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THE STRESSES IN A THIN PLATE DUE TO A NUCLEUS
OF THERMOELASTIC STRAIN

WITOLD NOWACKI (WARSZAWA)

Consider a thin plate (treated as two-dimensional problem) with free
edges. Let the temperature of the surface element df2 be T. The tem-
perature of the remaining region is assumed to be zero. This discontinuous,
concentrated thermal action will result in a state of stress and strain. To
determine the stresses due to such a nucleus of thermoelastic deformation
(2 TdQ) is the object of this paper. From the solution of the problém
thus stated, we shall obtain the stresses as functions of the considered
point (z, y) and the point (& %) where the nucleus of thermoelastic strain
acts. In this way, we obtain the influence surfaces for the stresses, in
other words Green’s functions of our problem.

The knowledge of Green’s functions will enable us to solve ther-
moelastic problems of two types. First, the stresses in the plate in which
a finite region 2 is heated to the temperature T, the remaining region
being kept under zero temperature, in other words in a discontinuous
temperature field, Next, the knowledge of Green’s functions will
enable us to determine the stresses in a plate with an inclusion constitut-
ing a finite region @ and made of a material of the same elastic pro-
perties and different thermal properties. This is because, on the basis
of J. N. Goodier's considerations, [1], the problem of stresses due
to the heating of the plate, with the inclusion, to the temperature T can
be reduced to the problem of stress caused by a discontinuous temperature
field in a homogeneous plate. -

It is known that in thermoelastic problems the equations of displace-
ment of the theory of elasticity for a plane state of stress can be reduced
to a single differential equation, [2],

(L1) 7o =(1+)“E,

where @ is the so-called thermal potential of displacement, T' temperature,
» Poisson’s ratio, a; coefficient of thermal dilatation and h plate

thickness.
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In the case of a nucleus of thermoelastic strain, the Eq. (1.1) takes
the form
2 1 dQT
(1.2) V~¢J=(—+—")£ =8 (x—8&éy—n),
where the right-hand member of the equation is equal to zero outside
dQ (0 being the Dirac function).

Knowing a particular integral of the Eq. (1.2) we can determine the

stresses from the relations, [2],
= 0’d . o = e

{1.3) ﬂx=_2G'6_‘y"2', [}'y-—-'_'ZG a‘x'.‘,:, Txy——zdedy,
where G is the modulus of elasticity in shear. The stresses (1.3) do nol,
in general, satisfy all edge conditions. Thus, another state of stress (o, 7)
should be superposed over the state (¢,7). This new state of stress satisfies
Airy’s equation

(1.4) 72 p2F =0,
where

0*F . 0°F " 0:F
e it N A~ SRL S FE 1)

The state of stress (¢, 7) should be so chosen that the sum of the stresses
o0, T-+7 at the edge may be equal to zero.

Two problems have, to the author’s knowledge, been solved so far: the
problem of the state of stress in an infinite plate heated to the tempera-
ture T, for a rectangular and an elliptic inclusion, [1], and that of the
state of stress due to a nucleus of thermoelastic strain located on the
symmetry axis of an infinite plate strip, [3].

The procedure was in both cases as follows: from the singular solution
of the Eq. (1.1) for an infinite plate the stresses (s, 7) are determined
and the edge conditions are corrected by means of the Airy function,
thus determining the corresponding state of stress (o, 7).

A different method of solution will be adopted in this paper, using the
analogy between the Eq. (1.2) and the equation of deflection of a mem-
brane subjected to a concentrated force,

(18) V"’w=~§6(a¢*5)ély~m,

where w denotes the deflection of the membrane, @ =pd {2 is the con-
centrated force, and S the stretching force. The right-hand member of
the Eq. (1.6) is equal to zero except for the region d.

Since the Eq. (1.6) can be solved for various regions with the end
condition w = 0, the Eq. (1.2) will be solved under the condition of @ =0,



The Stresses in a Thin Plate 91

using the known solution of the Eq. (1.6). Knowing the function @, we
shall determine the state of stress (¢, 7) from the Egs. (1.3).

