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A PLANE DISTORTION PROBLEM

WITOLD NOWACKI (WARSZAWA)

1. Introduction

Consider a simply connected thin plate free from stresses at the edges.
Assume that a given state of strain exists in the region I' of the plate;
let- the strain components a'}j be equal to zero outside that region. The
introduction of initial strains s?j will provoke a certain state of strain
(e,) and stress (¢;;) throughout the entire plate. The object of this paper
is to determine the strain components ¢, and the stress components: g,
for given initial deformations &f. by

The problem stated above is of prac- 3§
tical interest. It will be illustrated by way = _"i

I

of two examples, ‘

(a) Consider an arbitrary plate. Let B
the strains &2, = const, &), = const, H- "
and &, =0 (Fig. 1) be prescribed in
the region of the rectangle I', with the =
edges «¢ and b. The state of stress due to
these initial strains can be interpreted as
follows. Let us cut out of the plate the = i
rectangle I' and replace it by a rectangle Fig. 1
of the same material but with the edges
a+ Ada, b+ Ab, where Aa and Ab are assumed to be small quantities
in relation to the lengths of the edges of the rectangle. The «assemblage»
of this rectangle can be only done by force: a state of stress (o‘,j) will
result in the plate. The field of initial strains is characterized in our case
by constant quantities &, = Adafa and ef,y = Ab/b. It is clear that we
can imagine cases in which the components ¢, are point functions in the
region I'. In the cases considered in this paper, we are concerned with
assemblage stresses resulting from errors in the manufacture of plate
elements.

(b) Let the region I' of the plate be heated to the temperature T.
Let T = 0 outside the region I'. If a region I' of the plate is removed and
heated to the temperature T, it will undergo dilatation. The dilatation
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6 =&, + &% =2qT will be constant over the whole region. The
«reassemblage» of the heated region in the plate will provoke a state of
thermal stress (aa.) in the plate.

By contrast to the problem of thermal stress due to a discontinuous
temperature, such as has been considered in many investigations among
which mention should be made of the recent works of M. Hiecke, [1],
2] and [3], the more general problem of assemblage stresses has, as far
as the present author knows, not yet been {reated in greater detail.

The solution of the problem stated to begin with will be obtained here
* by using Green function for generalized displacement equations and
the generalized Airy equation. -

The relations between the state of stress (a‘.j.) and the state of strain
(aU) for initial strain have, in a plane state of stress, the form

E
Oy = 1—»? I(EA'.\' = 80 )+ (e T J"J")]
E
(1.1) Oy =1 [(ey—2 ) F-9(e,. —2l)],
E
— g0 S
0,=Gle,—e,), G 21+

Here E is Young’'s modulus, G modulus of elasticity in shear and »
Poisson’s ratio. Expressing the strains as a function of displacements
we have '

ou 0v ou dv
1. = - =Y e
(1.2) Ex oz’ Ey dy’ Exy dy+aa:

Introducing the relations (1.1) in the equations of equilibrium of a plate
element,

d G'x,\ a O'xy d G,IT)F

(1.3) TR i 0,

we obtain the displacement equations of our problem’ in the form

: 00 2 0 d “
V u+ga?c- = a:x:( +1Jayy
ey L 2 0 . ago
v ”+E’ay 1—y ay(”+v£“)+ a:c
where

du oo 14w

t3‘:r:+0y T e
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This system may be transformed to the form

[ a . b
72 [?Juza;-r: _V‘*(sﬂx + ve H—(Hﬂ'}a z(‘" 'y)]+
. ) g
o | iyl ),
0
|72V-‘U_dylpz(£ ”""Eu )‘|"(1+'V)d 3(8 )]

0*
"l“a‘ lV‘—(l-l*v 7 ] 835+

For a given state of strain (s?j) the right hand members of the Egs. (1.5)
is known. From the solution of non-homogeneous biharmonic equations
for assumed boundary conditions, we obtain the functions u and », and
from the Egs. (1.1), (1.2), the strains and the stresses.

Note that in the particular case, &%, =s‘j,y =¢', &}, =0, the Egs. (1.5)
can be reduced to one equation. Then introducing thva- function @ cha-
racterized by the relations

0 a0
(16) u—%, U-_a’;"
we reduce the system of equations (1.5) to
(1.7) PRt =(1-+»)p®e.

