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A THREE-DIMENSIONAL THERMOELASTIC PROBLEM WITH
DISCONTINUOUS BOUNDARY CONDITIONS

WITOLD NOWACKI (WARSZAWA)

Consider an elastic semi-space in a steady temperature field. Let the
plane z = 0 bounding the elastic half-space be kept at constant tem-
perature T=T0 inside the circle of radius r = a, and let the exterior of
that circle be thermally insulated. The object of this paper is to determine
the stress in the elastic halif-space, supposed to be free from stress at the
2 = 0 plane and at infinity.

The temperature field is described by the differential equation

(1) |72T = 0,

and the boundary conditions
__ dT

T = To for r'-^a and z = 0 , -^— = 0 for r ">- a and 2 = 0,
(2) ć z

T = 0 at infinity.
In view of the axial symmetry of the temperature field, the particular

integral of the Eq. (1) will be assumed in the form

(3) T = fc(a)e-«*J0(ar)da, r = (xB + ysY".
ó

This integral satisfies the Eq. (1) and the condition T = 0 at infinity. The
coefficient C(a), constituting a function of the parameter a, will be so
chosen as to satisfy the boundary conditions in the plane z = 0 . The
following relations should be satisfied:

(4)

I C{a)Jn(ar)da = T0 for r S
ó

1 c-

I C («) J o (a r) a d a = 0 for r > a .
I ó

Since
~ ~ for r'5 :a,

/ni I s inaa . . z

(b) J0(ar)-da =
o arc sin — for r>a,
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and

(6) | sin a a J 0 ( a r ) d a = j * ' ^
J [(a- — r)-li for r > a ,
o

we have

n\ r(n\ — 2T» s i n a a

The temperature fields are therefore described by the relation

(8) - J -
o

To determine the stress ay the potential of thermoelastic displacement
0, [1], will be used. This is related to the displacement components u, v, w
by the equations

00 60 00
(9) ~s— = U , -<— = V, -5— = W .w dx dy dz

Introducing the Eqs. (9) in the three displacement equations of the
theory of elasticity, we reduce them to,the unique equation, [1],

(10) vQ =

1 — v
where v denotes P o i s s o n ' s ratio and' at the coefficient of thermal
expansion. Knowledge of the function 0 enables us to determine the
stress components ay from the equations, [1],

(11) au = 2G L~7 — V" 0diA h J = x, y, z,

where 6,j is K r o n e c k e r ' s delta.
Since

h

the Eq. (10) can be represented in the form

n^ n-irh 1 + " 4T0 T f ys inaas inyz . x ,
(12) p - 0 = i at " '- __—J_ j (ar)da dy.

1 — v ™ J J a (a2 + y ) •.. ;
d ó

The particular integral of the Eq. (12) is
1. ~"3 C-O

0== 1 + v 4T0 /" r ysinaasin

0 0

(Ti\ fh 1 + )' 4 T() / f ys inaas inyz
1 u } ) ( r + )
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or

(14)
A z
2 1—v n

Using the Eqs. (11), we determine the stress components oy from the
Eqs. (11):

• = 2 G j - ry — p2 &\ = — K | — sin aa [(2 — az) Jo (ar)+
(<l +-J,{ar)]daf

, 1 d (p \ C e~az

= 2G|—• s— -V"0\= —K I sinaa |2J,,(ar) —

(15)

— 5

J, (ar)| da,

= 2 G ( - r T - F 2 C P ) = — Kz ( e-"zsinaaJu(ar)da,

d 2 Qf>
-5—r- az) Js(ar) sin aa da,

Observe that the normal stress ózz vanishes for z = 0, the stress arz,
however, does not vanish. In order to suppress it, the state of stress (cry)
should be superposed over (o-y). This will be obtained by solving the three-
dimensional isothermal problem consisting in determining in an elastic
half-space the state of stress (ffy) due to the action of the stress —[5>z]z-o
acting at the z = 0 plane. In order to determine (er,y) we shall use L o v e ' s
function cp, satisfying the biharmonic equation, [2],

(16) pV<7> = 0

with the boundary conditions

(17) [or«]*«o = 0> \orz + orz]z^0 = 0,

and q> = 0 at infinity.
After determining the function <p, the stress components (cry) will be
determined from

(18)

J^
d r "

2G d
— 2i* dz

$V1

ffr? = ^ iT" 3 ~ \A
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The function cj will be assumed in the form

(19)

where

93= f Z(a,z) Ju(ar) da,

Z{a, z) = {C+D az) e~"z.

