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THE STRESSES IN A THIN PLATE DUE TO A NUCLEUS
OF THERMOELASTIC STRAIN

W I T O L D N O W A C K I (WARSZAWA)

Consider a thin plate (treated as two-dimensional problem) with free
edges. Let the temperature of the surface element dQ be T. The tem-
perature of the remaining region is assumed to be zero, This discontinuous,
concentrated thermal action will result in a state of stress and strain. To
determine the stresses due to such a nucleus of thermoelastic deformation
(a-tTdQ) is the object of this paper. From the solution of the problem
thus stated, we shall obtain the stresses as functions of the considered
point (x, y) and the point (£, 17) where the nucleus of thermoelastic strain
acts. In this way, we obtain the influence surfaces for the stresses, in
other words G r e e n ' s functions of our problem.

The knowledge of G r e e n ' s functions will enable us to solve ther-
moelastic problems of two types. First, the stresses in the plate in which
a finite region Q is heated to the temperature T, the remaining region
being kept under zero temperature, in other words in a discontinuous
temperature field. Next, the knowledge of G r e e n ' s functions will
enable us to determine the stresses in a plate with an inclusion constitut-
ing a finite region Q and made of a material of the same elastic pro-
perties and different thermal properties. This is 'because, on the basis
of J. N. G o o d i e r ' s considerations, [1], the problem of stresses due
to the heating of the plate, with the inclusion, to the temperature T can
be reduced to the problem of stress caused by a discontinuous temperature
field in a homogeneous plate.

It is known that in thermoelastic problems the equations of displace-
ment of the theory of elasticity for a plane state of stress can be reduced
to a single differential equation, [2],

(1,1) p. 0 = (!+,)«£,

where <P is the so-called thermal potential of displacement, T temperature,
v P o i s s o n ' s ratio, at coefficient of thermal dilatation and h plate
thickness.
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In the case of a nucleus of thermoelastic strain, the Eq. (1.1) takes
the form
/ N «* (\+v)adQT . , tss/ v
<1;2) V- 0 = - ^ - ^ (x —• I) (5 (y — rj),

where the right-hand member of the equation is equal to zero outside
dQ{d being the D i r a c function).

Knowing a particular integral of the Eq. (1.2) we can determine the
stresses from the relations, [2],

d0 _
(1.3) ox^-2Gw, 5>

where G is the modulus of elasticity in shear. The stresses (1.3) do not,
in general, satisfy all edge conditions. Thus, another state of stress (a, r)
should be superposed over the state (a,i). This new state of stress satisfies
A i r y ' s equation
(1.4) |
where

(1.5) xy

The state of stress (a, f) should be so chosen that the sum of the stresses
a-fff, T"+~X at the edge may be equal to zero.

Two problems have, to the author's knowledge, been solved so far: the
problem of the state of stress in an infinite plate heated to the tempera-
ture T, for a rectangular and an elliptic inclusion, [1], and1 that of the
state of stress due to a nucleus of thermoelastic strain located on the
symmetry axis of an infinite plate strip, [3].

The procedure was in both cases as follows: from the singular solution
of the Eq. (1.1) for an infinite plate the stresses (a, r) are determined
and the edge conditions are corrected toy means of the A i r y function,
thus determining the corresponding state of stress (a, r).

A different method of solution will be adopted in this paper, using the
analogy between the Eq. (1.2) and the equation of deflection of a mem-
brane subjected to a concentrated force,

(1.6) |7*io = - |

where w denotes the deflection of the membrane, Q — pdQ is the con-
centrated force, and S the stretching force. The right-hand member of
the Eq. (1.6) is equal to zero except for the region dQ.

Since the Eq. {1.6) can be solved for various regions with the end
condition w = 0, the Eq. (1.2) will be solved under the condition of <P — 0r
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using the known solution of the Eq. (1.6). Knowing the function <5, we
shall determine the state of stress {a, t) from the Eqs. (1.3).