The solution of the problem of state of stress (o,) due to a given strain
field (e?),) over the region I, will be obtained in a most simple manner
using the Green function. Consider the case in which the field &9,
alone is given over the region I'. Assume first that £{, exists only over
an inifinitely small region dI' surrounding the point P (&) and is equal
to zero over the remaining part of I The quantity (2, dI’) is called the
nucleus of elastic strain. This nucleus provokes in the plate displacements
the components of which are u* (x, y; &, 1) and v*(x, y; & 7), and the state
of stress the components of which are o* (x, ; §,7). These functions are the
Green functions of our problem. If, now, a state of initial strain &%_(£, »)
exists in the region I' of the plate, and if &), =0 outside that region, the
displacement and stress components may be expressed by the integral
expressions

w(a,y) = [, (&, n)u* (@ y; &mdédn,

(1.8.1) @
v(x,y) =/ [, (&nv* (x,y; €9 dédn,

)

(1.8.2) oy @ y) =/ [l (&, n) o y; é,m dédn.

()
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The functions u* and v* will be determined from the equations

vt = an) g v 4+ (4 g s — 00w —n),
(1.9)

et (e, an g v =0 oo —9ow—a,

where d denotes a Dirac function.

If a nucleus of elastic strain (¢),dI') and (¢}, dI') exists in the plate .
the Green functions are constructed in an analogous way. Thus the
Green functions for the nucleus (agy dI') will be obtained by solving
the system of equations

. 72 P ut =(ef,ydf")£— [aa pE—(14w) ﬁ_di‘zl dlx—E&)o (y—mn),
(1.10)

3 g 1 d
ot =, dT) [v2+(1+v)d 8(x—&d(y—n).

If w*** and v*** denote the Green functions for the displacement
components in the case of the nucleus (& dF) the corresponding system
of differential equations will {ake the form
DB R ) 0 2 0*
' Vv u —(&,.dr)@ v —(H—ﬂw §(x—&)o(y—m),
(1.11) : 5
[ TEELRETE 2l a =3 a?.
V2 ngér-v 5 :(ggydIJ dx[V"—(l +'N) a?] 6(:4: — 5) ) (y —'r,-)
Finally, for the state of initial strain {e?j), in the region [, we obtain by
superposition
u(z,y) =/ [[&, €n)u* @y, n}-’rsj’,y (&) u™ (x,y; &)+
rj
+ el (&, ) u™** (x, y; &, 9)| d & d,
=] [0, (&, M o™ (@, 53 &, m)+e, (6,m) v** (2, ; €, m)+
(I
(1.12) + &, (6, 0" (x, y; &, m)] dédn,
0, (@, Y) = 12, & m oy (@, ys & m)+e, (6,m) o (x, y; & )+
()
+ &Y, (&) o™ (x,y; 6, m)] dEdn,

i, j:.’r, y, UU:U]J’"

Further considerations will chiefly concern the determination of the
Green functions. The knowledge of these functions will enable us to
determine, by means of integration, the state of stress in the plate due
to the action of the initial strains (ef).
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. In many particular cases, the problem considered in this paper can
be solved in a much simpler manner by introducing the A i ry function F,
characterized by the relations

0*F 0*F 0*F

1.13 == —_— = il
(- } Oyy a yg' Uyy amz! ny 0:c0y

It satisfies the equilibrium equations (1.3). Using that function to deter-
mine the deformations (¢;) appearing in the Egs. (1.1) we have:

i (O“F 02F)

Eyx Eex = _E_; a_y2m'p a—xé
1 [0*F O*F
G =% =5 (025
s g 1 OF
v % T TG 9xdy

Introducing the above relations in the compatibility equation

2 a 2
0%,, 0 &y, 0 €y

CLa15) 0y 0x® 0xoy’

we have the following non-homogeneous biharmonic equation for the
function F:

1 piF——2 (at’s_‘:x Tay ey

The convenience of using the Airy stress function F consists above
all in that one equation must be solved instead of two.

Denoting by F* the Green function for the nucleus (e2,dI") acting
at the point (£7), and by F** and F*** for the nuclei (&), dI') and (&2, d ),
we obtain for the strain field over the region I' of the plate, the relation

(1.17) F(zx, y)=_£ i‘l‘(eg" F* 4 60, F** 4 60 F**¥)d& dn.

The Green functions for stresses will be obtained by means of dif-
ferentiation according to the Egs. (1.3). The considerations presented here
will be completed with certain particular solutions for plates of most
simple types: an infinite plate, a semi-inifinite plate and a plate strip.

