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THERMAL STRESSES IN TRANSVERSALLY ISOTROPIC BODIES

Z. MOSSAKOWSKA and W. NOWACKI (WARSZAWA)

1. General Statement of the Problem. Basic Relations

This paper aims to determine the state of stress due to the action of
a continuous and discontinuous temperature field in an elastic body show-
ing transversal isotropy. In particular, we shall discuss the state of stress
in an infinite space, a semi-space and in an elastic layer both for steady
and non-steady temperature fields. This problem was solved recently by
B. Sharma, [1], for a continuous steady temperature field using the
potential of thermoelastic displacement. In the present paper, another
method of solution is proposed, based on the displacement function. We
shall assume that the temperature field does not influence the mechanical
properties of the elastic body. For a non-steady temperature field, the
inertia forces will be rejected, whereby the problem becomes treated as
a quasi-static one. The system of coordinates will be assumed in such
a way that the three planes coincide with those of elastic symmetry.
Denote by E, » Young's modulus and Poisson’'s ratio in the
directions z,, 2, and by E’, »' the same quantities for the direction ;.
Let a, 4 denote the coefficients of thermal expansion and heat transfer,
respectively, in the directions axy, x,, and «, A’ the same quantities in the
direction a@.

The stress components oy (i, j =1, 2, 3) are related to the displacement
«components u; (i=1, 2, 3) by the equations:

g3y = Ay g“’ + Ay 6‘;* + Ay 52 d’“‘ — 8T,
o= Ase %::ﬂﬁr Ay, 3“2 + Ay g:“—ﬂT,

(1.1) Oyy = Ays au}-f-A”’ au2+Am_a_u3 — 8T,
ol B maffie
oo+ o)
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where ‘
Ay DgE_(l E) Aﬁﬁ({f +z§") 4, =20+ 115:?)’
(1.2) & 11;;’ B Z(IE":”'}’ * 2(1E+v)
=St ran,  p=tEr (2 1500),
D IEE” (_1_;.” = 2_;3)

If we substitute the stresses (1.1) in the equations of equilibrium of an
elastic element, the mass forces being absent, we obtain the displacement

equations:

0%u,

19) 1 4, 5%+ 4

0%u,

Ay =~ axg +Ann a 21+A44 a

0%u,

d*u

+

ou, Ju, oF -
g _[(A1a + Ann)‘ag; + (Alﬂ +A44)Fx—3] _6_0_33_1 . 0.

62

as+A4*a -+

d
+ __“ [(Am + Ann] aul ‘Jr A13 -+ AM) us] .6 axﬂ

0*
Ay o2 ‘E‘Au 'u,, +Asq & us ‘l'
0 0 0 0T
* ‘a“x_a l(Am"‘ Au) ul + (A + Ad) u2] i —J'I_a il
The heat equation of a body of transversal isotropy has the form
T 0T 0*T 0T
PR - N S

The system of equations (1.3) and (1.4) may be wrltten in the opera-

tional form:

4
(1.5} 2 L.l'juj — —'Wéﬁ (i= 11 21 3!4’]h
j=1
where
02 0® . 0*
Ly=An—- ox 2 +Ags =3 d 2 + Ayu= axa: Liyy=0Ly=(Ap+ Aan)mﬂ
62 82 02 0?
= Ay ox 2+A“ 2+ Au—ms dxf’ Ly = Ly, :(A13+A4;}m*
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0? 02 0? , dﬂl
ks _A‘d(6m2+ 0:::2) T As 5 ox?’ Loy = Loy = (Ass + As) Ox,0x,
g Uy
g? d
Lyy (a 3+ 6:1:"')+k —Co ot L.u'-:_‘ﬁ'a,
0
="‘ﬁ_d;;' Ly, ':_ﬁ a;r Ly =0, Ly =0, Liy=0,

with the additional notation: u,=T.

. Let us express the displacements u; (i=1, 2, 3) and the temperature u,
by means of four functions g, (i=1,2,3,4) in the following manner

(2], (3]

% Ly Ly Ly Ly 21 Ly Ly |
W, = %2 Lo Luy Ly , Vi Loy 7o Log Lo
Xs Lgo Lgs Lg - Ly 73 Lgg Ly |
, X 0 0 Ly 0 % 0 Ly
(1.6)
Ly, Ly 2 Ly Ly, Ly Ly x
e Ly, Ly 22 Ly By Ly Lyy Ly 2o
? Lg Ly x5 Ly J g Ly Lgy Lgg 25|
0 0 % L,N 0 0 0 Xa

The functions x,(i==1, 2, 3, 4) satisfy the equations:

Ly, Ly Ly Ly
Ly, Ly, _Lea Ly,
Ly, Ly I(us Ly

0 0 0 Ly

It is evident that the function g, satisfies the non-homogeneous equa-
tion, and the remaining functions y;(i=1,2,3) — the homogeneous
equation. After performing the operations indicated in the Eq. (1.7), we
can represent that equation in the form:

0* 0* s 0
(1.8) K Ay A3 (;ziV“r a_) (.u,,v“r o )(ﬂsV"'-F oz2 * 3¢ ) X

(1.7) Xj=—Wou (1=1,2,3,4).

x(p%l?“+%§)x;=—wt5u (=1,2,3,4)

where

etV —1),. e=>1,

}1§3= 32’ e=1,

' — 2
s*(]/%"—@ii 1—}9) ¢<1;
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k Agg Ay
2= — 2 — 66 gt =1
5 k iu? A“ A "
y A Ay — 24,5 A — Ay e
) 244V A, Ay . &
0? 0

yi= ozt + e
For the solution of the problems considered in this paper, two func-
tions, g, and g,, are sufficient. Since in the expressions for u: (according
to the Eqgs. 1.6), the operator 2p* 4 0°/0x} will appear, therefore we
assume that:

a0 ¢ _ .0 g 9
(1.9) (P=A4-l(ﬂ?}!”+a )(“SVA }_y—ﬂ dt)xa: ?J=A44(#$V +a§’)x“

A similar state is observed due to the Egs. (1.1) in the expressions for
stresses. The Eqgs. (1.6) will therefore be represented assuming that y, =0,
%2 =0 in the form:

— 4 %p
U= f Ay E ) — Ay8 ro
d 92
b ( P At e
(1.10) 3 8 802
w=pdu 5o (o7* o am,;)w+AM(w' 3 )
B
0?
T—~u4_—ABRA41 (P1V S 0x2 )(ﬂql? +- dxﬁ)
where
a=n—x(1+4yny), b=l pixn—yn—1, c:,‘;:g,
=(1+ ), t = pipgn
and
— .|u1 +}u3+2}’ A-‘&H _éﬁ
Bu—y Ay’ T Ay

Substituting the Egs. (1.10) in (1.1) we obtain after some trans-
formations:

0* 0? 0? 0*
Io'u“ﬁAsaAu[a 2(dVa+€ a:cz) qd 2(17 +a axg)]

d 0? 02 0*
Sdulayr Oz, (a, Ox? thio 0x2 -7 63:,,)
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B o B\ e
EB_ﬁAHHAﬁl 022 (dl? +e dxg) q 6332('7 _‘“ﬂ-ams)]w—

i) 0* 0* 0*
— Anfug Ox, (b’ Ox? T Ox? e ﬁ:r,,)

i 0% 0 0°
(1.11) 0y = B Ag AV’ (dV3 i eﬁ“@) v+ AanAuR (IPVg + ‘ﬁg)%_

0? g (1)
-—ﬁAsnAuqa a —|—a V’+AsaA4d(b l)maa:l
0 a“
Tag 3Anaflua d (dl? +e axg)w +
' 0 0
+ A Ay a_wa(aﬂﬂ_*}’ﬁ&g) 7,
02 0?
O30 =—B A Au g5 (dV +es— )!p-—l-

0 o
+ AyaAy oz, (ﬂq Vs a_.’.t‘:ﬁ) @

where the following further notations are introduced:

d=y— uiuix, s R - B D
@y = piug, by = ptug— 243y +17Y).

