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A THREE-DIMENSIONAL THERMOELASTIC PROBLEM WITH
DISCONTINUOUS BOUNDARY CONDITIONS

WITOLD NOWACKI (WARSZAWA)

Consider an elastic semi-space in a steady temperature field. Let the
plane z= 0 bounding the elastic half-space be kept at constant tem-
perature T'= T, inside the circle of radius r =u¢, and let the exterior of
that circle be thermally insulated. The object of this paper is to determine
the stress in the elastic half-space, supposed to be free from stress at the
z = 0 plane and at infinity.

The temperature field is described by the differential equation

@ AT =0,

and the boundary conditions

0T

T=T, for r=a and 2=0, ~— =0 for »=a and z=0,
(2) ()Z
T=0 at infinity.

In view of the axial symmetry of the temperature field, the particular
integral of the Eq. (1) will be assumed in the form

3) T=[Clde“J(ar)da, r=(=+y)".
0

This integral satisfies the Eq. (1) and the condition T = 0 at infinity. The
coefficient C (a), constituting a function of the parameter a, will be so
chosen as to satisfy the boundary conditions in the plane z= 0. The
following relations should be satisfied: !

l ‘l. C(G)Jn(al')dr,::Tn for 7"7-?6{,
® b L
I [ C(@JIy(ar)ada=0 for r>a.
0

Since
by 7l
e | 5 for T =a,
(5) [ sin .'?EJ (ar)da=
PR 1 a
0 arc sin 7 for r>a,
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and
; 0 for r=a
6 'sin a: lar)dia= =y
) - aaJylar) :(a”—r'-')“‘ ' for 1r>a,
]
we have
(1) Cila) =220 =

The temperature fields are therefore described by the relation
2T, . sinaa
7T

(8) T= e “Jy(ar)da.
0
To determine the stress o;; the potential of thermoelastic displacement
@, [1], will be used. This is related to the displacement components u, v, w
by the equations
(9) @ =1 dq) = Ej__(_p_=w
da / dy ! 0z i

Introducing the Egs. (9) in the three displacement equations of the
theory of elasticity, we reduce them to the unique equation, [1],

(10) ["ff)—-l—-t-l—wu;T

where » denotes Poisson’s ratio and « the coefficient of thermal

expansion. Knowledge of the function @ enables us to determine the
stress components ¢;; from the equations, [1],

11) Gy=2G (aiﬁb'j“ P rbéu) L, i=2z,y,z2

where d; is Kronecker's delta.
Since

the Eq. (10) can be represented in the form

(12] V:!(b 1+_1' 4T ([?S;IE;&RSIH?ZJO(Gﬂde?.

The particular integral of the Eq. (12) is

]

_}_Jr.?.' 4T, v sin _ﬂsm

Jdady,

00
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or

(14) rpz_flﬁgje_«za_zsma“n(ar}da’ a1t 2T
‘—‘P 4

Using the Egs. (11), we determine the stress components o, from the
Egs. (11):

]

arr—EG(%ﬁ’-—V @):—K I e:"sinua[(2—*&2).?,.(&1')—]—

' ' d + 271 @@nlda,
oww—ZG(l %(B—VL’@):—K ’ e;ﬂzsinaa]'z.l.,{ar)—

o -—th(ar)]da,
(15) 5 o 2

&:z-2G( —-;-.?-—[72@):-1{2[e—“zsinaa-.f”(ar)du,

2 el
Orr = 2Gdd gjz—K f ——(lﬁaz).}', (ar)sinaada,
K=AG.

Observe that the normal stress o:. vanishes for z=0, the stress o,
however, does not vanish. In order to suppress it, the state of stress (o)
should be superposed over (oi). This will be obtained by solving the three-
dimensional isothermal problem consisting in determining in an elastic
half-space the state of stress (¢i) due to the action of the stress —|a:]=0
acting at the z = 0 plane. In order to determine (¢;;) we shalluse Love’s
function ¢, satisfying the biharmonic equation, [2],

(16) PEPep=20
with the boundary conditions .
(17) {Uzz|z=0=0; Iarz‘f“ﬂ'r:]z—.ﬂ—_—{],

and ¢ =10 at infinity.
After determining the function ¢, the stress components (o;) will be
determined from

= 2G 0 = 0* 2G 0 1d't
B T ¥R Y

~—1—2y 0z
- 2G 0 0*¢p
(18) Gzz=1_—'2—v§§ (2= 02|

f=1)

CL

'o'rzz Lo ;rl(l——r’)V e Jﬂ‘l
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The function ¢ will be assumed in the form

(19) p= [ Z(a,2) J,(ar)da,
0
where
Z(a,z) = (C+Daz)e “.