2, An Infinite Plate

- Let us determine first the functions u*, v* and F* for an infinite plate
with a nucleus of elastic strain (2, dI') acting over an infinitely small
neighbourhood of the point P (£ 7). The system of equations (1.9) and
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the Eq. (1.16) will be solved assuming that displacements and stress should
vanish at infinity.

Moreover, the function uw* should be symmetric with respect to the
straight line y = and antisymmetric with respect to the straight line
x=£. On the other hand, the function v* should be antisymmetric with
respect to the axis gy =1, and symmetric with respect to the axis x=E¢&.
The function F* should be symmetric with respect to the lines x = & and
y=mn. This follows from the symmetry of normal stresses with respect
to these lines. The above conditions will be satisfied assuming that,

} IA(a B) sin a (x — &) cos B (y — n)da dp,

L]

I

(2.1) v* = [ B(a,p)cos a (x— & sin f(y—n) da dp,
00

F* = [ C(a,f) cosa(x &) cos f (y—n) dadp.
00

Expressing the Dirac function by means of a Fourier integral, we
obtain the solution of the Egs. (1.9) in the form

(&2 dI) f fm
——— ———2—-— o
a
00

+(1— (‘*-ﬁ:—ﬁ" Jsma(:r—t}cosﬁ( —n)dadf=
(2, dI") (x—& Lz — )

e oo

(2.2I} _ (e d}”) f f

— (14~ g_hﬁs}a] cosa(x— &) sin f{y —n)dadf =

o +ﬁ2

(ﬂ'J df')( )
T 4a

r=y&—E+y—yt
Integrating the Eq. (1.16), we obtain

2y — (1+1') .___2%{__“_6_)-],

(2.3) ——ZG[H-v) (€2, dl’)ff(aﬁéi—wcos a(xmé)cpsﬁ{y-—n)dgdﬁ.
. 0 . 1 : .
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From the Egs. (1.13), we obtain

of, =—2G(1+) (sg‘dr)_j.fﬁigﬁﬂé cos a(x—&) cos f (y —
a0

=) dadﬁ:%{1_4(x;$)2 [l— 2(y ?j)_ﬂ]}'

T

; 2G(1 S,
(2.4) Opy = — ———— i (8 P)ff( J_I_ﬁzjacosa{:c §) cosﬁ(y—-

—"n)dadﬁ_KJ[ 8(1‘—5::‘:(9_’?}2],

ot 2G(1+v) (.s*[I ar )f af?
o w+ﬁ

aSina(x— &) sinf (y —

—n) dadp = qu‘,‘(a:—af) (y—n)|-l—@7ﬁ],
where ‘
(l-l—v) (82, df)

== 2@

Knowledge of the Green function ofj enables us to determine the
state of stress oy in a case in which the state of initial strain &, & n
is given over the region I' The stresses oy will be obtained by integration
according to the Eq. (1.8.2).

In the case of the nucleus of elastic strain (s}“,y dI) at the point P (¢, ),
the functions ¢fj will be obtained in an analogous manner. We have

Tyxy =— —
.r.l rd

“_EﬂL_Mw—ww—mq’

g Blx—&P(y “_ﬂf] _

2

x K ;
5 =— [pw—n—@—0

(2.5) r
' =%§{1_4(9;’?)3[1__2(3:;_§)fnl
02}_—21{9 x—f}(y_n}[?»(y 7P —(x— &P =

X, (:c—ElSy—-?})[l _4(‘9‘;'})2]]
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where
1 + v) {sﬂ d F)

37 27

Let a nucleus of elastic strain (e}, dI') act at the point P (& %) of an
infinite plate.

The function u*** should be symmetric with respect to the line x = ¢
and antisymmetric with respect to the line y =1#. On the other hand, the
function v*** should be antisymmetric with respect to the line x = ¢ and
symmetric with respect to the line y =u. Moreover, the displacement
components should be zero at infinity. The function F* should be anti-
symmetric with respect to both the axis x=¢ and y=#. This follows
from the fact that the stress o%;* is symmetric with respect to the axis x = &
and y=1. Let us assume therefore that

o

[ [A(a,p) cos a(x —&) sin p (y — n) dadp,
00

ek
u

I

(2.6)