Since it was assumed that @ =0 at the edge of the plate, the normal
stress o vanishes at the edge. The additional state of stress (o, 7), de-
termined by means of the Airy function, will be so chcsen that the
normal stress o and the sum 7 -7 may also be equal fo zero at the
edge of the plate, -

The procedure outlined here will be explained by means of a few
simple examples. We shall confine ourselves to the three most simple
cases: an infinite strip, a semi-infinite strip and a semi-infinite plane.

2. The Case of an Infinite Strip

Consider an infinite strip of width ¢ in which a nucleus of thermo-
elastic strain acts at the point (¢ 0), Fig. 1. It is seen that the solution
of the differential equation (1.2), with the boundary condition @ =0,
can be represented in the form

o
(2.1) (p_-#‘,__ sin ay, & - Sl
,; E
7 y
. cosfydp h
; $ &g 140
# sin an.:r:f 21 p ' (CALE))
Vx,x'
where K= (147 aTdQ and a,= e
Fig. 1

= na/a.

We have used here the analogy between the Eq. (1.2) and the Eq. (1.6),
since for a membrane strip of width a, supported on the edges and acted
on by a concentrated force @ at the point (€, 0), the deflection of the
mebrane is expressed by the equation

cos ﬁ

_f
+6

\-‘-—-‘}E

o )
(2.2) =S sinay & sin a, x
Since

cos fydp_ 1 7 .,
v .' fi-l" ﬁﬁ 2 a" )

0

the function @ can be represented by the simple trigonometric series,

_nay ’
(2.3) O=— - --; sin n—z sin F

E
hn a

iMs
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or by the closed formula,

where

ch Y —cos X (x—8&)
a a

1
p(x,y; & m)=7_In- = :
dn ch%y—cos—:;(:c + &)

Using the Egs. (1.3), we obtain

| 2GK d¢ _ 2GK d%g _2GK d%¢
I i 7 St~ R s o
where
P 0y 1—cos- —(:c+$)chny l—cosg(w—-f)ch %y
B one — 2
L 0y [cos— (:::-I-E}—ch--y—] [cos f(:r—E}--—ic:h ﬂ]
a a \ @ a
ol
0 WAl sin_- 2 (x+6) sin_- (x—8&)

ey Kt P 2(*
Oxdy 4t o [cosﬁ(m—l-f)——ch—g] cos-’f(a:-—é)*chﬂ]
a a a a i

It is seen that, at the edges * =0 and x = a, the normal stresses
vanish. For y— co, the shear stresses also vanish. In the neighbourhood
of the nucleus of thermoelastic strain, the stresses increase infinitely.

It will be convenient, for subsequent considerations, to represent the
shear stresses 7., by the formula obtained directly from the Eq. (2.1):

. 0% @ 4KG apsinap Ecos apx
(2.6) ’”"ZGamay SRE fﬁsmﬁ (” Gt ap.

Bearing in mind that

@ Sin ap £

a
ai+ ﬂz =_'2_ﬂ1 (‘E:ﬁ):

(2.7) s
I ___1];:—1 nf
n; ‘L(_?__i___;:iﬂ_ _"92(& ),
where

06,0 =BLE=D g p—shEE (1=pa),
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we can represent the shear stresses appearing at the edges by the ex-
pressions:

[Tasl,_ ——%-K—G'fﬂ (£,) B sin pyd g,
(2.8) Y .
ol = "2 | #:(&PBsinpyap

0
The action of the nucleus of thermoelastic strain at the point (£, 0)
can be replaced by the action of sources located in a symmetric or anti-
symmetric manner in relation to the y"-axis (Fig. 2a and 2b).
L Y
e

ey

ey

S
1 “( gﬂzﬂ)
x,x'

Fig. 2

For nuclei of intensity «Td/2, symmetric in relation to y’-axis,
we obtain in the a, ¥' — coordinate system