The function » satisfies the non-homogeneous equation:
112.0) & Ay Ay 27+ 25 (et + L (e Lt )= —w
w A 4 i SR x|\ ox? ot
and the function ¢, the homogeneous equation:
. 1.12.2 2 72 0* you.p 0
(1.12.2) (#IV —l—a—xﬁ)(ﬂgV +—a—£§)¢-—0-
It is easy to see that the function ¢ is the Galerkin function

generalized to the case of transversal isotropy, [4], [6] and [6].

In the case of axially symmetric problems, it will be more convenient
to use displacements and stresses expressed in cylindrical coordinates.

'Ir_ltroduqing the notation P2 =3_ré+% _(% we obtain the differential equa-

tion for the function ¢ and y substituting in the place of ¢* in the Egs.

Arch, Mech, Stos. — 9
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(1.12.1) and (1.12.2) the operator J2. The displacements and the tempe-
rature are given by the equations:

d 0? g

u’_ﬁA“d (V +ad ) —Aus 55, drdz pe=0,
d 0% 02

W= ﬁA“dz(bV‘!—l_ca s)'f’“;'Au(tV =+ 022 )

(1.13) P o
T = A B 173+ ) (192 ),

=@ e, 2=z

and the stresses — by the equations:

2 2\ 2
Orr =ﬁA33A“[§3(dl72 + e a q 1 d (V2+ ads)l

0 1 0 0?
_—AﬁsAM.d_'z[alVE—(a!_"bi)_; E—?‘a:z?]?

2 o 02 02
(1.14} Ogp= ﬂABSAM gg( V2+e azg) qd=s3 ara (V +aazz):|

0 02 0?
= AssAu“E [ai Vf—'(‘h_bj)‘a?g_? ‘a_st] P

= 2 2 2 0* 0 gy S
02z = Ay AylV? dV,""e?z_a ‘P+AaaAu'5;(er+w)‘p’

0?
Ori =—-— ﬁAssAudd (dV +edz)§”+

0 0?
+ A A 44 5, (a1|7)' ?‘a?)@-

The assumption of the functions ¢ and y suffices for the determination
of the thermal stresses in simple systems: an infinite space, a semi-space
and an elastic layer. On the other hand, for the solution of the state of
stress in thick circular and rectangular plates, we should, to satisfy all
the boundary conditions, take for the solution, besides the functions ¢
and y, also the functions z; and y,. In further considerations, we shall
be confined to the most general case, that is ¢ <<1.

The passage to the case p=1 will be achieved assuming the roots
of the characteristic equation y; in the form uj=e(aj+ if;) and passing
with the results to the limit for a;—1, f;— 0; the case of p=1 will be
obtained by putting ;=0.
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2, Steady-State Thermal Stresses in a Space and a Semi-Space Showing
Transversal Isotropy

Let a steady point source of intensity W act at the point (0,¢). In this
case, we are concerned with an axially symmetric problem. To determine
the state of stress in an elastic space, the function p will be sufficient.
The Eq. (1.12.1) has, in the case of steady temperature, the form:

0'3 a.! a2
(2-1) k Aquda], (Ju\lV "I azg) (.u'q_V '- az )(,ulﬁl?a + dzz)

J(r) sa—10),

The function y, a particular integral of the Eq. (2.1), will be assumed
in the form of a Fourier-Hamkel integral:

(2.2) m —-ff Ala,y)Jy(ar)cosy (z—{) dady .

Since

L] oo

25:2 2ﬂfaJn(a‘r‘}du, 6(2*‘C)=%f005?(2"‘5)d?’
0 U

the following integral! is a solution of the Eq. (12.1):

2.3) = w " aly(ar)cosy(z— ) dady
' ¥ ot Ay Ak J (1 a®+ ") (g a*+9*) (pga®+ %)’
00

or
(2.4) 1})--’-‘——-‘?—-— - .2 Cj; a"“Jn(ar)e—“F‘J"—nda;

drk’ Ay Ay

=185 &

where

Gy (,31=1,3,5  i£j#D),
(2.5) 1 — 1) {“/ - k)

Re(pgn—1) =0 n=1,2,3).

The Eq. (2.4) is valid only for z—{>0. Introducing the notations

My == — by, 4 ==— g, Wy =—ji5, we can represent the function y for

z—{¢<<0 in the form:

W Iy —
(2-6) Y= C f atJ (m-)e—ap_, (z—¢) da,
: dnk Agy Ayy J,=§'ﬂ b“ 3

1 See Appendix II.
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where

1
(2.7) Cjj

i — ) (2 — )
Substituting % in the Eqs. (1.13) and (1.14), we obtain for z—¢ >0

(45,1 =2,4,86, iFj#l),

W§g N7 1
U= ——7— c )— [Rj—w(z—0)],
Tk sz%,m 119 (1) — [Rj — pj l

=R » . =
(2.8) B ,.2%:, Gyl In (R +yz—0)],
w
T 47k’ usRy ’
where
Rj"—-'_ [.,.2 +M§{Z_C}z|12, TB:(E';{ + .'I.':)m,',
9) =1— s, hiw) =b—cp?.
Next:
= W
G = g ) Cutu)R7,
Jj=1,8,b
o W 1
Grr = — ;R—{j,—j:?_zscff l#?f(m)ﬁr‘ +agl) 5 IR;-—pfj(z*C}l},
(2.9) _ w8

Tpp =

I Rj— ui(z—0)
2 == ; (B (O L
4k’ | 4 s Cij =“jf () Ry +ag (w) | R; 7 '

./ - Lo A Pt
Orz ——-——4n_k, j.:‘lzl;)ﬁcj‘hﬂ-ff(,”-j) = |1 ;u),-(z C) Rj |:

flu)=4d —uje.

For 2—{<C0 we obtain equations analogous to (2.8) and (2.9), the only
difference being that summation will be effected according to even sub-
scripts and Cj; will be faken from the Eq. (2.7). It is evident that the
stresses and the temperature vanish at infinity.

Knowing the stresses oy in the system of cylindrical coordinates, we
may pass to the stress components in rectangular coordinates by way of
the following transformation formulae:

014 = 0, cOS% p + 0gpsin’ g, 0= % (0 — 0gp) sin 29,
Ogp =0y Sin® @ + Gppcos’y, Gy = Gr:COSQ,

.Ess = sz. E% = 5” sinqa >
cos¢:=%, sinqasi:f—.
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Shifting the source from the point (0,{) to the point (&, &, &), we
shall obtain the most general expressions for stresses oy in the system
of rectangular coordinates.

Let us consider, finally, the particular case of a heat source uniformly
distributed over a circular area of radius 7,, in the z=20 plane. T}ien,
the right-hand member of the Eq. (2.1) has the form:

Wr, 1 for 0<<r<r,,
== Jy(ary) Jy(ar)cos yzdady = —Wé(z) | 4+ for r=ry,
x5 0 for 7,<r<<oo.
Then
e — _“h'_"__ Cy; -—EJ — g2
@10 90A= yrgla 3 Co | @i den e enda.

The stresses are expressed by the equatlons

_ W§r
Oy === mﬂ;e : ﬁ:g‘; ﬁC}!= f(iuj) f —1J, (aro)Jo(ar) e~ % da +-
+ FI_Q%BL) f a2J,(ary)J,(ar) e~ “F‘J"da},
0
Eq.\gﬂ: == Vgi‘ljn Cjj {N}!]‘(#}') l it (arn)Jn(a"") e “*da 4
(2.11) e g
+@mf wamm~%ﬂrme
Oz = “;ﬁ::n Cjii flu)) f —1J, (ar,)J,(ar) e 42 da,
J=1,8,6
Ory = “;ﬁ;:o Ciipif(w) f a1 (arg) J (ar) e “*i*da.
j=1,8,6

The integrals appearing here may be expressed by means of elliptic
integrals, Legendre functions and hypergeometric series. The cor-
responding equations are given in Appendix I.