Ii

nfuJB (a,B) sin a (x — &) cos B (y — u) da df,

e =ffc(a,ﬁ)sina(m—§) sin B (y —») dadp.
00

Expressing also the Dirac function by a double even Fourier integral,
we have

m_(sgydr}f“f’| 1 P
R L P (]

cos a (x — &

0 dIy— — )
'/.sinﬁ(y—n)dadﬂ———( "j’i )y d| ( ‘5] ]
{ 0 dr 2
@0 1o = fﬁ. 2+ﬁ —(149)- j—ﬂg)ﬂ sina(x—
0 dI') x— —n)
VCOSﬂ(y—-n)dadﬁ—{s4n g [{1—?)+2(1+r U rﬁ-]—],

" 2G1+v)(a° an ([
o ff(w*ﬁsm“"’ 9%

G(1+9) (e, dT) (x—&) (y—n)

2

X sin B (y—n) dadf =

T T



A Plane Distortion Problem 425

The Green functions for the stress components o} take, according
to the Egs. (1.13), the form

Oxx -
.r.i

=K3(xi$L£1L_ﬂ}[l—4(mj£)!],
r oy

(28) 1o g @=HEy—n) [3__ 4[:::_—5)*] _

re

—K, (?—_f}ﬁy:ﬂ[lﬁ4(y—3@f]’
r 7 -
s

?'

where

3. A Semi-Infinite Plate

Let a nucleus of elastic strain (¢}, dI") act at the point P (¢ 0) of
a semi-infinite plate. The function F* should satisfy the Eq. (1.16) with
the boundary conditions,

(3:1) o =0, oty =0 for  x=0.

Moreover, all stress components of; should vanish at infinity.
The function F* will comprise two parts @®* and ¥*. The first of
these functions should satisfy the equation

2
(3.2) V“v'-’rb*=——2G(1+v)(s2,df’)5%;6(x—5)6(y)

with the boundary conditions @*= 0 and y*®* =0 at the edge x=0.
These conditions may also be expressed in the form
i D
(3-3) !Z:",'\:,\:—-F:gJ D Tyy = ——3 d:]‘:‘ =)

on the line x = 0. _
The function ¥* should satisfy the homogeneous biharmonic equation

(3.4) : = prpryt=0
with the boundary conditions
-1 BT/ 2 *
(3.5) 0% =6_ 3 =0, Exyl— a4 0 for x2=0,

0y 0x 0y
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where

s 0* @*
T =" 0z oy’

The final form of the Green function is obtained by superposition, thus,

(3.6)

| F*=0" 4 ¥, Gx= O%x + Ox,

* # I ¥k
03y = 03y + ayy, 0%y = 0y + axy.

The function @* is obtained as a result of the action of two nuclei of
elastic strain of which one, positive, is located at the point P(&,0) and the
other, negative, at the point P'(—¥£,0) of the infinite plate.

Using the Egs. (2.4) we obtain

37 |

00 1 @—62 [, 247\]_
m 5 -l |

1
=il pledelfy, 20
s " rg) !

Byl i, {-1 - |‘1 — 3_———("’"5’%2] L l1— e ) +$)2y2”,

0z el | 4 r? (-
_ do —§) (:r——E)z
ny—‘“—m 2K| { ;1—_ 1—4— ]—

4

2 2

_(m-l-E) [1_4(x+£)”]}

ra =V (xFE>2+ ye.

It is seen that the stresses o% and oy, vanish at the edge = 0.
The stresses oy remain different from zero.

It will be convenient for the subsequent considerations to represent
the stresses [o¥y]«—0 by means of a Fourier integral

(3.8)

The

[G4)smo=—2K, & [ e 6% sin py dp.
0

function ¥* is assumed in the form

= :cf_B (B) e #* cos By dp.
0

This function satisfies the conditions at infinity and the first of the con-
ditions (3.5).

From the second of the ccndltluns (3.5) we have

(3.9)

B(f) =2K, e F5p.
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Hence,

i S
!P*:ZKifoﬁe—ﬁ(.wﬂ cos ﬁydﬁr-zKla:E{-x—tﬂ——-y— .
it 2

Then, we obtain successively

Lo_ew [, 8(x+&)Py?
gl = dy'-a — 12 K|‘}‘;" 1_‘—_;;____“!
N dg ?* 4 &
5= —— stk e ro 022 -
(3.10) 8 (x+&)y*
— 33’;[1——4—-‘—]}|
Ty
=¥ __ 029}* = ly—é —4“-(m—_i-_6)f_'
R P A {1 k]

_12x(x+§>l1_2tx+s)s]}‘

3 3
T3 Ty

On the basis of the Egs. (3.6), we obtain the Gr e en functions i for
the case of a nucleus of strain (¢2,.dI") at the point P (£, 0) of a semi-
infinite plate.