Since it was assumed that 0 = 0 at the edge of the plate, the normal
stress a vanishes at the edge. The additional state of stress ('a', T), de-
termined by means of the A i r y function, will be so chosen that the
normal stress a and the sum T + T may also be equal to zero at the
edge of the plate.

The procedure outlined here will be explained by means of a few
simple examples. We shall confine ourselves to the three most simple
cases: an infinite strip, a semi-infinite strip and a semi-infinite plane.

2. The Case of an Infinite Strip

Consider an infinite strip of width a in which a nucleus of thermo-
elastic strain acts at the point (£, 0), Fig. 1. It is seen that the solution
of the differential equation (1.2), with the boundary condition 0 = 0,
can be represented in the form

(2.1) 0= V sin a,, $ >
an h z-i

y sin anx
f cos py

J < +

V I

x.x'

v
TdQ)

Fig. 1where K = (l+v) aTdQ and an =
= n n/a.

We have used here the analogy between the Eq. (1.2) and the Eq. (1.6),
since for a membrane strip of width a, supported on the edges and acted
on by a concentrated force Q at the point (I, 0), the deflection of the
mebrane is expressed by the equation

(2.2)
2Q
—^anS

sin a, f sin
. fcos
in a« X —J %

Since

'«~̂ ~ ^ 2 a«

the function 0 can be represented by the simple trigonometric series,
nrty

(2.3) <P= — j -
n = l

sm sin
n a a
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or by the closed formula,

(2.4)

where

, ny n ,
ch —•- — c o s — (x — •

Using the Eqs. (1.3), we obtain

.... 2GK av
(2.5) ? , j-jj,,

where

ch — — cos — (x
a a

2GK d2

h dx2' T v v~
2GK

h dxdy'

•1' 51

a x2

1 — cos — (x+f cha 1 — cos-(x—f)ch —a a

dxdy 4aa a

cos-
a

sin- (z+f)
U

sin - (x — $)

^-Tcos-(z+£)—ch
a a J cos - (x—f) — ch ^^-

a a
It is seen that, at the edges x == 0 and a; = a, the normal stresses

vanish. For y-> oo, the shear stresses also vanish. In the neighbourhood
of the nucleus of thermoelastic strain, the stresses increase infinitely.

It will be convenient, for subsequent considerations, to represent the
shear stresses ~rxy by the formula obtained directly from the Eq. (2.1):

(2.6) rxy — 2 d2® ^ 4 KG C

b

Bearing in mind that

ansina„|cosa„x

(2.7)

where

2
o

— "2" ^2 (?, P),

sh/3(a — f)
shA
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we can represent the shear stresses appearing at the edges by the ex-
pressions:

(2.8)

7th
sin/? yd/S.

The action of the nucleus of thermoelastic strain at the point (|, 0)
can be replaced by the action of sources located in a symmetric or anti-
symmetric manner in relation to the y'-axds (Fig. 2a and 2b).

i

a|cvi 1

—1

1

*,x'

'y

<;

-1 ,

1

v (

Fig. 2

For nuclei of intensity atTdQ/2, symmetric in relation to y'-axis,
we oibtain in the a/, y' — coordinate system

(2.9)
'=al2

x

where
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For two nuclei of intensity at T dQ/2, antisymmetric in relation to
the y'-axis, we have

(2-10)

where

.111 //

In order to suppress the shear stresses at the edges we must superpose
such a state of stress (ax, o>, txy), that the sums of stresses ~dxĄ-~ax, etc..
satisfy all edge conditions.

Consider first the case of symmetric nuclei of intensity atTdQ/2.
The following differential equation should be solved:
(2.11) p 2 |72 F(i> = 0,

with the edge conditions
d2 F{s)

at the edge x' = a/2.
The function ¥(s) will be assumed in the form I of the F o u r i e r

integral:

(2.13) x'l cos fiy'dfi.

The boundary conditions (2.12) lead to the relations

(2.14) A- B==n sh fi ch fi+'/i '

Using the Eqs. (1.5) we obtain the stresses cr̂ ,1, etc.:

<2:15>

Px'ch^x ']sinpy'd(l.
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It can be seen from these equations that for x' = a/2 the stress a <*i
vanishes and xjj>y — — T<?/y. For x' = 0 and j / ' = 0, the stress fjf,'y var-
nishes.