G 1
29) [z, = 2K Jﬂsmﬁyx
Xl

aj2

<|m(p. 5 +¢) +m(ﬂ,§ —&)|ap=—"17 [psinpy e erar,
| _ :

where

A  chpé& pa
g[-i'](p'f)z ch# y '”:-__‘3 :
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For two nuclei of intensity « T d /2, antisymmetric in relation to
the y’-axis, we have

2KG 1
(210) l-;[a} Ix‘ sap = T '.rrh 2J53nﬂy ¢

a , a ] KG ; ol it
x[m(ﬁ,gw)~na(ﬁ,§—s)|dﬁ: : ;ﬁ;‘fﬁsmﬂy o, €1 dp,
: 0
where
hpé
la) £ z‘f’_._._._
0 (1, &) = i
In order to suppress the shear stresses at the edges we must superpose
such a state of stress (ox, 0y, 7xy), that the sums of stresses o.+ay, etc..
satisfy all edge conditions.
Consider first the case of symmetric nuclei of intensity a T'dQ/2.

The following differential equation should be solved:

(2.11) 72 P2 Fis) = Q,
with the edge conditions
= __0*F® 0% F® i
AT 'lsl F o Y T A -l's;} ry
(2.12) Cp= 9y 0, Tty 9z 0y i

at the edge 2’ = a/2.
The function F) will be assumed in the form:of the Fourier
integral:

(2.13) F ﬁ2|Achﬁ:r +Bfax shﬁ:rlcosp’y dp.
The boundary con dltlons (2.12) lead to the relations
fs) ;

7 sh puch u+p wsh p’

Using the Egs. (1.5) we obtain the stresses a!), etc.:

o KG[ Bchpe: i

(5) ‘ ’ ¢ ’
ald fﬂ Shﬁchlp{#th”{:hﬁx —px shﬁ:c)‘cosﬁ'y dg,
KG ~ Bchpé

L —

[2.:1_5_} | Oyl = ooy [(ethu—2)ch g’
—px sh'ﬁm’[' cosfiy'd f,
KG [ pchpe

l-ﬂ — P v ) (N el L I — LA

—pBx'chpfx ‘| sinfy'dp.
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It can be seen from these equations that for z'=a/2 the stress ald
vanishes and 7{), =—7W,. For ' =0 and y' = 0, the stress T4, va-
nishes. ’

Consider the case of two nuclei of intensity a;TdQ/2, antisymmetric
in relation to the gy’-axis. In order to suppress the shear stresses 7. '
appearing at the edges ' = * a/2, we choose such a state of stress (3, 7)
that the differential equation

(2.16) Ryt Ra =
is satisfied, together with the boundary conditions for x' = a/2:
- 0* Fla - J: Fla)
@ =-"_—__ — P e e T e (B
(2.17) ald Iy 0; T 3z 0y’ T8

The function F® will be assumed in the form of the Fourier
integral:

(2.18) Ff"’~_—-}%fﬁlg-[Ashﬁx'—I-Bﬁx'chﬂx’] cos By’ dp.
0

From the conditions (2.17), we obtain the following values of A and B
in function of the parameter f§:
{a) ¢ £
(2.19) A e _KG ppchpd? (1) B——alhk

w  shupuchp—up 7

The knowledge of the function A and B enables the determination of
the stresses:

- KG pshpé’ : ‘ 4 y ’
() SR e T i
Gl === & jich ”(,u(:thushﬂa‘: fzx'chfx)cosfy’dp,
0

KG [ Ppshpe :
(@) — '
(2.20) als e YT T M|(#Cth# 2)shfx

0

—px'chpx’| cosfy’ dp,
KG [ pshpé ,
il e T N o B RIS, —1)chpz’ —
Txry zh Shﬂch‘u—‘u.[[‘ucm'u ).c B
0 —pBax'shpa’]|sinfy dp.
Observe that for &’=a/2 the normal stresses ¢'% vanish and 7/, = —z ...