The case of a nucleus of elastic strain '(sf,y d1) at the point P (&, 0)
of a semi-infinite plate offers nothing essentially new in our considerations.

Considen, finally, the case of a nucleus of elastic strain (agy dI') acting
at the point P (£0) of the semi-infinite plate. ~The function F*** will
be assumed as before in the form

{3'11) F**i — @1** + qjt**r

in which the function @*** satisfies the equation

ak
8 2 phkh 0 I

(3.12) Ve —ZG(I-f—v)(ex%,dI‘}d———xdya(a: &éd(y)
with the conditions

a m‘l’*t 62 Q***
3:; TR 0x0y =i
at the edge x=20.

These conditions are identical with

(3.14) u™ =0, axy'=0

for x=0.
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The function ¥*** should satisfy the equation

(3.15) PRt =0
with the boundary conditions
dg 1}_‘*** ) dg q;*#*
o A A IS :»; TR
(3.16) Oxy = 350y’ Oix 07 0
for x=0.

The Eq. (3.11), together with the conditions (3.13), will be satisfied
if a positive nucleus is located at the point P (&, 0) of the infinite plate,
and a negative nucleus at the point P’ (—¢,0) of that plate.

Using the Egs. (2.8) we have

e L L

(:c+£)| 4 {nc+§)3n __0*o™

(3.17) o
% @—=8[, 49| __(@+&8[, _034""*
A e L 5
o K11, 8le—5""
R
i 8(1‘-’-5)2 T
7 T 0xzdy
The function
(3.18) e — J B}"_ (A-+BBx)e** sin fydp
0

satisfies the Eq. (3.14) and the conditions at infinity. Since [o¥+*]«—0o can
be represented in the form

(3.19) [G5*])ca=K, & [ f e3¢ sin fy dB.
0

It follows from the boundary conditions (3.15) that

(3.20) | A=B,  A=EKpeti,

Thus we have

(3.21) Y™ =K, Ef'e"ﬂ (48 (1+4px) sin fydp = Ks% [1 +3ﬂ§§i'i)].
0

2 Tq
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We obtain successively

e _ O Y f'j‘# Ey (x+8)°  12z(x+], 2(x+§)°
a kekd 2 2
@29 | G =20 --2qu9{1 —4(”‘9 12“(3_‘:”)[1_2_@,@”,
x® 2 T -
R . s &6 (x+ &)
Oxy ——"—axay SK ':‘l —8 T;—'—l

Adding the stresses of the group (3.16) and (3.21), we obtain the Green
function off* of our problem.

4. A Plate Strip

Consider a nucleus of elastic strain (¢}, dI), acting at the point P (&, 0).
We assume that the edges x =0, x =a are free from stresses, that is
oxe =0, 0y =0 at those edges.

In order to determine the Green function for stresses o, we shall
determine first the function F*, which should satisfy the equation

(4.1) PRPRR = —2G(1+v) (sﬂxdl‘)a—% [6 (x—&)d(y)
with the boundary conditions g L4l —
°F* °F* ML
42  FF=%  5zey=" oL CXY
o

at the edges x =0 and x=a.

We assume that ;
(4.3) F* = @* + ¥, 3

xl
where the function ®* should satisfy the Fig. 2
equation
2

(4.4) Py 0 = — 2 G, AT 3 [a @—&o)]

with the conditions
9 *
(4.5) Eix_ad:; —0, @*=0

for xt=0 and x=a. _
The function ¥+ should, on the other hand, satisfy the biharmonic

equation
(4.6) VIRt =0
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with the conditions
oLy ro* 0ty
(47) G_;e—“d"yiz= 0, — = =0

for x=0 and r=a.
The function ®* will be assumed in the form'

(4.8) O* = fdz A, () sin anx cos fydp.