Consider the case of two nuclei of intensity atTdQ/2, antisymmetric
in relation to the y'-axis. In order to suppress the shear stresses TX'y>
appearing at the edges x' =? ± a/2, we choose such a state of stress (a, f)
that the differential equation
(2.16) p2 |7a F(a) = 0

is satisfied, together with the boundary conditions for x' = a/2:
daF ( a | 52?r(a)

(2.17) ax, _ - j ^ - _ 0; r t ,y = _ ^ - ^ _ , _ _ T (,y .

The function JF1'"' will be assumed in the form of the F o u r i e r
integral:

(2.18) **""
oo

From the conditions (2.17), we obtain the following values of A and B
in function of the parameter /3:

The knowledge of the function A and B enables the determination of
the stresses:

psnp i t ni^ ^u p „i p mi „u nx') cos By'dB
sh/jtch/u —

KG

o

(2.20) * 7

Vy<

Observe that for x '=a/2 the normal stresses tr^1 vanish and T $ y = — T j j y .
For ar'= 0 the normal stresses vanish and for y ' = 0 the shear stresses
vanish. Finally, for f ' = 0, the normal and shear stresses vanish for x
and y different from zero.

For a nucleus of intensity atTd Q,~* at the point (I, 0), in other words
for an asymmetrically located nucleus, the stress components will be
expressed by the equations:
(2.21) ox=*ox
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For a nucleus of thermoelastic strain acting at the point (I, vj) of the
plate we shall use the above formulae, substituting (y—rj) fory and y—»)'
for y'.

If, therefore, a {x, y; f, r\) = a (x, y\ f, rj) + a (x, y; f, rj) denotes the stresses
at the point {x, y) due to the action of a unit nucleus of thermoelastic
strain, the stress <J* (X, y), due to the temperature field T (£, rj) distribut-
ed over the region Q of the plate, will be expressed by the integral,

(2.22) cr* (x, y) =

3. A Semi-infinite Strip

A semi-infinite strip can be treated as an infinite strip in which a po-
sitive nucleus acts at the point (f, rj) and a negative nucleus at the point
(f, - rj). In consequence of this assumption, we obtain Wy = 0 on the
axis y = 0. Using the Eq. (2.2), the function 0 is expressed by the relation

,„, . . 2K f i . fc . f cos
(3.1) 0 = r > sin an f sin a„ x

-rj) — cos

or

(3.2) <P = -

< +

4K
sin an ii

00

f sin /S y sinJ Ą + p

Fig. 3

where

(3.4)

1
= T — In

a

In order to determine the stress
(a, F), it is necessary to represent
the function 0 by a closed formula.
Using the Eqs. (2.2), (2.3) we
obtain.

(3.3) $ = * k ( x , !/;£,»?)—

c h — iv — V) — cos—(x + i)

1

-— in
1 3 1 ch--(y+»?) — cos —(x + 1)
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Thus

(3.5)

• xy •

2 KG a2

_2GK ÓZJ?}—

a v = ~ • h dx*

h d x dy

It can easily be verified that for x = 0 and x — a the stresses ax

vanish, as also the stresses ~ay for y = 0, and that in the neighbourhood
of the nucleus of thermoelastic strain the stresses increase infinitely.

The shear stress -cxy can be represented by the equation

d0
(3.6) T .u = 2 G -̂ —=c— =v ' dxdy

8KG
anh

/S sin /3»? cos j5 y I V -an sin an f cos an x d/3.

Bearing in mind

(3.7)

we find

(3.8)

a

2

i n a f l ( — 1 ) " * s i n a n £ a. .„ £> C ^ s i n fir)d[3 n —a„^

n—i " A "

, = 0 = r- V

sin ,3 q cos

e~"°!«̂  sin an f cos an x.

Proceeding as in the case of a strip with one nucleus of thermoelastic
strain, we shall consider first the case of two nuclei of intensity (a; TdQ/2)
symmetric in relation to the y'-axis, and then the case of the same nuclei
antisymmetric in relation to that axis {Fig. 4a and 4b).