3. Concentrated Steady-State Heat Source in an Elastic Semi-Space

Let a steady concentrated source act at the point (0,{) of an elastic
semi-space bounded by the plane z==0. The solution of the differential

equation
d 5.0 a5 O [ o
B1)  KAuAy (#1[7 + azz)(»“aV T 5 n) RV + 5 Y =

W
== —-—2; 6(1-)3(2——0
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will be represented in the form of the function @y, obtained previously
for an infinite space and a sum of harmonic functions yi; satisfying the
equation

, 0?
(3.2) (,uff 72+ a—za) =0

This will be more convenient than assuming two functions u and ¢,
of which the first gives the solution for an infinite space and the second
corrects the boundary conditions in the plane z=0.

Therefore, the general solution of the Eq. (3.1) has the form:

3 W 3 = p— )
(3.3) gv(r,z)—‘mk,A” A“fa Jo(ar)[;‘ Cje—y +

: |
+ Y cyeemiz=r|da.
i

In the first sum the subscripts j take the values j=1, 3, 5 for z —{ >0,
and j=2,4,6 for z— {<<0. Since the integrands should be zero at
infinity and its second term should not involve singularities in the region
considered — which ensures the vanishing of the stresses at infinity —
therefore

Re (uiz— pi€) > 0.

This will take place if, at the same time, Re u; >0, Re ;<< 0. This
condition limits the number of the constants C; to nine, where the sub-
script j takes the values 2, 4, 6 and the subscript i — the values 1, 3, 5. The
coefficients Can—1,2¢, n, k=1, 2, 3 remain different from zero.

We substitute y (r, 2) in the expression (1.13) for the temperature T.
We have:

(6), Teomr | Tl IZ Cyyled — 1)) (g — ) e~y =) +
J
0

+ Z C — 1) (ud— ?)e““‘*‘f’—f*f“]da (j=2,4,6, i=1,3,5).
:IJ{

Since uf=p;, p3 =, therefore in the first sum Cg; alone will appear,
and in the second the coefficients Csj(j=2, 4, 6) alone. Therefore, bearing
in mind that x2 = ul, we obtain:

W . oo
@5 T= Ank (4 — pd) (13 — 1) fJo(a'r”Cﬁu e~ Hel2—5) | Cyy e~ *lin bl
. '] /

4 CM e—wlpsz— k) + Csﬁ e-—-u(;a,z—p.;}] da.
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In the case of the boundary condition T(r, 0)=0, we obtain:

i .
T(r,0)= W ( = #5) (#3 = ﬂ%) f Jo(ar) [Cnﬂ etmt Ciq eott |

+ C“ e“.“!; + C“ gm“c;] da=10 i
whence

(3-6) Cys + Cs=0, C5,=0, Cs=0.

Introducing these values in the expression (3.5), we obtain after
integration:

3.7 T(r,2) =

W l 1 1
ks | VPt @z—0° VPt uetir]
The remaining constants C;; will be determined from the kinematic or

dynamic boundary conditions at the edge 2=0. Let us assume that the
stresses are lacking at this edge. Then:

(38) Ozz (1’. 0) =0, Orz {7‘, 0) =(.
Using the Egs. (1.14) and (3.3), we obtain for z—{¢{ <0
wp [

Jolar) 2 Cyi f (uy) e—ora—3) -
+ Z Ciyf(pa) e““‘mz—wn]d

O';z('r', 2) = EkT
0

(3.9)

(=]

or:(r, 2) = g}é’ f Jy(ar) LZ Cyiuif(py) €45 +
J

0
+ Z Cij pif (ui) e=wi "*‘f“] da.
i

Bearing in mind the boundary conditions (3.8), and setting the coef-
ficients of the function e*%* equal to zero, we obtain the following system
of equations:

Cof (ﬂa) + Ciaf(uy) + Csef(ﬂa) =0,
(3.10) Ciaf (ug) + Craf () + Cyaf(ug) =0,
Coo [ (s) — fus)] + Cyof(iy) + Coof(ug) =0,

Conttaf (pa) + Crap f (pa) + Cyaptaf () =0

Coattaf (g) + Crapuf (1) + Coqpusflug) =0,

Coo [pef () — s § (us)] + Cyopyf (1) + Cis psf (pg) =0,
f(p2n—1) = f(p2n) (n=1,2,3)+

(3.11)
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The Egs. (3.6) were used here. Since the quantities Cj;(j=2, 4, 6) are
given by the Egs. (2.7), we have six non-homogeneous equations, (3.10),
(3.11), for the determination of six quantities Cy;:

+ by 2 fl) o,
C 0 Iu“ [ & 3 C _ 1 C..—0 :
B Ty — ) i
= 2#3 f () it g -
{842 Ca= o — g F e }C“, Cp= e Cuss Cii=0,
2#5 .f(,us,} . - 2ps  flus) _ CotaeiO
L i — s Flp) ? L R J‘(,us) a6 56 66+

After determinating the constants C;; we know the function . Thus,
by way of the Egs. (1.13) and (1.14), we can determine the displacements
and the stresses.

‘Let us consider now the case of [%E] ='0, which is a case of thermal

z=0

isolation in the z=10 plane. We have:

>a

w
= g R ) f Jo(ar)a [ Cog 4+t Cyg €414 +

O 5 C5q €5 + ps Cyq e*¥] da=0.

(3.13) [%1:

Jz=0

Hence:
: ; Coopy + Cygps =0 - Csp=0, Cs=0.
Since iz =—py, therefore C;;=C,;. Thus:
w ' 1 1
(3.14) T [ ) .
S dal'ps |y + le—00 VB2 0"

If the boundary z=0 is free from stresses, we obtain from the boun-
dary conditions a system of equations analogous to (3.10) and (3.11). The
first two equations of the groups (3.10) and (3.11) remain unchanged. The
third equations of these groups take the different form:

(3.15) | 2Cq6f(us) + Cyof (1g) + Cuof(s) =0,
1 Cyof(uy) + Csﬂf(.ua) =0. .

Hence:

o flw) 20, ()
3.16 W T e e e T T e
( ) € ta— g ) d Cs sy flug)

Let us consider the case of clamping in the plane z==0. From the
boundary conditions, we have:

(3.17) u (r,0)=0, w(r,0)=0,
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From the Egs. (1.13) and taking the Eq. (3.3) into 6onsideration, we
obtain for z—¢ << 0

wg_ [
ur(‘r, Z)zm a IJI{QT)[; C’yg(u})e epj(z—5) +
) %)
{3.18) + Z ijg(’u) e'—'ﬂlﬂr-.’—-;()z ;]] da,
i .

Wi
w(r, z) = ik A, fa Jylar)
0

Z Ciih(uj) py e z=8
I
+ | C-‘Jh{ﬂ,‘}#f e_R“”z_'“j;’]da,
[ |

(j=2:4}6, .i:1’3’5)'

If we assume in addition that T(r,0)=0, or, in other words, that

Cyy=—C4, Csu =0, C;,=0, we obtain from the boundary conditions
. (3.17)
Coss a9 (i) b () + a9 (ptg) (1) C
12 A 22
Cpo = — U9
Cp = 2ty 91*"3)&!:‘?1 S
(3.19) , -
Cp=— 19 (pa) P (1q) ji” Ha 9 () h(ps) Cucs
2 h (
C!u = ‘#5—9(!%)‘&5—) Cus le E= _'_'g'('i;_; Cnﬁ )
A = pyh () g (pg) — pgh (pg) g (1) -
If we assume the boundary conditions
(5.20) [%f—] —0,  wr0=0, wH0=0
z=0

the constants C,s,Cys, C14,Cyy Will be taken from the equations (3.19) and
Ciq, Cye from the equations

2 h h(
(3‘21) Coe = — ﬂg_{ﬁj)_@ Cos» Ci= ﬁjh(iﬂ Cis -

In the case of the boundary conditions

(3.22) or2(r,0)=0, w(r,0)=0, T(r,0)=0
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we have