For 2'= 0 the normal stresses vanish and for y'=0 the shear stresses
vanish. Finally, for & = 0, the normal and shear stresses vanish for z’
and y’ different from zero.

For a nucleus of intensity «Td Q,” at the point (&, 0), in other words
for an asymmetrically located nucleus, the stress components will be
expressed by the equations:

(2.21) o,=0,+5¥+0@, o =0 toll4+al, 1, =7 FTO+TEH.
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For a nucleus of thermoelastic strain acting at the point (£, %) of the
plate we shall use the above formulae, substituting (y—) for y and ¢’ —’
for 9.

1f, therefore, o (x,v; &, 1) = o (x, y; & n) + o (x,y; & n) denotes the stresses
at the point (x,%) due to the action of a unit nucleus of thermoelastic
strain, the stress ¢® (x, y), due to the temperature field T (&, ») distribut-
ed over the region Q of the plate, will be expressed by the integral,

(2.22) o (@, y) = [ [ T(Em oy Endédy.
a

3. A Semi-infinite Strip

A semi-infinite strip can be treated as an infinite strip in which a po-
sitive nucleus acts at the point (£ %) and a negative nucleus at the point
(§,-m). In consequence of this assumption, we obtain o,=0 on the
axis y = 0. Using the Eq. (2.2), the function @ is expressed by the relation

oo

31 o=—2K Snaésinaz [ LEY—N—Csblyin g,
L .

am aﬁ =} ﬁz
]
or
_ 4K . "sinfysinfn
(3.2) ®= anhrg; sin a, € sin a, a:j P dp.
_"_ 0
” In order to determine the stress
el v 4 (g, 7), it is necessary to represent
“wl the function @ by a closed formula.
T B B Using the Egs. (2.2), (2.3) we
=p' g' bt 11
Sl -1 4y Tag) obtain.
K
(3.3) @ =4 [o (@, y;69)—
Tex'
Fig. 3 — @ (@, y;6,9),
where
b4
1 chz{y——n)—cos%(x-—f)
pi=g—In—— —
ch?(y—n)-—cos?(:r + &)
(3.4) '
. b2
! 1 ch?(y+n)—c08%(:r—a
o= —1In
45

7 7 ’
ch 2 (y-+n) —cos % (& + )
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Thus

R 2KG 0° (py — @) S 2GK #(p,—y) -
! h oy 4 “h a.r ¢

- __2GK 0*lg,—gy)

YT R dxody

(3.5)

It can easily be verified that for x =0 and x=a the stresses o«
vanish, as also the stresses o, for y = 0, and that in the neighbourhood
of the nucleus of thermoelastic strain the stresses increase infinitely.

The shear stress 7.y can be represented by the equation

, o
(3.6) Top=2G5 5=

e

=-—8KGfﬁsinﬁncosﬁy(

amh
o p

1 @n Sin a, ECOS ap

a -+ p?

dg.

n=1

Bearing in mind

 ansinané _ashfla—é) a
2 arp ~z sz antd

n=1

3.7
( ) {“ an (.,._l)ﬂ'—l 5]11 aﬂ E { E} ﬁswﬂ?ﬁﬁ_ie—ﬂn’r
l,:.i-i a+ f g 2+ 2 '
we find
4KG
[Taplpa = = Iﬁ?}n (B, &) sin fin cos fydp,
(3.8) ﬁ
[%"nyy_,—_ﬂz et 4_:{_;_1(_; 2 Oy e-'flg.ﬂ Si!l (4173 ECDS g X,

n=1

Proceeding as in the case of a strip with one nucleus of thermoelastic
strain, we shall consider first the case of two nuclei of intensity (ar T'd £/2)
symmetric in relation to the y’-axis, and then the case of the same nuclei
antisymmetric in relation to that axis (Fig. 4a and 4b).