Consider first the case of symmetric nuclei of intensity (atTdQ/2).
In the x', y'-system we obtain:

(3.9)

is) s i n 'co

rt=l,3,

Arch. Mech. Stos. — 7
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The corresponding additional stresses 0$, etc., will be obtained from
the solution of A i r y' s equation

(3.10)

with the boundary conditions

a

= 0,

«"|<N

(3.11) for x — %

Fig. 4

f (i)

for y' — O.

These conditions will be satis-
fied assuming the function in the,
form:

(3.12) FW=-i £
n=1.8,.- "

W an cos anx

^Jj- (A<s> ch /S x' + B(f»0 x' sh /9 x') sin 0 y' d j8.

The boundary conditions (3.11) lead to the following relations:

(3.13)

Bjf» sin anx'— x' + B'*> j8 x' ch 0 x'] d 0 =

4 KG ^ _ - -
: — > ane cos<tn<

n=l,3,...

f (l~~a„ y')
fl=l,3,...

sin >) sh ̂  +

1 1 / n 2 K. Cj" /• i i . . -' ,

ch juj c o s p y dp = p Q[S> (M^ tj) s inpr? COS
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If the following expansions are substituted in these equations:

(3.14)

~W(i—a„y')=j cn.(

we obtain the system of two equations:

(3.15)

where

Bearing in mind

cos an

2 KG

_ ^ + sh ft ch ̂ <

(3.16)

~ a

. nn

4/3
a

4

we can reduce the system (3.15) to the form

(3.17)

_.., . 32n2 . nn f A^ctf/idp 4Ki
" an 2 I / 4 ^ \ a

4KGn , -
n en e « v cos

16 M2 a
, . kn

*-i,3,...

4KG

a

Substituting the function A<" from the second of the Eqs. (3.17) in
the first, we obtain an infinite system of equations involving unknown
coefficients B^K In this system, which has the form
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(3.18) Bjf»+^Bjf *•*•(?) —b«(p) (71 = 1,3,5,...),
4=1

complicated F o u r i e r integrals appear in the expressions an/t (//) and
bn(/j,)- They should be calculated numerically. Confining ourselves to a few
equations of the system (3.18), approximate values of B';v) can be obtain-
ed. From the second equation of the group (3.17) we obtain approximate
values of A(s). The knowledge of the integration constants will enable us
to determine the A i r y function (3.12) and, in consequence, the
additional stresses

(319) j w _ ^ ^ ' s w = ^ 2 m - ^ w

Consider now the action of two nuclei of intensity at TdQ/2, locat-
ed antisymmetrically in relation to the y'-axis. In the system of co-
ordinates x', y' we have •, -

(3.20)

P Qia)(», O sin (8 r/ cos ^ y' d ft

o

4KG

^],,The corresponding stresses -of, of) and f^],, can be found from the
solution of the differential equation

(3.21) p

with the boundary conditions

(3.22)

- - g / d ? - - ^ for y « o.

The function F(a> will be assumed in the form

(3.23) F(«)={ ±(AW+ BWany')eWsinan
n=2,4,... u n

n
o

1 Fl ' '
^ I -p (AM sh /? x' + B(°) /J a;' ch /? x') sin /S t/' d ft
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The boundary conditions (3.22) lead to the system of equations:

4 a ) — 0, A® s W

B\f cos anx'
M—2,4,. . .

(3.24) 4KG

) cos J !

} ane " sin a„ e cos an x ,

, , . 2 KG?
n J

tf cospy'dp.