In view of the first of the conditions (17) we have C =—D(1 — 2 »).
The stress components (¢) are determined by the integrals

Gr= 1~—2 l D(a) a* e | (2—a2) Jo(ar)+ 21— 2+ az) 2! (c;.r) da,
nmqa:——%a fD{a)u“e—“‘I.‘Z-vJ“{a?')—(2a-#2+az)‘—;~'£qr)ld
1—2y ar
(20) o
d_-.«=1—-2:62 ?sz D(a)a'e=“ Jy(ar)d a,
0
) )
Gr=— C;? j D(@) e e—“(1— az)J,(ar)da.
0
From the second boundary condition (17), we have
1—2r A
D= 5 g 4 Sinaa.
Thus
G K ‘ e ‘“““l(z—az Jy(ar) }-(21'——2+ 'éif)'d
ez
ogg=K f e 'Sl-qglean (ar) —(2v— 2+ «a )J'ofdr} da,
(21)

=Kz ] e “sinaald,(ar)da,

— Rz
or=—K f "_c_z ~sinaa(l —az)J,(ar)da
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The stress components (o) will be obtained by superposition:

(22) 0y =0i+ 0.

Observe that 0::=0, o,.=0 at any point of the elastic half-space.
The stresses

4T,G ™ ,
on=—(1+7a R-Qr---f 2 Sinaal (an)da,

AT,G [ e 7. (@)
==l -5} ::_f . sxnaa[.r(,(ar)-—---*-ér--]-lda

3

or
’

4T, . 2a
et art fnj'lgarc i (V/z"—l- (@+n)*+ l/z”+(a—ﬂ)2‘
D

(24)

L 4T, G| 2a
oy =—(1+v)a— |""’°5m[1/z==+(a+r) +1/z*’+(a—rﬁ]

r

—lfrj' arc sin [ 2a ldﬁ},
3 V2 +at 0+ 2 +a—qP

0

are different from zero.
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Streszczenie

‘O PEWNYM PRZESTRZENNYM ZAGADNIENIU TERMOSPREZYSTOSCI
O NIECIAGLYCH WARUNKACH BRZEGOWYCH

W pracy rozpatrzono stan naprezenia w poélprzesirzeni sprezystej, wy-
wolany ustalonym polem temperatury. Pole to speinia réwnanie (1) wraz
z nieciagglymi warunkami brzegowymi (2) w plaszezyznie z = 0 ogranicza-
jacej polprzestrzen sprezysta. Uzyskane rozwigzanie jest charakterystycz-
ne pod tym wzgledem, ze w pélprzestrzeni sprezystej znikaja naprezenia
Ozz OTAZ Orz.
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Pealome -

O HEHOTOPOH IIPOCTPAHCTBEHHOH 3AJJAYE TEPMOYIIPYTOCTH
C PA3PHIBHBIMH HPAEBBIMHW YCJTOBHAMHM

B pabore paccMaTpMBaeTCA HaNpfAKEHHOE COCTOAHME B YIPYTOH I10Jy-
MJIOCKOCTH, BBI3BAHHOE CTAHIMOHAPHBIM TEMIIEPATYPHBIM ITOJIEM. DTO roje
YAOBJIETBOPAET ypaBHeHMIO (1), ¢ paspbIBHBIMM KpPaeBBIMM yCJIOBUAMMK (2)
B Trockocty 2z = 0, orpaHMuMBaiolieil ynpyrywo MNOJymiIockocTs. Ilomy-
YEHHOe pElIeHMe XapakTepHO TeM, YTO B YIPYTOi MOJYIIOCKOCTH wuC4Ye-
3310T HAIPAXKEHUA Oz U Oz .

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA
IBTF POLISH ACADEMY OF SCIENCES

Received March 12, 1957.