Ciy=0C,, Cyp=0, Csa =0,

Cyy =0, Cy=0Cy, Cyu=0,

(3.23) C, =2 b (us) £ (1g) — hlag) £ (15) Cy.
uy h(p) f (ug) — R Qug) f(pg)

2p5 b (ps) f (e0) — h(pey) F (5) -
= Rl flu) — Rl fl) G0 T T G

Finally, in the case of the boundary conditions

aT
(324 o0 =0,  w(r,0)=0, [75] —0
Jz=0
we obtain
C.=0Cy,, Cp=0, Cyp=0,
(3.25) Cy=0, Cyy= Cu, Cyu=0,
Cis=0, Icao': ; Cso=—Cs-

In all the above cases we can obtain the solution by superposition

- o

(3.2_6) p(r,2)=ry(r,z)+ oy A,mA;‘ [ a~4J,(ar) ( g‘ Cij e—-a{p,-z-—pjs}) da

{321,3,5, j=2;4s6}|

where 3 is given by the Eq. (2.4) for z— { >0 or (2.6) for z—(<<0.
The displacement and stress components are represented by the equations

Uy = 4 kA Z Ciig(pi)— [R:j—(#fz‘—wf:)],
w =% — A Z Ciyprh (u) In [Ryy + (piz— w)] ,

Oz = 02z + 4_:rk_' 2 Cyf(u) Ry,

(3.27)
0 = 01— 37 Cy| 5 R+ ag ) 2
rr rr 43’!kf Jj i T ) i qg i\ ui

— W, = — e
Opyp= Ogy— 4—?;%' Z Cij {,w f(u) Ry + qg (i) l—— =— MM}} ,
o

T
_ w 1 z
o =Ts + gy X cfmf(m—;( i RU“”:),
ILj

(i=1,3,5 j=2,4,6).

f,uiz—wC'JJ

.rﬁ
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where
Rij = [r* + (uz— wyC)*| 1.

The quantities u,, w are taken from the Egs, (2.8), and the stresses
Ezz, Err; EP?} Erz from (29)

It can be shown that in the particular case of isotropy and thermal
isolation in the plane z=0, the stresses o, and o, vanish for {—0,
so that the stresses o, and oge remain the only ones different from zero.

4. The Stresses Due to Heat Transfer in the Region I" of the Plane z=0
Bounding the Elastic Semi-Plane

Let the temperature of the region I' of the plane z=0 be T(ay, x, 0)
and let T=0 outside that region I. Our objective is to determine the
displacements and the stresses due to such thermal conditions. Consider
first the auxiliary problem of determining the displacements and stresses
due to the action of thermal exposition on the element d I' at the origin.
The thermal boundary condition will be expressed in the form:

5{1") (TdF) {‘

(4.1) T(r,0)= (TdI’) R4 al,(ar)da.

Since in the elastic semi-space there are no heat sources, our starting
point will be the homogeneous equation (2.1). The solution of this equation
will be assumed in the form:

=9

; (Tarn) (1 4 = z)
(4.2) y(r,2) = ZJ'EAMA“ ﬁfa J(ar) (j:—%:,anﬂe iz de .

Using the last of the equations (1.13), we obtain:

(TdF)

4.3) T(rz)= aJ, (ar)L Z D (4 — ua3) (g — 1) e—u.ujz] da=
"85

__(Tdr)

% 5 Dss (] #E)(#g“'"#ﬁ)fa.f,,(ar)e““#-zda.

From the boundary condition (4.1), we shall determine the constant:

1

(4.4 = SN
(4:4) 7 (ud— 1) (s — 1)

Therefore,

(Tdr) M52

(Tdr) [
on (Pt B

(4.5) T(r,z) === fae—“-“ﬁz.ln(ar)da=
2n |
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The remaining integration constants D,y, Dy will be found from the
kinematic or dynamic boundary conditions at the boundary z=0. Let us
assume first that the plane z==0 is free from stresses. Therefore, we
require that: '

(4'6) 622‘(?) O)=0! UFZ{TyO}ZO'

' Using the Egs. (1.14), we obtain:

oo

ouer, 0) = £T20) | @iute X Dyflwiaa=o,

j=1.8,b

0

l“ff( 0) = ﬁ(TdP} J (ar) 2 Djjpjf (uy) da = Q.

J/=1,8,6

(4.7)

0

From the solution of this system of equations we have:

' #s s § (ps) __#s— i flus)
(48) R e fp 2D - P sy

In a way similar to that of the case of sources in the semi-space, we
can determine the constants Dy (j=1, 3, 5) for other boundary conditions
in the plane z=0. From the Egs. (1.13), (1.14) we obtain:

Tdf)ﬁ L
2JIA33 _;Z Dj;g () — ( E )

1,8.6
_ (@anp
ZRAss f___;;'ﬁpﬂh(ﬂf)Rj ,
(TdD)p

D Dif(uw)wzRr,

L

(4.9) oy — — \TAT)B Z D

2“ j=1,3.6

X =

-

-
Iﬂ;f(u;)u; 2R+ qg(w) __( %)

P —-@%g-)ﬁ _*12; ﬁfo{[ﬂ?f(yf}+qg(nf)lu;zR7 o
- —qg(m);la(l_j{_

Tar —
Orz -_-L—z—lﬁ 2 Djjpif () Ry,
T j=1,3.6

where R,=(r® + ulz*)'2,

The solution presented here constitutes a generalization of the known
problemof E. Sternberg, [7], to the semi-space of transverse isotropy.
The knowledge of the displacements and stresses for thermal exposi-
tion in the element dI" will enable the determination of the displacement
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and stress in the case of thermal exposition in the region I' lying in the
plane z==0.

Let us consider the particular case in which T.,——const over the regioh
of a circle of radius 7, The condition (4.1) has the form:

(4.10)  T(r,0)=Tor, f Flar T et dassT, { 1 for 0<r<r,
| 0 for r,<<r<oo

The stresses take the form:

Ozz =Tn‘rﬂﬁ Z D;yf{,!t;‘) [.Jl(a?‘n)Jn(a?‘)e—mrﬂda,
0

J=1,8,5

orr =—T1,f Z Dj; ‘Pf'ﬂﬂ-}} (‘J'l (arg)Jy(ar) e~ % da +

/=18,

+ qg{.“f} f (m')_iJ: (arn)J1 (ar) e—a#y? da]:

(4.11)
Ogpg=—"T 7o . r’Djj ”l#?f(#f) + qg ()] I, (o) Jo(ar) —
/=18, 1
— qg () J, (arg)J, (ar) (aﬂ—:} e~a? dg,
ar: =Ty1r,f Dyj i f () J‘ Jy(ary) Jy (w-)_ e~ da.
J=1,8.h 4

0
The temperature field is given by the relation:
(4.12) T="Tv, fJ, (aro)J o (ar) e~ ¥*da.
0
The integrals appearing in the Egs. (4:11) and {4 12) may be expr&%sed

by means of elliptic functions and Legendre's functmn.rp (see ‘the
Appendix I). .