0 n=1

Expressing the Dirac function by means of a Fourier series and
integral, we have the following solution of the Eq. (4.4):
D i{ JM

Z (a )3sm an & sin a, x cos fydp,
=1

a g
G(1+») (2, dF)

T

(4.9)
K=

This function can be expressed in the closed form

« K dyp
(4.10) D= (t,u + y dy)

where

It can easily be verified that the function ®* satisfies the conditions (4.5)
and those for y—oco. For x-—+§ the function @* increases indefinitely
showing a singularity of the logarithmic type. The knowledge of ®* enables
us to determine the stresses oj; in the closed form

oy O'O" 051,0 (3“ P
Oxx =— a a - dy2 a )
., 00 0%y 93
RN I 4
— 0* @ __E 0%y Py
O ="0zoy 4 ( 0xdy TY 6;c0y’)'

1 It is assumed that alternating positive and negative nuclei are permd.lcally
distributed along the x-axis (see also [4] and [5]).
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It will be convenient for further considerations to represent the stress
oxy at the edge =0 and x =a in the form of the Fourier integral:

= 0* ¢* .
[03y]x=0 = [— m_y]x:u: K f By (& ) sin fydg,
(4.12) ' ; 0

R - - .
[l [4 MLO =K [ 012(6,) sn pyas,

where

4, xyansinané —1a,,( 1)" sin an &
Ui (‘Esﬁ)_Eﬁ ng; (ai +ﬁz)-z ’ Ma (Esﬁ} ﬂ Z (az+ﬁz)2 ;

Bésh Ach fla—&)—2 shﬁE

(4 13) i i (E:ﬂ) —_ sinh? 2
__pBEshich pé—ich Ash pé 2
ns (€, B) = sinh® 1 ’ 4=t
a ; y
Lo
: TE{%) S
i 1]
. l I =y’
“ 0
_&(s,,;d!‘) -
Vux!
b 0 J
|
\ -m(-l) S
| '
| :
“n
a(%5")
i)
Fig. 3

The action of the nucleus of thermoelastic strain at the point P(&,7)can
be replaced by the action of a system of nuclei represented in Figs. 3a
and 3b.
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For symmetric nuclei (e, dI')/2 (with respect to the y-axis), we have

ey AL +8,0+( 5 =800 |sin pyap

or
(4.19) [0 0n =5 [ B (u, &) sin py'dp,
where
oW (u, &)= Bé’ ch psh ﬁfh;;tsh f ch ﬁE #:ﬁ?_

For antisymmetric nuclei (g2, d I')/2 we have

(4.15) [a3kall, ﬂm—K";ﬁQ(ai(u,E') sin gy’ dg,
0

where

A= B¢’ sh pch &' — uch ush ¢’

|a)
o' (u,& =

For symmetric nuclei, the function ¥*) will be assumed in the form

ea

(4.16) e =J' ﬁia(A ch px’'+Bpx' sh fz’) cos By’ dp.

0

From the condition (4.7), we obtain

; R ] _K Bushpe"(wt)
% B=—4 w' A_Z shuchpu+p

Knowing the function ¥*), we caleulate the stresses

*;1_63_9’*_“_’ _ K 7 B9 (w¥)

K
G5 = ay™ ‘.f ch ush pu+p BAAD AR Fo

— B’ ch ush px’) cos fy’dg,

0 gu*(xl ﬁ@‘ (1, &)
ot — __ =2
{(4.18) O'y:J.r o o f huEh bt [(ush p
—-2 ch p)ch B’ —pa’ ch ush px’| cos fy’ dp.
1 o*ls) = (il g 9”(#,5)

d-“}"——azp'dy 2 f chush p+pu [l ship=
— chp)sh fa’ — px’ ch pch fx’] sin py"dp.
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For nuclei antisymmetric with respect to the y'-axis (Fig. 3b), the function
P*al will be assumed in the form

]

(4.19) pHa) = j 1_917 [A sh ga’'+ B’ ch '] cos fy’dp.
0

From the boundary conditions (4.7), and bearing in mind (4.15), we have

h K ch
4.20 B gy SL =2 2 () peap
(4.20) SE, A= peima it
Then,
02yl B0 (u, &)
*(a@) — - P\ ) _
U' o d'y"" 2 f Shpch# {‘fll'.'hﬂ.sh ﬂl"

— sh upx’ ch ') cos fy’dp,

4.21) . 2 gr*(a o
( E*!al 0° P I 2 J‘ 9' }(ﬂ-rf) [(‘u ch 'u__z Shp‘.))’.

T 0z shpuch p—p
% sh pa’ — px’ sh puch '] cos fy'dp,

. P KT Pl ()
fo) = — f
2

%y’ ox'dy’ shuchu—up |G chp—8h g} X

x sh gx’' — B’ sh p sh pa’| sin fy'dp.

