration
sign, the values of the stresses remaining unchanged. At most, various
rigid displacements will be obtained.
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S t r e s z c z e n i e

NAPRĘŻENIA CIEPLNE W CIAŁACH O IZOTROPII POPRZECZNEJ

Rozważa się ośrodek sprężysty poprzecznie izotropowy zarówno sprę-
żyście, jak i termicznie. Wyznaczono stan naprężenia i pole temperatury
dla następujących zagadnień: skupione ustalone źródło ciepła lub jądro
termosprężystego odkształcenia w przestrzeni i połprzestrzeni oraz w war-
stwie sprężystej; rozpatrzono kilka rodzajów warunków brzegowych przy
założeniu, że na brzegu jest albo izolacja termiczna, albo temperatura
T = 0. Przykładowo podano także rozwiązanie dla połprzestrzeni poddanej
na powierzchni ograniczającej działaniu pola temperatury na obszarze dF
oraz na powierzchni koła.

Z zagadnień nieustalonych rozważono przestrzeń nieograniczoną pod-
daną działaniu chwilowego lub ciągłego, skupionego źródła ciepła, po-
dając także drogę otrzymania rozwiązań dla połprzestrzeni.

Rozwiązania w zależności od zagadhienia dane są w postaci zamkniętejr

całek eliptycznych, pojedynczych szeregów nieskończonych bądź całek
pojedynczych.

Dodatkowo podano sposób wyliczenia pewnych całek oraz uwagi do-
tyczące występujących w pracy całek rozbieżnych.

Pe3K>Me

TEPMMHECKME HAIIPfl}KEHMfl B TEJIAX,

ynpyraa cpe#a nonepe tiHo HsoTponHaa, KaK ynpyro-
M TepMMHecKM. .Hae-rcH pemeHMe, T.e. onpązjejineTCfl HanpnsceHHoe co-

H TeMirepaTypnoe nojie JJ,JIH cjie^yiomMx BonpocoB:
HBIM, cTainvroHapHBiM HCTOHHHK Terma m m Tepaioynpyroe a^po
I^HM B npocTpaHCTBe M nojrynpocTpaHCTBe M B ynpyroM cjioe. PaccMaTpM-
BaeTca HecKOJiŁKo BM^OB KpaeBtix ycjioBMM npw npeflnojiOHceHMH, HTO Ha
Kpaio cymecTByeT MJIM TepMMnecKaa M3OJiatcna MJIM TeMnepaTypa T — 0 .
B kanecTBe npMMepa flaeTca TaKSce peiueHMe fljia nojiynpocTpaHCTBa, no%-
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BeprHyroro Ha nocepxHOCTM orpaHMHHBaiomeM nojiynpocrpaHCTBo,

CTBPIK) TeMitepaTypHoro nojin B o6jiacTn dF, a TaKHte Ha noBepxHocTH

Kpyra.

M3 HecTau;MOHapHbix BonpocoB o6cyjKflaeTca SecKOHe^Hoe npocTpaH-

CTBO, HaxoflHuaeeca noa fleiicTBMeM BpeMeHHoro MJIM nocToaHHoro cocpeflo-

MCTOHHMKa Tenjia, npiraofla TaK^ce cnoco6 nojiyneHMH peuieHMii

nojiynpocrpaHCTBa.

Peineroia, B 3aBwcKM0CTM OT aa^a^n, ^aiOTca B 3aMKHyroM BMfle, B BHfle

SJIMIITMKeCKMX MHTerpaJIOB, GeCKOHeHHBIX pflflOB MJIM >Ke OflMHapHblX WH-

Terpajios.

B npHJiojKeHMax ^aeTca cnoco6 MCHKCJieHMa HeKOTopbix MHTerpajtoe,

a TaKJKe saMe^aHna, Kacaromiieca BbicTynaiomioc B paSoTe pacxoflaiuiixca
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