Let us consider also the following problem with mixed bourdary con-
ditions, [8]. Let the temperature over the region of a circle of| radius r,
lying in the plane z=0, be T\, == const. In the remaining part of the plane
z=0, let 0T/0z==0. We should satisfy the heat equation

as
(4.13) (,uEF 4 +—(3—,;) T=0
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with the boundary conditions
T(r,0)=T, for O<r<mg,
[ oT

0z

(4.14)

] =0 for rs<r<oo,
z2=0

and T =0 at infinity.
The solution of the Eq. (4.13) with the boundary conditions (4.14) is
the function:

-

(4.15) T z-%‘]— J ﬁi%a-rﬂe‘ “2] (ar) da.
The function y will be a:sumed in the form:
(4.16) w=aﬁ1—°A“ f a=5 sin ar, J, (ar) jg,;ﬁ Dj, e~“#i*da.
Substituting the functﬂion y in the expression
(1) T = A 172+ 55 (72 + 53] -
and setting this equal to (4.15), we obtain:
Dy, 1

T ==
The remaining constants Dj,, D;; will be determined from the boun-
dary conditions of the problem. Thus for the edge z =0, free from stresses,

we shall find the quantities D,,, D,; from the Egs. (4.7). The stresses oy
will be calculated from the equations (1.14):

gy = 2Eeb { > Dyiw) f Jo(ar)a=" sin (ar,) e=“#j*da +
Jj=1,3,5
]

0

+ —S— 2 D;;g{p.;)f a2J, (ar) sin (ar,) e"“-“fzda] »

2T ‘
@y 177 nﬂ {,AJD” Df a~*sin (aro) [Jo(ar) [} f() + ag ()] —

— qg(w) (ar)~1J, (ar)] e—“w‘da} :

T r "
Gay = ,:ﬁ Dyifuy) f Jolar) a1 sin (ar,) e~ *#i*da,
/=1.8,5 ;
2T Fa
o= 23 Dy § () f'f 1(ar) a1 sin (arg) e=*#i*da.
T =185 ’
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The integrals appearing here are given hy the equations:

]

2r j
a—1J,(ar) sin (ar,) e~ “#*da = arc sin ( S _________) :
f e ’ ‘/ﬂf}za (7'0'!*" ek l/Py' 2+ (ry—7)?

(1]

J a—J,(ar) sin (ar,) e “#i*da = :i— (1 —mn),
0

rt #,-”»” 1 == —
1____17?'_ nj ’ ’L‘zru—l/é']f TE,'—RE—FI/A’

A= R}+ 14— 2riR} + 43222 > 0.

5. The Stresses Due to a Discontinuous Temperature Field

Our basic problem will be to determine the Green’s function for
stresses for a temperature nucleus. By «temperature nucleus» we mean
a state in which the temperature in an infinitesimal neighbourhood of
a point P is T, while the temperature outside that neighbourhood is zero.
If the point P is the point (0,¢) in cyiindrical coordinates, then:

_ On the other hand, we have:
0 0*
(5.2) T(r,2) = Ay A (#17 + ) s)(n“ﬂ Vet 02 )

Assuming the function p in the form
_ i
(5.3) B2 =g f f Cla, ) Jo(ar) cos p(z—1) dady,
00

we shall determine, by comparing the Egs. (5.2) and (5.1), the quantity:

(TdV) a
Ay Agy (asﬂf o Yg] (G’#ﬁ + 9%

Introducing (5.4) in (5.3) and integrating with respect to y, we obtain:

-

- (T'dV) f g =
5.5 P =——— Cy | a e8] (ar)da (z—8) >0,
(55 poAd=—p 4 - j;:s ” ;

(5.4) Cla, p) =

where

1 G, k=13, j#k.

Cjj=—r5—
. #j(!‘ = H;)
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Introducing y in the Egs. (1.13) and (1.14), we obtain:
__ (Tav)p =
Ur = 4?44.- 2 ijg(#j)'*"Rj i

_ (TdVl,B r
= 2 Cyhith () (e— ) R,

= (TdV) = 3uj(z— &)
Oz = — —4;—3'23 CJ-J,-J‘(W)R}'Q[I_ ng .:

=1

_ ; 3uj(z—0)*
(5.6) = =(T_;f:r’)£ Z‘ Cﬂ_[ﬂ?ﬂ#)( b 2T\ - ) qg(,u,)IR 3

H(z—10)*
ll#_;f{ﬂj}—l’ ag ()] (1"— *%?—) +

Oopp=

_ (_‘I‘dV]ﬁ

+qg {Pj)] R—s’

7w =20 3 ot rie— OF; "

For z— { <0, the summation subscripts in (5.6) and (5.5) are j=2, 4.
In addition we have: i

—i]

5.7 i
( ) 4 ﬂj(#ﬁ-" Pﬁ)

{j’k:2!41 j:#kJ'

If the temperature is given over the region V, then, treating the quan-
tities w, ur, W, aij as Green’s functions, we obtain the displacements
and the stresses by integrating over V.

Let us consider finally the action of a temperature nucleus in an elastic
semi-space bounded by the plane z=0. Let the temperature nucleus act
at the point (0, {). The procedure will be analogous to that used in the
case of a thermal source in a semi-space.

The function » will be assumed in the form:

oo

(5.8) w(r,Z):‘&iifyiu [ a2Jy(ar) (Z Cjje—wwjlz=t) |
SRS, J
0

+ Cf;e'-“'f'ffuf'ﬁ') de  (j=2,4, i=13  z—(<0)
)

The constants Cj; are given by the Eq. (5.7), and the constants Cy; will
be determined from the boundary conditions. In the case of lack of stress
in the plane z=0, we have:

{5.9) 02:(r,0)=0, or2(1,0)=10.
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Using the Eqgs. (1.14), we shall represent the boundary conditions (5.9)
in the form:

J T, (ar) a® [ D) Cifluy et + D) Cyfiu) e“#ril da=0,
7 i A
0

=]

f Jl(ar}a”[z Chywi fuy) e+ 2 C.wtf(#cr)e““i‘:ldasﬂ.
I i 4

L 0

(5.10)

From these equations we shall determine the following four integration
constants:

C13=£1_j—_—ﬂa'czz: Csaz""_gﬁ_]'_ %ﬁ%
(5.11) 1y ty— g Flpy
2uy  f (Pa] 1“1 + Uy
Cyy=———— . Coyy=— C
Uy — s f) M " =

Thus the function y is determined. Using the Egs. (1. 13), (1.14) and
(5.6) we have:

= TdV)
Ur =+ Lag;fi Z Cy9 ()R,
(TdV)ﬂ »
W == 45’5!151 ; Cuts k) — J"C) R-‘js’
— (Tdv)p 3 (ui z— i)
VL A g Cuf(ﬂf)l ! Rff K ]RU s
TdV 3 (s
arr = apr + L:r)_ﬂ_ Z C:‘j{f‘?ﬂﬂ',‘) [1 — -—-—(P’ RZ wt) ]R}}"
(5.12) v L
' —ag(w,) Rr3},
_ (1d :
Cwp= Cgyp + %@- ZCU{ (12 F (i) + ag (u,)] [ 3 ZRE ) ]-{-
L i
e qg(;c:]} R;?,
Orz = Erz + :i(_-,I;i‘V_)E Z‘ ijﬂj'f(i""i’)r(#jz._ !{JC) R:}ﬁj
7 ~
Ry = 1"+ (uz— )"

The constants Cj; for other boundary conditions in the plane z==0 will
be determined easily. Knowing the state of displacement and stress due
to the temperature nucleus, we can determine the displacement and
stresses due to a discontinuous temperature field.

Arch, Mech, Stos, — 10
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6, Heat Sources and Temperature Nuclei in an Elastic
Layer of Transverse Isotropy

Let a concentrated heat source act at the point (0,{) of an elastic
layer of thickness h, Fig. 1. To solve this problem a procedure different
than that of the Art. 2 will be chosen. We shall select such a particular
integral of the Eq. (1.12.1) that the thermal boundary conditions and some
of the mechanical or geometrical boundary conditions are satisfied in the
planes 2'=0, h. Using the function y constituting the solution of the
Eq. (1.12.1), we shall determine the stresses o;. The final stresses oy
will be obtained by adding to the stresses aij, the stresses ai; chosen in
such a manner that all the boundary
> — conditions in the planes 2’ =0, h are
( l J «|  satisfied,

E - - ‘We are concerned with an axially

\ sl | symmetric temperature field and,

| ' ) in consequence, an axially symmetric

state of stress. Assuming that the

H temperature is equal to zero in the

Fig. 1 planes 2’ =0, h, we shall assume the
function ¢ in the form:

|
‘ =

o
=]

(61) Y= 2 sin (lnzthn (G) Jﬂ (GT) dd, aﬂ:ﬂ.

n=1 o

We have assumed that =0 for z2'=0,h. The right-hand member of
the Eq. (1.12.1) will be expressed by:

=]

(6.2) . — &Wﬁ 2 sin a,{" sin a, 2’ [a Jo(ar) da.
n=1

0
Substituting (6.1) and (6.2) in the Eq. (1.12.1), we find the quantity
Ap(a) and then the function:
(8) w - . rihs ,f ; alJ,(ar)da
Z sin a, ¢’ sin a, 2 (
0

¥ K Agy Ay & 15 a* +a?) (ud a®+ a?) (12 a®+ a2’

Using the last equation of the group (1.13), we obtain the temperature
field:

2 2
(64) T(r,2)=AyuAy ( 1w+ (%J) (;ug Ve gg) =

_ W oo ST , (fady(ar)da
ES nh_k’ ng; Sna, - SIn az 2 (‘ pg 0’.2+Gi »
Ly u
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or .
(6.5) T Y‘K.,(“""

- ) sin a, ¢! sin ap 2/,
ahl IHE ~ ) i “

5§

where K, (an t/us) is a modified Bessel function of the third kind.
Finally, the temperature field may be expressed by the relation:

w1 = 1
i T - v e
(6.6) T(rz)=, 1 =7 Rg i—ﬁi__’{ (|'R§+4nh §Inh =1

1
i)

l 1 1 \
+' 21 ;—_Eﬁ'_—zz —— ..:_’_ R — -
A VR T dnh[nh+(E —8) |R2+4ﬂhpﬁlﬂh+ "+ )]
Ry, = [r*+u (2 F0)%]'2
It is evident that the singularity of the temperature field is thus
separated. It is contained in the first term R{ % For r=0 and 2'—{',R{™

tends to infinity. By means of the function u, we shall determine the
stress components o, using the Eqgs. (1.14).

Thus: ‘
Oatpr = — ﬂ“}ii, ’2 sin a, &' sin a, 2 ;_123:5 D; K, (ﬂ: r)
Opipt = — ;Whi 2 sin ot s s’ j=§n[ D, /2K, (U;:) —
- )
(6.7) Tyl =33;i g‘: sin a, ¢’ sin a, 2’ . 135{ D i 2K, (%) -+
ram (= n )
Opryr = —_-}%f u}? ay sin an &’ cos ay 2 !—12";5 Dy Lj (E:f),
where
: )
D= g -L{?Tj()u} —@y VT e —"ir?ﬁu, —u)’
(6.8) (G, k,1=1,805, j#Fk*1

L (“’”’ = r[a‘-‘+(@)2]_lJ (ar) da= —[F (1 1,2 A°2)+
: M) wl| ’ 4 4

0 e
~+ 1F2(1; 2,1; 4—#?')]
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The function

= (ﬁ I
Fy (Bii v1, va; 0)= Z m! (71) mgf'}’z)m

m=

is a hypergeometric series. It is evident that on the edges 2’=0,n we
have T =0 and oz =0. In the planes 2’ = 0,h, the stress o, is different
from zero. It can be represented in the form:

oo

— ”'_WB . — Oy sin Oy C! .
Grz (1, 0)=——7 f Jy(ar) (j _12; Dy 2 m?) Hae
hi = e
(6.9) [ iy {ar)( 3, }ﬂyi(a,c-)) da,
j=T13,5
W [ &t (—1)" sin o’
g (1, )= :qhkﬁ f‘JI[ar)(. 2 B z;n g )da=
S /=138, n=1
{J(ar( N D0 (0, })da,
j=138,5

where we used the relation

s . '
an sin a, €

P -
=5 9 @?),

(6.10) Aty
c'.C:! (_ 1)"_1 an Sin ay e o i i) ‘

in which

l?llﬂ (a, Cr}= MM ﬂg} (a, Ci’}z sh apji’

ST y Aj=awh.

In further considerations, the action of the source will be replaced by
that of two sources of half the intensity acting symmetrically and anti-
symmetrically in relation to the plane z'= h/2 (see Fig. 2a, 2b).

Consider first a system of sources represented at Fig. 2a. In the new

system of coordinates (r, 2), for heat sources symmetric in relation to the
plane z=0, we have;

) | h
_Ez} ('l ;L 9 ) _ 4 -k'; J (C{I) #_,E QJ(!S} (CI, C) dal
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where
ch awC __#jah
chy, VT g

To annul the shear stresses in the planes z==h/2, we shall add to
the state of) the state o selected

ol (a,0) =

in such a manner that in the planes rsr
= + A e
z= 1t h/2 we have: fwfz <
—_ = - = - I
(6.12) 3¢ +a=0, k) +3kl=0. B i
: ) & s
The stresses afj) are expressed . 9 Wy =

by means of the Lekhnitsky
function, [9], ¥ which satisfies the j

. r=r
equation =
-W
2 72 2 2 0%\ _ - L i Zz . r
(6.13) (uiV +az w Vs + 02 x=0. V) ',\,,
_ ! W
The stresses o;; are expressed
by means of the Lekhnitsky #z
function thus: Fig. 2
< 0 10 0?
Trr 6_(dr3+b°r 6r+a°6‘z*)x’
= 0 0* 0*
Ty O_-(b"ﬁﬁ-i_ T ar+ "az)
(6.14)
= = 0 0 0*
O = 'a—z Co V3 + d, 022 X
= d 0?
Oy, E. (Pr + a, az'a) X
where
il Ay 1 Asa
=——=— d —_— . —
= 1 Ay a, Ay
G it - Ay Ay—AL—AR 4,
? ay Aqq Ayy :
b, = E; _— A (A + AM) — A Ap
a; Ay Ay, ’

and the quantities a,, by, p, y as introduced in Art. 1.
It can easily be verified that the Lekhnitsky function is pro-
portional to the displacement function ¢ introduced in Art. 1.

Ap Ay, p=1y%.
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The Eqgs. (6.14) are identical to the corresponding members of the
Eqgs. (1.14) containing the function ¢.

For the state oy, the Lekhnitsky function will be assumed in
the form of the Hank el integral:

(6.15) 1) = f a3 J, (ar) [ A(a) sh ap,z + B(a) sh ay, 2| da.
0
The function ! is symmetric in relation to the plane z=0, and
satisfies the Eq. (6.13). The quantities A(a), B(a) will be determined from
the boundary conditions (6.12). We have:

,“11"3 chy,
Ala) = b
wi+y mshy,chy,— pyshyychy, . %11 %

15 oY (a, ),
(6 16)
(5 +7) chy,

Bila) =—
e us (1 +9) chy,

Ala).

Knowing the function #'¥ it is easy to determine from the Eq. (6.14)
the stress components gb)

Consider a system of sources represented at Fig. 2b, and located
anti-symmetrically in relation to the plane z=0.
In the system of coordinates, we obtain:

Girnz) (Ts i '};—) = 0,
(6.17) l ' .
i ( By ) =+ ow f Jilar) ¥ Dy of(a, ) da,

/=186
where
shay, ¢

ofim == ¥,

To the state off) we add the state i), so selected that in the planes
z=-h/2 the following boundary conditions are satisfied:

(6.18) o teg=0, o+l =0.

The stress components 6if! will be determined in terms of the
Lekbnitsky function by means of the Egs, (6.14). 'The function
7'9 will be assumed in the form;

oo

(6.19) xl = f a8 (ar)[C(a) ch ap, z+ D(a) ch ap, 2] da.
0
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The quantities Ci«), D(«) will be determined from the conditions (6.18).
As a result, we obtain:

1 #g sh 'J"u
== (a)
Cle)= @2+ y uy sh ¥s ch 9, — g sh y, ch y, = ZI D u o) (a,8),
(6.20)
(u2+y)
D(a)=— Hy \pHgTY Sh?lC(a].

My (F‘: +y) shy,

The final stresses will be obtained by superposition:

(6.21) 0, =0+ o) + ol®.