Consider first the case of symmetric nuclei of intensity (a:Td@2/2).
In the &/, 9'-system we obtain:

79, ";{GJ{S 0¥ (1, &) sin f o cos fy' df,

(3.9) e

< G oo S
g — nt L '
[rL.'y,]y B E ane cosan &' sinanx’.
=11

X=an =

Arch. Mech. Slos. — 7
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The corresponding additional stresses a9, etc., will be obtained from
the solution of Airy’s equation

(3.10) VEpRF9 =0,
with the boundary conditions
= 02 Fls)
a (5) — —
\ s W=y =
O T A, EoS a,Td§ = 02 Fls) B
o [ = — =,
N o (3.11) for '’
ae - __'?:E___;(a;;n'a} 2 or z'=g,
- 02 Fs)
Els,’..—_.-' T = 0’
b fxx' y ox'
Y s — OFY oy
- — xfyr dx;ayr xlyl
= i ___;E_(ﬂrz ) for y =0.
B {.1 v These conditions will be satis-
Olew _’?_"?'__-.'.(arTﬂ’Q ) fied assuming ‘the function in the
1 : form:
» (3.12) Fo—1 Zm‘ Law 4
Lt h arr >
Fig. 4 n=13,..,

— r '
+BY gy y)e " cosanx’ +

0

The boundary conditions (3.11) lead to the following relations:

(3.13)

Al =, A¥chpu+BY yshpu=0 (e=1ap/2),

B sin an ' — j [(A® + B) sh Bz’ + B® gz’ ch fz’] d =
0

n=18,..
___4KG Z‘ ane """ cosan & sin an ',
n=1,3,...
Z BY (1—a, y') € o) gin DI _f [(A" + B®) sh u+
n=1,3,. 0
2KG ¢

+ B" pch ) cos By’ dﬁ’—————f B 0" (u, &) sin B’ cos By’ dp.
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If the following expansions are substituted in these equations:

shB.f:ZE,,ﬂsina,..r', px'chpa —ZF,,gsma,.a:
(3.14) n=1 n=1

e (1—ay y'}=f Cnpcospy dp,
0

we obtain the system of two equations:

BY-+ [ A% [r (1) Eug—g () Fagl df=— *EG 0,7 cog ¢, ',
1) | _ i
: ZB“'Ckpsm—+A‘”t(u)—-—g——ﬁgm(,u &) sin B,
where
e __ushpu—chypu __cthy u-tshpuchu
r(u — g (1) T t(p)= ——-——Mﬂ Shp
Bearing in mind
.. nxn
g _4p Y
"T e a@+F
sin B
it G
4 gf
O = @

we can reduce the system (3.15) to the form

oo

(5) 2 .r:
B" + 32?‘& , %zf AS :h 2#2dﬂ = 4.KasG~nnpe COS—E er
s (n"‘—!——ﬂ%‘—) shu
(3.17) B
16 4* a ksmT 4KG 2un
= Z sl—‘_'_"_z AWt (p) = Al oM, & }mn—-——-

- (k‘*—!— -—n%)

Substituting the function A®) from the second of the Egs. (3.17) in
the first, we obtain an infinite system of equations involving unknown
coefficients BlY). In this system, which has the form
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(3.18) B Z‘ B @ (1) = ba () (n=1,3,5,..),
' k=1

complicated Fourier integrals appear in the expressions au () and
ba(p). They should be calculated numerically. Confining ourselves to a few
equations of the system (3.18), approximate values of B!’ can be obtain-
ed. From the second equation of the group (3.17) we obtam approximate
values of A®), The knowledge of the integration constants will enable us
to determine the Airy function (3.12) and, in consequence, the
additional stresses
02 Fls) = O FY 02 Fl9

—_—— — 2 o i
{319) le' dytg 3 Uyr ua-;:—,g‘r Tx'y ox dyr

Consider now the action of two nuclei of intensity «, Td /2, locat-
ed antisymmetrically in relation to the y’-axis. In the system of co-
ordinates &', y’ we have

2K
- Gfﬁe‘“’(#,f}smﬁn cosfy’d§p,
(3.20)

4KG

ah
n=2.4,.,.