It should be noted that for nuclei of elastic strain syrnmetric with respect
to the 9'-axis, the stresses a""} on the straight lines 4" =0 and z'=0
vanish. We obtain a normal stress distribution symmetric with respect
to the x'-and y'-axis, and a shear stress distribution antisymmetric with
respect to these axes. In the case of antisymmetric nuclei, we obtain just
the contrary.

The final form of the solution of the Eq. (4'1). is
(4.22) L* = @* 4 @) - pHla)
and the G reen functions for stresses ofj will be obtained from
(4.23) oy =% + o + ot

Consider, finally, the action of a nucleus of elastic strain ( sﬂy dI') at the
point P (£ 0) of a plate strip. Let the edges of the strip be free from
stresses.

Archi. Mech. Stos. -— 5
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The G reen function F*** should satisty the equation
(4.24) PRPEFt =2 G (1+49) (el d1) 5 a [6 (x—&) 6 (y)]

with the boundary conditions
R, R
oyt 0x0dy
at the edges * =10 and x =a.
Assume that
(426) F*** = @ﬁ** + !p***'

where the function @™* should satisfy the equati'on

(4.25) =0

(4.27) POt =2G(1+) (e, dPJa a [6 (x—&)d(y)]
with the boundary conditions
dg (p*** d@ﬂ*

The function ¥*** should satisfy the equation

(4.29) pEpRYt™t =0
with the boundary conditions

02 e 02 P
el Wt =0 B =gy =0

for x=0 and *x=a.
Assume the function @**" in the form

(4.31) " = JUZW‘ An (B) cos an x sin fydp.
0

n=1

Expressing the Dirac function by means of a Fourier series and
integral, we have the following solution of the Eq. (4.27):

4G(1+v) (83, dI‘)

(4.32) @™ = Zf = ORP , Sin aq & cos a x sin fydp.
=1

72 1 A2y
J @+ F
This function can be represented in the closed form

K, Oy G(1+49)(el, dT)

4-33 *** —
(33 = 3 Y. Ko 2% ’
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where

The stress components (o/*) are easily found:

— ¥ 0* i
gas == ( 6:cay + Y52 ayﬂ)’
3
439 =2y 3%,
—yk___ & 32"{* 0 ¥
L (0 z* Y920 y) ¥

The Y*** function will be assumed as composed of two:
(4.35) P =W P

of which the first will correspond to the action of two nuclei (e, d I')/2
located symmetrically with respect to the y'-axis, and the second to the
action of nuclei, antisymmetric with respect to the same axis.

We assume that

Y= (Ach a’+ Bpa’ sh ') sin fy'dp,

=x___..8

-
i
(4.36)

(C sh fa’+Dpa’ ch px’) sin By dp.

"(J:a‘,_.

yiy = jf
0

The following conditions should be satisfied at the edge =’ =a/2:

0* Pif* _ 0* Yig* 1 _
(437 — gy =0 99" +Knj B " (&,p) sin fy'df =0,
and

i 2t a_sym,* @
438) —gorgy =% oy +Knj B (&,p) sin py’ df =0,

where the functions ¢! (u,&’) and 0" (u,é) are expressed by the Eqgs. (4.14)
and (4.15).
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From the boundary conditions, we have

— {s) v ME ——— = _Sh "“_
(4.39) A=KPe ) s B pehp+shp’
nch pu-pushpu ch u
= (a) ok fore dhSilg g e AR
Cl=Kog (1) shuchpu—p’ D c ch p+tpsh p’
Next, we determine the stress components:
s — — i, B2 (8) i
Tx(s) KU. ch eh #_i_#l(,u ch u~+sh u) ch px
0
— pa’ sh ush px’| sin By’ dp,
P S, Mi S_QEI_ (Hs .S’) L
=Kol 50 Tih it e [(« ch u— sh p) cosh fx
0
——pax’ sh ushpz’| sin py’dp,
= (B (1, ¢) ;
= St S =
Ox'yils) Knl ch ush utu |p ch psh px
0
(4.40) — B’ sh pch fx’| ch fy’dp,
_ [ 80 (&) :
A= — 8 sl o Lol O —
O¥a) 1 B gy, |(ch g+ psh p) sh px
0
—pBax’ ch uch gx'| sin py’ dp,
=NEE- - ﬁ@wl (F’} 5') !
0yl = K, R [(# sh u—ch p) sh
0
—px' ch uch gx'| sin By’ dp,
. = (@l léf)
Oxy'ia)= Ky .l [z sh uchpx’ —

—pBx' ch ush fa’| cos By’ dB.