U

Consider, finally, the action of a temperature nucleus at the point (0,{)
of the elastic layer. This nucleus will be determined in the following way.
Let the temperature in a volume element dV with the centre at (0,¢) be T,
the temperature outside that element being zero. This nucleus may be re-
presented by the equation:

TEV): & i i
(6.22) T(r,2)= T Z sin aa ¢’ sin a, 2 fa.fo(ar) da.
The state of stress due to the action of that nucleus will be described
by means of the function » and yx. Let us assume that:

e

(6.23) p= 2 sin ap 2 fAn(ﬂ) aly (ar) de,

n=1

where Au(a)is a quantity unknown for the fime being. Bearing in mind
the last equation of the group (1.13), we have:

vl g 5., @
(6.24) T(r,2)= Ay Ay (#% VE + '@) (#5’ V,zr‘i' a‘,}) Y=

= Ay Ay Z sin ap 2 fAn{a)aJu(ar)( a’+ a2) (12 a® + o) da.

(1]

Comparing the relations (6.22) and (6.24), we determine the quantity
Au(a). Then,

(TdV) & oJ,(ar) da

6. —_ . ! : ; ! .
(6.25) nhAssA‘,,Zsm an ¢ sin an 2 J (B +ad)(uia® + ay)




596 Zofia Mossakowska and Witold Nowacki

For the stresses o,;, we shall obtain the following equations:

g (TdV)ﬁZ‘Sma,.Csmanz Z[Bff n ( )

n=1 Jj=13
[ 17] UAn T
— — My K
T ’ I(MJ’)]

o= TNE 1 in e 8’ sin o’ Y {Bﬁa” Ko(“f'! )+

n=1 j=1,3

(6.26) 4o [ (@) L P g (o7
? 17 0 ’ an 7 1 Hj »
a?-
Ty = (TdV),B 2 sina, ' sinan 2’ Y —5Biy K, (a" T),
Jj=1,8 Ky #y
Er'z' =— —(I‘d—z—)_ﬁ 2 sin an C’ COS Un o = -Bj_." K.‘L (aﬁ T)
L G J=13"1 b
where
f (1) g ()

Bj= ): J=q (:r':lék: jyk=1!3)'

Hy j (v — P} (1 — f”?)

On the boundaries 2z =0,h, the normal stresses o.» vanish. The
stresses o> remain different from zero. They will be expressed by the
equations:

oo

a2 (1, 0)—w 2 Bf’”u"fa J, (ar) 9 (,¢) da,
(6.27) =LE

orzp (1,h) = — (TdV)ﬁ Z i 1 f a® Jy (ar) 9 (a,{) da,
0

where 9Y), 9 are given by the Egs. (6.10).
The further procedure — that of cancelling the stresses o, on the
boundaries 2’ =0,k by adding the state @; to the state oy — introduces

nothing new. It is identical with that used in the case of a heat source
in an elastic layer.

7. Non-Steady Thermal Stresses in an Elastic Space and Semi-Space

Consider the action of a transient heat source at the origin. Let us
determine first the function y satisfying the differential equation (1.12.1):

(7.1)
k' Agy Ay (,“1 v + azg) (ﬂa V o azg) (#5 Va'l‘ -————a gt) Y= — “;i?.] 4(2)6(1).
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Using Laplace's transformation p* = of e ?'y(r,z,t)dt, and bearing

in mind the initial condition T (7,2, 0)==0, we shall transform the Eq.
(7.1) to obtain:
6‘* 6

2ar

The solution of this equation is:

i {' f alJy, (ar) cos yzda dy
' 27% Ayy A&dk". " (1 o +97) (13 a* 4% (g a®+9*+a*p)’
0 0 :
Retransforming this, we have:

- aJy(ar)e " © ) @ cos yz dady
(7.4) V=952 a2 A 2 31,2
27" Ayg Ayy 0*k By Gl (#1 a4y )(ﬂsa +7?
0 0

Bearing in mind the last equation of the group (1.13), we have:

(7.5) T(r,z,t)-—z 5 "’k ffa.lo(a*r e “”’a“cos?zdady--
F"f,l(‘ z,
Wy T
"k'(ﬂﬂ)a’ ’

where

Knowing the function » we can determine the stresses from the Egs.
(1.14). Thus, for instance‘

J d“+e” (i a9

% — i .“_,f
E_Wfkr a" Jo(ﬂf)[ Z Ny f () 7 (5 2, 1, a) "9 " r"]dm’

j=1,38
0

with the notation

. _ wer e (W& e -“..‘”f( VL )
(w2, t,a) =e erf.c(cr ]/E 2}/t)+e erfc vt 2]/t

1

Fj{r“g'_nu;)
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Similarly,
e — (it @) L
wg a'J, (ar) (da®+-ey®) e A
= - 2 d -
() omar aﬂk’_’ [ (18 a®+9") (1 ®+97) Ak epey
00
o r;‘."
W i 1]
= 83;5%07 I a*J, fﬂ?‘)‘ Z NJJJC{M)*’— T{#‘H LR “}] da,
. /=1,8
0
where
—ltj e 3 i 1 nywz ma oz
r(u; 2, t,a)=e ' ’erfc(m-q /t f’—-)—e erfc(-r -+ ~———)
u ) e V' g Vs e

The solution for a transient source of heat makes possible the solution
for sources varying with time in any manner.

From among these cases, the most simple is that of continuous source.
The solution may be obtained either from the Eq. (7.4) by integration with
respect to time from 0 to ©o, or from the direct solution of the equation
(7.1). In the latter case, the right-hand member of the Eq. (7.1) has the
form — W [8(r)/2xr] 8(2)n(t), where #(t) is Heaviside' s function. For the
right-hand member of the Eq. (7.2), we have—W [8(r)/2ar| 8(2)p—'. Therefore,

Pl wo p*lf f‘ aJ, (ar) cos yzdady
207k’ Agg Ay § ?at+y?) (12 & +9°) (1 a*+y*+o’p)’
0

After performing the inverse Laplace transformation, we obtain:

= aJu(ar)(l—e —le i+ 2y
(18) v “AssA“k’ f J e o (PR R s o Pedady.

Bearing in mind the Eq. (2.3), we can represent the expression (7.8)
in the form:
(7.9) p(r,z,t) =y 0,2) 4y (rz21).

The first term of the right-hand member of the Eq. (7.9) does not
depend on time and gives the function » for the case of a steady heat
source. The function », may be expressed by the simple integral:

- W e —lut = &5
P(r 2 t)=— EA;‘A“ %' [ aJ (ar) Z Cje " T(.“h 2,t, a) da,
|‘] J=18,5
where
1 o g a9 i
C-H__" (1'13:1:1:3:5’ 15&3?&1)

w1y (] — ) (2 — pa?)
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The temperature field is described by the relation:

W o

{7.10) T(r,2,t)=T,(r,2)— - [J(.{ar}r(,u,,,z t,a)da=T,(r,z)+T,(rz2t).
!I

The function T is independent of time and given by the Eq. (2.8). The
function T, depends on time and tends to zero for t —co. Using the Egs.
(1.14) and (2.8), we shall determme the stress components. Thus, for
instance,

(7.11) o,,(rzt)=0,(rz2) 4 olll(r,21),

where the function o2 is given by the Eq. (2.8) and does not depend on ¢,
while the function of!) is given by the integral:

(43 — pf.'.‘
(1.12)  oll(r, z,t) = Bwi,l.f,,(ar ZC;; ()e — M % (s 2,t, a) da.

5 /=138

To determine the thermal stresses in an elastic semi-space, the most
convenient method will be that of reflections.

If we are concerned with a semi-space with a concentrated heat source
at the point (0,{), and if T=0 in the plane z=0, the stresses ay will be
composed of two parts: ¢;; and ;. The stresses ¢; concern the infinite
space in which two heat sources act: positive at the point (0,{) and negative
at the point (0,—¢). Such a location of the sources satisfies the boundary
condition T==0, and gives 0:: = 0 at every moment t. The state oy is
the state of stress in an elastic semi-space z =0, so selected that the
remaining boundary conditions are satisfied in the plane z=0.