=lal —ayn' .
[T-L'ly’]x':a_tz = ae " g 51N a, EJ COS ay x’.

The corresponding stresses ‘!9, ol and 7l@, can be found from the
solution of the differential equatlon
(3.21) PRpRF@ =0,

with the boundary conditions

o 0% Fla) g 02 Fla)
glo) — =0 A R T e v el B
xi' d I 3 Xy 3 7 — T for Xr=-—,
(3.22) A od - 4
iy 0% Fla) ~ 02 Frla)
':q] = — L e e | ? I
ol PP 0, g Iz oy — Tl " for gy '=0.

The function F@ will be assumed in the form

[n—-

(3.23) Flo—1 2

h (A@+ B a,y') e ™" sin auz +
n=2.4,. a

=W

1 1 L
+-Ef3§-(A'“’sh6.r'+ B9 gz’ chfx')sin By dB.
0
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The boundary conditions (3.22) lead to the system of equations:
. Aif} ) 0’ AE;'TI sh #‘I’" Blﬂ} F«Ch = 0’

::[‘4.?

Bjflcos anz’+ [ [(A“)+B) ch fx'+B® pz’shpa’] d p =
0

i
|

v
-

3.24 4KG v —an
{ ) = — - /\“1 ane 'l Sin (1771 E' COS Upn “r'l

3 n=24...

N B (1—a, y) cos ?;ir "}‘f [A@+-Bl@)ych -+
0

=2

:?L

+B sh ] cos py’ =25 [ f ot (s, &) sin o cos py’ dp.
o
Next, trigonometric series and a Fourier integral can be used to

express the functions

-chﬂm’=2G,,gccs-dn'a:', pax'shpx' = ZH,;;; cos a, x’,

n=1 ) n=1

(1—any)e " = [ Cupcospy’dp,
0

where
. ona
(1,,51!1—2
G,,g——- ch 1 .z_l_—gﬂ f
. nx
S Y LY - oo d wb
R a® + g Y =% o+ g’ "M g (o + 59

We-sﬁbstifufé these functions in the Egs. (3.24), and reduce (3.24) to the
system of two equations: & :

3 4KG — ) . '
‘ Bsnal & [ A[ﬂl[c\(#) G-'lﬁ"_' d ({J.) H:rﬁ_' dﬁ‘-?« == Up € % smanf i
(3.25) "
l "g B!* Cppcos 323‘ + A f () = 2 ‘EjG B o' (u, &) sin fof,
where :
o LS o _shuchp—p
¢ (p) = P d () T f () R

The system of equations (3.25) is valid for n =2, 4, 6, .... On the other
hand, Gus and H,s vanish for even n; it follows that the integral appear-
ing in the first equation vanishes. For even n, the sum appearing in the
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second equation of the group (3.25) also vanishes. It is evident that the
coefficients Bl?, A® and B'Y can be directly obtained from the relations:

4KG

Bffl = eu“nﬂ sina, & n=2,4, 6, ...),
a
Ao — 2KG B (wE)sinpy’  p__ pwthe
@ f(p) "

Thus is determined the function F'@, enabling us to determine the
stresses o', crjf" and 7, from the Egs. (1.5). The stresses due to the
action of a nucleus of thermoelastic strain of intensity «,TdQ located
at the point (& %) will be obtained by means of superposition, e. g.:

0, =7, -+ 39 + 3, ete.

4. An Elastic Semi-infinite Plate

Consider an elastic semi-infinite plate with a nucleus of thermoelastic
strain at the point (& 0), Fig. 5. This case is equivalent to the case of
two nuclei, one positive, at the point (£, 0), the other negative, at the
point (— &, 0). In this case, we have ® =0 on the straight line x=0.

g Determining the right-hand side of
the Eq. (1.2) by means of the Fourier
integral

@y CE2T85 0 g o) =

(l+”’“Tdefcosﬁy[cosa(x .