Next, trigonometric .series and a F o u r i e r integral can be used to
express the functions

ch /?x '= cosa,,o;',

(1—anI/O c ""-"' = J Cnllcos j81/' d/},

where
. nn
i n

We substitute these functions in the Eqs. <3.24), and reduce (3.24) to the
system of two equations: " ' •

— d (u) H«a! d fl = — ̂ ^ an e"'"*1 sin anF,

(3.25)

where

B«al+ f A'»
ó

| ^ Bjf)Cn>cos^

— sh// s h ^

/Se(a)(i«,^)sinjSij'.

sh fj, ch /< — u

The system of equations (3.25) is valid for n = 2, 4, 6, .... On the other
hand, Gne and Hn? vanish' for even n; it follows that the integral appear-
ing in the first equation vanishes. For even n, the sum appearing in the
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second equation of the group (3.25) also vanishes. It is evident that the
coefficients B(a), AM and B(a) can toe directly obtained from the relations:

a

2 KG

2,4,6,...),.

thfi

Thus is determined the function F(a), enabling us to determine the
stresses aty, ffjf,1 and T^' from the Eqs. (1.5). The stresses due to the
action of a nucleus of thermoelastic strain of intensity atTdQ located
at the point (£, rj) will be obtained by means of superposition, e. g.:
ax — ay 4- ff(?> -f "ffW, etc.

i. An Elastic Semi-infinite Plate

Consider an elastic semi-infinite plate with a nucleus of thermoelastic
strain at the point (f, 0), Fig. 5. This case is equivalent to the case of
two nuclei, one positive, at the point (f, 0), the other negative, at the
point (— i, 0). In this case, we have 0 = 0 on the straight line x = 0.

Determining the right-hand side of
the Eq. (1.2) by means of the F o u r i e r
integral

+ v)aTdQs,
(4.1)

h

Pig. 5

(l + v)aTdQ FF o .
= h g t a I I cos py [

0 0

cos a (x—|) —

— cos a (x + I)] da dp,

and the function 0 by means of the integral

(4.2)

we obtain the solution of the Eq. (1.2) in the form

cos/Sysinaf s inax

f f
0 0

(4'3) # — W
0 0

or, after integrating,

-dadp,

(4.4)
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This function has a singularity at the point (f, 0). For ai-^oo, y->oo
the function 0 tends to zero.

From the Eqs. (1.3) we determine the stresses

(4.5)
U aa<i> _2KGy[ a + g a-f

dy~ »h \[( + fl«+«]« [( + $)a +
Let us observe that these stresses increase infinitely when the point

considered approaches (f, 0). The stresses ax and o> are equal to zero
for x = 0 and for a: -> oo, y -> oo. For x = 0, the shear stress rxy takes
the value

I" 1 4 K G j / |

Over this state of stress should be superposed another state of stress
(CT, r̂), such that

at the edge a = 0.
The A i r y function will be assumed in the form

(4.8) F = ~
o

It will be convenient to represent the stress rxy in the form

..n. •- 4KG f fa/3 sin jgy sin af cos aa

( 4 . 9 ) Xxy = __^ J j ^_-̂
o o

following directly from the integral expression {4.3).
For x ~ 0 we find

(4.10) [i*y\
vi ii

o

From the conditions {4.7) we find

A = 0, B

Thus

(4.11) F =
at h

n
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The additional stresses will be expressed toy the equations:
c-o

Gx fe-«*+»^ cos j8j/dft

(4-12)

dy2 nh

or

(4.13)

xy dxdy

= _ 4 K G ,
nh

4KG

T t l

l(x + £? + yy

_ (

(

Let us observe that for a; = 0 we have ax = 0 and "r^ = — rxy. For
a=af the stresses show no singularities. Finally, for-a:-*-oo, y~>co the
stresses tend to zero.

Shifting the nucleus of thermoelastic strain to the point (£, 17), y
should be replaced in the Eqs. (4.1) to (4.13) by y — r\.