In view of the first of the conditions (17) we have C = — D(l — 2 v).
The stress components (aij) are determined by the integrals

(20)

~ ~ D(a) a*

Q Z"1*

~ | f D(a)a3e-«z

«) a"1 e- ̂  /0 (a r) d a,

From the second boundary condition (17), we have

— 2* A_ _ _ _

Thus

(21)

C - 3

2j-J 0 (ar ) — (2i '— 2 + a z ) - 1

a r
da,

sin aaJ0(ar)da,

/ 6 "

= — K sin a 0 (1 — a z) J, {ar)da.
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The stress components (oij) will be obtained by superposition:

(22) oij — Ojj + ojj.

Observe that azz = 0 , arz = 0 at any point of the elastic hall-space.
The stresses

(23)

4 T G C e~ttZ

= — (1 + v) a —-— I —j-sinaoJi (ar)da,
7t i J (X

co

= — (1 + v) a ~— I sinoa J 0 (ur) -•
n J a [

^-Ą d a ,ar \
o

or
r

(24)
orr~ — (1 + 1') at4 T 0 G f 1 2 / 2a \ ,

— ^ — ł j 1 ' 2 arc s in •—=======—• -• • — |d r\ ,
n r J ' \]/22+(a+«)2+]/22+(a—iqfl

o
,. , . 4T0G( f 2a 1

— — (l 4- j.) a r —-^—. arc sin ...,_..i . = — • = = = = —

* I Ll/z2+(a+r)Hl/z2+(a-r)2J
1 / „ [ 2 a "1 . )
a ł i ' J arc sm , : — — . : = d n \,

r
o

are different from zero.
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S t r e s z c z e n i e

O PEWNYM PRZESTRZENNYM ZAGADNIENIU TERMOSPRĘŻYSTOSCI
O NIECIĄGŁYGH WARUNKACH BRZEGOWYCH

W pracy rozpatrzono stan naprężenia w półprzestrzeni sprężystej, wy-
wołany ustalonym polem temperatury. Pole to spełnia równanie (1) wraz
2 nieciągłymi warunkami brzegowymi (2) w płaszczyźnie z = 0 ogranicza'
jącej półprzestrzeń sprężystą. Uzyskane rozwiązanie jest charakterystycz-
ne pod tym wzigiędem, że w półprzestrzeni sprężystej znikają naprężenia
•Ozz o r a z arz.

ch. Mech. Stos. — 5
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P e 3 IO M e •

O HEKOTOPOH nPOOTPAHCTBEHHOH 3AflAHE TERMOyi lPyrOCTH
C PA3PMBHbIMH KPAEBbI'MH yCJIOBHHMH

B paSoTe paccMaTpMBaercH HanpaaceHHoe coeTOffHMe B y n p y r o i ł nojry-
, Bbi3BaHHoe CTaHi^MOHapHbiM TeMnepaTypHbiM nojieM. 3 T O nojie

ypasHeHMio (1). c pa3pbrBHbiMM KpaeBbiMM ycjiOBHHMM (2)
B njTocKOCTM 2 = 0, orpaHMHWBaioineM y n p y r y i o noJiynjiocKocTB. ITojiy-
neHHoe peiiieHMe xapaKTepHO TeM, HTO B y n p y r o i ł nojiynJiocKOCTM
3aK)T nanpa^ceHMH azz w arz •
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