— cosa(:r +&)] dadp,

Fig. 5

and the function @ by means of the integral

(4.2) (szfG(a,ﬁ) cosfy |cosa(x— & —cosa(x + &)| dadp,
00

we obtain the solution of the Eq. (1.2) in the form

2K
(43 O0=—7 J{“’Sﬁy:‘“:;fm”dadﬁ, K=(+vnaTdQ

or, after integrating,

P ‘+ @+ 8)°
(4.4 = y
) o 4::}11“ P @—Ep
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This function has a singularity at the point (&, 0). For x—o0o, y—o0
the function @ tends to zero.
From the Eqgs. (1.3) we determine the stresses

0 _ KG{(:H P —yt (x—é}g—y} o
oy @+ &+ 12 [@—&*+ ¢ 2

* @ __2'KGy{ x & xr—§& 2
| !

dxdy  ah \|[(+&*+y T [+ + 4T

Let us observe that these stresses increase infinitely when the point
considered approaches (&, 0). The stresses or and o, are equal to zero

for x = 0 and for x— 0o, y—>o0o. For x = 0, the shear stress 7., takes
the value

(4.6) P

el B
(4.5)
Exy =2

_4KGy¢

wh (&2 + y*)*

Over this state of stress should be superposed another state of stress
(o, 7), such that

4KG yé
ah &y

(4‘7) [-TT-‘J"I =0 [Ex}']x:ﬂ and (E-x [x=0 =0

at the edge © = 0.
The Airy function will be assumed in the form

(4.8) F— % f%m + B ) e cos By dp.
' 0
1t will be convenient to represent the stress 7.y in the form
=
(4.9) .fxy__tiKfoaﬁSmﬁyzS;n;fcosa dadp,

following directly from the integral expression (4.3).
For x = 0 we find

(4.10) [2ey) emo= ZK < f e~ Bsin fy dp.
From the conditions (4.7) we find

Thus

(411) F='—'—T.'L‘fe"mx|§] CDSﬂy dﬁ

n
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The additional stresses will be expressed by the equations:

]

gay thG fe‘ﬁ“"““ﬁ“cosﬁydﬁ’
0

- _OF_2KG P

(4.12) —— = n fﬁ(z fx)e cos fydp,

]

= P ZKG{ i
i P v s a' Bl—px)e sin fy dp,

or
— _4KG (& —3y°
Ur_—;?l_m(x'i‘&‘} ,(.’L‘ =5 §)2+y212 ]
- _4KG 1 i o (:c+5}'3——3yﬁl
= _ _4KG 1 3(:c+f}ﬂ-—y2]
xy = & ol i AR
T Er e TS [(‘” T

Let us observe that for x=0 we have g,=0 and 7.y=—7xy. For

x=£¢ the stresses.show no singularities. Finally, for ¢ — co, y— oo the
stresses tend to zero.

Shiffing the nucleus of thermoelastic strain to the point (&, %), ¥
should be replaced in the Egs. (4.1) to (4.13) by y—1.

For a temperature distribution such that T is a continuous function

in the region @ and T =0 outside this region, the stress ¢* (x, y) will
be determined by integration:

o (2,9)= [ [ o(x,9;6m) T dédn.
(2
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The Stresses in « Thin Plate

Streszczenie

O NAPREZENIACH WYWOLANYCH W TARCZY DZIALANIEM JADRA
TERMOSPREZYSTEGO ODKSZTALCENIA

Celem pracy jest wyznaczenie stanu naprezenia wywolanego w tarczy
dzialaniem jadra termosprezystego odksztalcenia. Rozwigzanie tego -pod-'
stawowego zagadnienia — wyznaczenia naprezern w postaci funkeji
Greena — pozwala drogg calkowania na wyznaczenie stanu napreze-
nia wywolanego dzialaniem niecigglego pola temperatury. Znajomosé
funkeji Greena pozwala tez na wyznaczenie stanu naprezenia w tar-
czy podgrzanej do temperatury T, posiadajacej inkluzje o innych- wias-
nosciach termicznych niz reszta tarczy. o

W pracy wykorzystano formalng analogie, jaka istnieje pomiedzy row-
naniem rézniczkowym potencjatu termosprezystego i réwnaniem réznicz-
kowym ugiecia blony. Dzieki tej analogii spetniono cze$¢ warunkéw brze-
gowych; mianowicie na brzegu tarczy uzyskano zerowe wartodei napre-
zen normalnych, ale rézne od zera wartosci naprezen Scinajacych.