For a temperature distribution such that T is a continuous function
in the region Q and T = 0 outside this region the stress 0* (x, y) will
be determined by integration:

a" (x,y) = JJo(x,y; £,rj)T(£, 17) df dij.
(O)
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S t r e s z c z e n i e

O NAPRĘŻENIACH WYWOŁANYCH W TARCZY DZIAŁANIEM JĄDRA
TERMOSPRĘZYSTEGO ODKSZTAŁCENIA

Celem pracy jest wyznaczenie stanu naprężenia wywołanego w tarczy
działaniem jądra termosprężystego odkształcenia. Rozwiązanie tego pod-
stawowego zagadnienia — wyznaczenia naprężeń w postaci funkcji
G r e e n a — pozwala drogą całkowania na wyznaczenie stanu napręże-
nia wywołanego działaniem nieciąglego pola temperatury. Znajomość
funkcji G r e e n a pozwala też na wyznaczenie stanu naprężenia w tar-
czy podgrzanej do temperatury T, posiadającej inkluzję o innych włas-
nościach termicznych niż reszta tarczy.

W pracy wykorzystano formalną analogię, jaka istnieje pomiędzy rów-
naniem różniczkowym potencjału termosprężystego i równaniem różnicz-
kowym ugięcia błony. Dzięki tej analogii spełniono część -warunków brze-
gowych; mianowicie na brzegu tarczy uzyskano zerowe wartości naprę-
żeń normalnych, ale różne od zera wartości naprężeń ścinających.

Dla zniweczenia naprężeń ścinających dodajemy do uzyskanego stanu
naprężenia drugi stan naprężeń, uzyskany z rozwiązania zagadnienia brze-
gowego dla płaskiego stanu naprężenia za pomocą funkcji A i r y .

W pracy szczegółowo rozpatrzono stan naprężenia wywołany działa-
niem jądra termosprężystego •odkształcenia: (1) w paśmie tarczowym nie-
skończenie długim, '(2) w półpaśmie tarczowym, (3) w półpłaszczyźnie tar-
czowej.

PeaiOMe

O HAnPHHtBHHflX, BbI3bIBAEMLIX B flBCKE flEKCTBHEM flflPA

PaSoTa 3a^aeTCH n,ejibio onpe^ejiHTb HanpajKeraia, Bbi3BaHHbie B RHC-
K.e flewcTBHeM n^pa TepMoynpyroM .ąecpopMauKH. Pemeroie STOH OCHOBHOH

peflejieHMH HanpajKeHHii B sw^e ćpymziĘtM. V p u H a,
onpe^eJiMTb, npM noMomu MHTerpupoBaHMa,

Bbi3BaHHbie fleiicTBMeM npepbiBHoro nojia TSMnepaTypbi. 3HaHne
F p w H a no3BOJiMT BMecTe c TeM, onpe,n;ejinTb HanpajKeroiH B flHCKe, no-
florpeTOM ,o;o TeMnepaTypbi T, c BKJiioneHMeM, o6jia,D;aK>mHM flpyraiMM Tep-
MWHeCKMMM CBOMCTBaMM, HeM OCTajIbHaa HaCTb flMCKa.

B pa6oTe Hcnojib3yeTca dpopMajibHan anajiorna, cymecTByromaa M6JK-
iM ypaBHeHMeM TepMoynpyroro noTeHi^najia M

ypaBHeHHeM nporaSa MeM6paHbi. Ejiaro^apa STOM
JIOTOH, yAOBJieTBopHioTCH HeKOTopbie rpaHMHHbie ycnoBwa, a MMeHHO Ha
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KOHType ^MCKa noJiyneHbi Hyjieebie 3Ha*ieHHa nopMajibHMx
HO pa3JIMHHbie OT HyjIH 3HaHeHMH KaCaTejIbHblX HanpHJKeHMM.

HeMTpajin3aii;MM KacaTejibHbix .i-ianpajiceHMH, npuSaBJiaioT K no-

HanpajKei-iHOMy COCTOHHMIO BTopoe HanpajKeHHoe

nojiynaeMoe M3 peraeHna rpaHM^HOM sawann RJIH njiocKora

COCTOHHMa npH IIOMOmH <pyHKLi;HM 3 p M.

PaSoTa noflpoSHO paccMaTpMBaeT HanpajtceHHoe cocToaHMe, Bbi3BaHHoe

ueiicTBiieM aapa TepMOonpyroM flecpopMai^HH: (-1) B 6ecKOHeHHO

nojioce, (2) B nonynojioce, (3) B nojiyriJiocKOCTH.
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