The final form of the Green function for stresses is obtained by
superposition:

(4.41) ol =G + G + G, i, j=a',y/"
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Streszczenie

O PEWNYM PLASKIM ZAGADNIENIU DYSTORSYJNYM

Celem pracy jest wyznaczenie sktadowych stanu naprezenia o;; i sta-
nu odksztatcenia ey, wywolanych w tarczy dzialaniem odksztalcen po-
czatkowych &), wystepujacych na obszarze I' tarczy. Réwnania prze-
mieszczeniowe teorii sprezystoSci przyjmuje w rozpatrywanym zagad-
nieniu postaé (1.5). Rozwigzano je w zalozeniu, ze w punkcie & # dzia-
ta jadro sprezystego odksztalcenia s‘,?_;d I'. Otrzymuje sie w ten spogt')b
funkcje Greena dla przemieszezen u, v. Uzycie ich zezwala na wyzna-
czenie przemieszczen u, v i sktadowych stanu naprezenia ¢;; wywolanych
dziataniem poczatkowych odksztatcen &, wystepujacych na obszarze I’
tarczy [patrz wzory (1.12)].

W wielu przypadkach wygodniej jest postugiwaé¢ sie funkcja Airy’-
e g 0. Zagadnienie sprowadzone zostaje do rozwigzania réwnania réznicz-
kowego (1.16). Znajomoséé funkcji Airy’ e go F pozwala na wyznaczenie
sktadowych stanu naprezenia oy [wzoér (1.14)]. Spos6b wyznaczenia sta-
nu naprezenia oy, wywolanego w tarczy dzialaniem poczatkowych od-
ksztatcen &), objaniono trzema prostymi przykladami. Dotycza one tar-
czy nieograniczonej, pélplaszezyzny tarczowej oraz pasma tarczowego.

Peawome
0 HEKOTOPOW ILJIOCKOM JUCTOPCHOHINOH 3AJAYE

Pabora mMeeT IENBI0 ONPENeSMTh KOMITOHEeHThI HalpaXKeHHOTo COCTOA-
HUA 0y, ¥ AedOPMUPOBAHHOTO COCTOAHMA €ij, BBLI3BAHHBIX B ILJIOCKOM
Teje MelicTBMEM TEPBOHAYANBHBIX pedopmariyii a?j, KOTOpbIE BBICTYIIa-
1or B Obmactu I' Tema. YpaBHEeHMA TEepeMeleHMiI Teopuy yIpyrocTi
B paccmarpuBaemolr npobieme mpymMaioT Bup (1.5). Otm ypasHeHmA pe-
IIA0TCA IPM HPEAONIOXKEHMY, YTO B TOYKE &, m pelicrByer yupyroe sapo
nedopmarm sg, dI'. Takum obpazom nosyuaem pyHruym I'p uHa s
nepeMereHuit u, v. Jernons3oBaHMe MX ITI03BOJISET ONPENEeNUThL IepeMe-
WEeHNUA U, ¥ ¥ KOMITOHEHTHBI HAalpAMKEeHHOTrO COCTOSHMA 0ij, BbI3BAHHBIE
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JeicTBMEM ITepBOHAYANBHBIX AechopMarini e?j, KOTOpBIE BBICTYIIAIOT B 06-
mactu I' resa [eM. cpopmyaisr (1.12)].

Bo mHOrmx ciaydaax yjobuee wmcrmosib3oBarTh (yHkmmio 3 pu.  Toraa
3aflaya CBOAMTCA K pemeHnioo auddpepennmanbHoro ypasHeHus (1.16).
3Havenue PyHKUMMU O P M JlaeT BO3MOIKHOCTE OINPEeNe/uTh, o opMyJam
(1.14), xOMTIOHEHTBI HamNpAXKeHHoro cocroauusa oi. Crocob onpepenenms
HaNpAXKEHHOT0 COCTOAHMSA 0y, BRI3ZBAHHOTO B TeJe eHCTBHEM I1epBOHA-
HaJIbHBIX fedopmaunmit &), 0OOBACHAETCA TPEMA HECIOXKHBIMU NPUMEPaMIL.
Ony oTHOcATCA K DECKOHEYHOI IIIOCKOCTH, ITOJYILIOCKOCTH ¥ T0JI0Ce,
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