Dla zniweczenia naprezen &cinajgcych dodajemy do uzyskanego stanu
naprezenia drugi stan naprezen, uzyskany z rozwigzania zagadnienia brze-
gowego dla plaskiego stanu naprezenia za pomoca funkeji Airy.

W pracy szezegdélowo rozpatrzono stan naprezenia wywolany dziala-
niem jadra termosprezysiego odksztalcenia: (1) w pasmie tarczowym nie-
skonczenie dlugim, (2) w polpasmie tarczowym, (3) w pélplaszczyznie tar-
CZOWeE].

PeswoMme

O HANPSAMEHHWAX, BLIBbIBAEMEBEIX B JUCHKE JEUCTBUEM fJIFA
TEPMOVIIPYTIOM HEDGOPMAIIMH

Pabora 3aaeTca LENBI0 ONPEe/NTh HANPAKCHNUSA, BbI3BAHHbBIE B JMC-
Ke neiicTBMEeM fAapa TepMOyIpyroit pedopmaipym. PemeHne 9T0i OCHOBHOM
npoGJiemMel, ONpeAeNeHus HanpaAxeHmis B Bupe yHxumit I'puma, pacr
BOBMOIKHOCTb OTIPEJIENIUTh, TIPY IIOMOIUM MHTETPUPOBAHMA, HANPANKEHM,
BLI3BAHHBIE [AECTBYEM MPEPBLIBHOTO TIOJA TeMIIepaTypsl. 3HaHMe QYHKIMN
I'p ¥ Ha MO3BOJIUT BMECTE C TEM, ONPEAENUTh HATUPAXKEHMA B JMCKe, I10-
norperom no Temreparypr! T, ¢ BRyoueHueM, obJajarolimM APyTMMu Tep-
MMUYECKMMM CEOMCTBAMM, HeM OCTaJbHAA YacTh AMCKA.

B pabore ucnonbsyerca hopMasibHAA AHAJOMA, CYLIECTBYIOIIAA Mex-
ny mucbepeHnmanbHbIM ypaBHEHHEM TEPMOYTIPYTOro NOTeHIpana u gud-
thepeHImaNbHBEIM ypaBHeHeM nporuba memGpanel, Biaropaps 9Toii aHa-
JIOTMM, YAOBJNETBOPAIOTCA HEKOTOPBIE TPAHMYHBIE YCJAOBHMA, a MMEHHO Ha



106 Witold Nowacki

KOHType [MCKa NOJy4YeHbI HyJIEBbIE SHAYEHNMA HOPMAJLHBIX HATIPHAKeH,
HO pazju4HBEIe OT HyJiA 3HAYEHMA KACaTeJbHBIX HaIlpszKeHMid,

Juia HelTpamMzalyy KacaTelbHbIX HANPAMKEHMH, NpubaBiIAT K [o-
JIY4EHHOMY HANpPAMKEHHOMY COCTOAHMIO BTOPOE HANPAMKEHHOE COCTOAHME,
MOJIyHaeMOe M3 PEIIeHMA TPAHMYIHOM 3aJa9y IJisl IJI0CKOT0. HANPAKEHHOTO
COCTOSIHMA [P TOMOLM (PYHKImM 3 P M.

Pabora mogpobHo paccMaTpuBaeT HaIPAMKEHHOE COCTOAHME, BBRISBAHHOE
nelicTBMeM Axpa Tepmoonpyroit Aedopmarnyy: (1) B GeCKOHEYHO MIIMHHOL
noJsoce, (2) B moxymoJoce, (3) B MOJYIJIOCKOCTH.
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