If the boundary z==0 is thermally isolated, [0T/0z].—0= 0, positive
concentrated heat source should be located at the points (0,¢), and negative
at the point (0,—¢). In the plane z==0, we obtain the stress o, equal to
zero. Adding to the stress a;;, a stress a;; chosen so that the normal stresses
become zero at the boundary, we obtain the final result oy.

In the second stage of solution, we shall use the Lekhnitsky
function constituting a generalization to transversally isotropic bodies of
the familiar L o v €' s function.

Appendix I

Some of the Hankel integrals appearing in the Eq. (2.11), (4.12)
and (4.13) may be determined by means of Legendre’s functions and

elliptic integrals.
Thus:

(8.1) I,(ry, )= J e "7 I (aro) T, (ar)da = a1t (ror) 12 Qm(
0

ri4ri+ pf z”)
21,7 |’



600 Zofia Mossakowska and Witold Nowacki

(8.2) Iy(ro, 7) =J i J (ary) Jo (ar) da = (ro) ™! [K'E(k: @)~
0 r # a2 '
— (E'—K) F(k,0) — 2 [(ro+1)+ 2 22} 12 K],
where @, denotes Legendr e’ s function of the second kind with super-
script » =1/2.

F(k,0) and E(k,0) are non-complete elliptic integrals for the com-
pleting modulus

k= [(rg— 1)+ i 21 [frg 1)+ s 28] 12
and the argument
O =sin"" y;z[(ry—1)" + w2812 (0 <O <Ln).

Using the integrals I; and I,, we can determine the following integral:
r 1
(8.3) I, =fa—’ e~ ]J, (ary)J,(ar)da= 5 [70 Iy (ry 7o)+ 11y (g, 7) — w214
0

The remaining integrals may be expressed by a series of hyper-
geometric functions, [11]:

oa

(8.4) fﬂl_a':?' e = J;c(ﬂ?’o) Jv(a'l") da =
0 _ j]"(}.—[—p+v+2m)( r

m!l(p+m+1) \2uw2
Beiidu-s)==0.

2m ?.2 )
) oF (—m, —#—m;v+1;;z-),

m=0 0

Appendix 1I

All the integrals appearing in this paper, for instance (2.4), (2.10), (3.3)
etc. should either be treated formally as integrals subjected to the
differentiation law with respect to the parameter (which is valid for
convergent integrals), or we should take only a finite part of a given
divergent integral.

The finite part of a divergent integral is defined in the following way.
b b
Let aj' fla) da be divergent and [f(a)da ‘convergent, ¢ >0, and
a-+te
b b
f(a)=g(a)+h(a) where [ g(a)da is divergent and [ h(a)da convergent
(4] a
and G'(a)=g(a). We have:

b b
pf [ f(a)da=G(®)+ [ k(o) da.

In our case,
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Thus, for instance, for the integral (2.4) we have:
fla)=a"1Jy(ar) e,

h(a)= =Ju(ar)9 “‘_[l—az-i-a“’(—z—r—z)—z(%z—%g)aﬂ sin a]},
g(a)——a‘“[l-—*az—l—a (%—f)—z(];“%:)a sin a].

__ 1 4,2 _2_(?-2-_[? —1 ’f_.if sina .
Gla)= 3 @ | 5 @ 53 a4z re = cila)l,

pf f a=*J,(ar)e=*= da:fh(a)da
0 0

The latter integral is convergent and differentiation and integration
with respect to the parameter under the integration sign is permissible.
It should be borne in mind that the part in brackets does not influence
the stresses, and the displacements are determined, according to Kirc h-
hoff s theorem, with the degree of indeterminacy to the extent of rigid
displacement.

Since we are interested in displacements and stresses only, all the
integrals appearing throughout the paper may be differentiated and
integrated formally with respect to the parameter under the integration
sign, the values of the stresses remaining unchanged. At most, various
rigid displacements will be obtained.
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’
Streszczenie

NAPREZENIA CIEPLNE W CIALACH O IZOTROPII POPRZECZNEJ

Rozwaza sie osrodek sprezysty poprzecznie izotropowy zardéwno spre-
zyécie, jak i termicznie. Wyznaczono stan naprezenia i pole temperatury
dla nastepujacych zagadnien: skupione ustalone zrodlo ciepta lub jadro.
termosprezystego odksztatcenia w przestrzeni i potprzestrzeni oraz w war-
stwie sprezystej; rozpatrzono kilka rodzajow warunkéw brzegowych przy
zalozeniu, ze na brzegu jest albo izolacja termiczna, albo temperatura
T = 0. Przykladowo podano takze rozwigzanie dla pélprzestrzeni poddanej
na powierzchni ograniczajacej dzialaniu pola temperatury na obszarze dI”
oraz na powierzchni kota,

Z zagadnien nieustalonych rozwazono przestrzen nieograniczong pod-
dana dzialaniu chwilowego lub ciaglego, skupionego Zrédla ciepla, po-
dajac takze droge otrzymania rozwigzan dla pbiprzestrzeni.

Rozwigzania w zaleinodci od zagadnienia dane sg w postaci zamknietej,
calek eliptycznych, pojedynczych szeregéw nieskonczonych badz calek
pojedynczych.

Dodatkowo podano sposéb wyliczenia pewnych calek oraz uwagi do-
tyczace wystepujacych w pracy calek rozbieznych.

PezwmMme

TEPMUYECKME HATIPAZKEHMUA B TEJNAX, OBJIAJAIONIUX ITONEPEYHOM
M30TPOIIMEN

Paccmarpusaerca ynpyrasf cpefa TIONEPedHO M30TPOITHASA, KaK YIpyro
TaK ¥ TepMuYecKyu. JlaeTca peienye, T.e, ONPENENAeTcd HANPAKEHHOE CO-
CTOAHKE M TEMIEPATYPHOE IT0JIe [INIA CAeAYIOIMX BOIIPOCOB: COCPE0TOYeH-
HBI/, CTALMOHAPHBNA MCTOYHMK TeIUIa MM TepMOymnpyroe Axpo aecopma-
IV B IPOCTPAHCTBE ¥ TIOJIYNIPOCTPAHCTBE M B yUpyrom cJjoe. PacemaTpu-
BaeTCAd HECKOJBKO BUJOB KPAEBBIX YCIOBWMIA NP [PEIITIOJOKEHNM, UTO Ha
Kpaio CyIeCTByer WMJM TepMudecKasa M30JAumMA uam remneparypa T=0.
B kavecTse mpuMepa AaeTCH TAK¥Ke PEIISHME A TONYIIPOCTPAHCTBA, O~
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BEPTHYTOrO0 Ha TOBEPXHOCTM OrPaHMYMBAIOLIEH [OJIYNPOCTPAHCTBO, Hei-
CTBUMIO TeMmriepaTypHoro oy B obmactm dlI', a rakixe Ha ITOBEPXHOCTH
Kpyra.

3 HecTauMOHAPHBIX BOMpPOCOB obcyskmaercda OECKOHEYHOE TIPOCTPaH-
CTBO, HAXO/SALIEEC O] AEeMCTBMEM BPEMEHHOTO I TIOCTOSHHOTO COCPEyo-
TOYEHHOTO MCTOYHMKA TeIlIa, IIPMBONA TaK¥XKe CIocol Imosryuenns penieHmit
JUIA [MOJTYTPOCTPaHCTBA.

PeriieHus, B 3aBMCMMOCTH OT 3aJja9y, AAIOTCA B 3aMKHYTOM BUJE, B BUIE
SIUIITUYIECKMUX MHTETPAJIOB, DECKOHEWHBIX PANOB MM ¥Ke OAMHAPHBIX WMH-
TErpaJIoB.

B npuiomeHnMAX pmaercs Crocod MCUMCIEHMs HEKOTOPBLIX MHTETPAJIOB,
a TAKIKEe 3aMEeYaHWUf, KacalolMecd BBEICTYNAKIIMX B paboTe pacxofammxc
MHTETrpaJoB.
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