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SOME PROBLEMS OF STRUCTURAL ANALYSIS OF PLATES
WITH MIXED BOUNDARY CONDITIONS

S Y L W E S T E R K A L I S K I and W I T OLD N O W A C K I
(WABSZAWA)

Introduction

During the last few years, there has been apparent a growing interest
in problems of structural analysis of plates with mixed (discontinuous)
boundary conditions. These problems can be solved in many ways: by
reducing the problem to the solution of a system of F r e d h o l m
integral equations of the first kind, [1], [2], by methods of analytic
functions, [3], [4], or directly by integrating the differential equation of
structural analysis of plates, [5], In the present paper, the problem of
structural analysis of plates is stated in a more general way,' considering
elastic clamping and elastic support along the boundary and inside the
region of the plate. The solution of the problem is reduced to a system of
F r e d h o l m equations of the second kind which in certain particular
cases become F r e d h o l m equations of the first kind. In Sees. 1 and
2 certain concrete solutions for rectangular plates are reviewed.

1. General Statement of the Problem

Consider a plate elastically clamped and elastically supported along
n segments sr, r = 1, 2, ..., n, of the boundary, and simply supported or
free along the remaining segments*. Let the external loa'd p be distributed
in an arbitrary way over the plate.

Denote by Mr (Sr), r — 1, 2, ..., n, the moments of elastic clamping of
the plate along the segments sr of the boundary, and by Rr(Sr),
r = 1, 2, ..., n, the elastic reaction forces along these segments.

If we put p = 0, Mr = 0 and Rr = 0, r ~ 1, 2,..., n, we are concerned
with an unloaded plate with tlie segments sr free. This plate will be called
the basic system, for which kinematic invariability is required.

Let the basic system be subjected to the external load only. Denote
by w0 (P) the deflection at the point P of the basic system, due to
this load.
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Let the concentrated unit force Rr (Sr) = 1 now act at the point Sr of
the edge sr in the basic system. The deflection at the point P of the basic
system due to this force will be denoted by Kr{P,Sr). Similarly, the

deflection at the point P of the basic
system due to the action of the concentrat-
ed unit moment Mc (Sr) = 1 at the point
Sr of the edge sr will be denoted by
Gr(P,Sr). The vector of the moment is
directed tangentially to the edge. We
assume that the function w0 (P), Kr (P, Sr)
and Gr (P, Sr) can be determined in the
basic system.

Summing up the mifliuences of the ex-
ternal load, the moments of elastic clamp-
ing Mr and the elastic support Rn we
obtain the deflection, at the poimt P of the
plate with mixed boundary conditions in
the form of ttie integral expressionFig. l

(1.1) £ J
r=l sr

J [Rr(Sr) Kf(P,Sr) + Mr(Sr)Gr(P,Sr)]dSr.

The mixed functions Rr (Sr) and Mr(Sr) appearing in the relation (I!?
are to be obtained by considering Hie boundary conditions for the
segments sj of the boundary.

These boundary conditions are

(1.2)

(1.3)

±

dw(Sj)

The first condition expresses the proportionate relation of the deflect-
ion of the point S) of the segment s; to the elastic reaction fore Rj(S})
at that point. The proportionate relation coefficient is W i n k l e r ' s
constant kj.

The second condition expresses the relation between the moment
Mj(Sj) and the derivative of the deflection function in the direction of
the normal n/ at the point Sj of the segment sj. The proportionate relation-
coefficient is the constant of elastic clamping rj.

Performing on the expression (1.1) the operations indicated in the
Eqs. (1.2) and (1.3), and moving the point P inside the region of the plate
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to coincide with the point Sj of the segment sj of the boundary, we obtain
the system of F r e d h o l m equations of the second kind

(1.4)

rj

T~ = ™o (Sj) + y f [Rr (Sr) Kr (Sj, Sr)+Mr (Sr) Gr (S), Sr)] dsr,

(j = l,2,...,n).

Solving this system, we obtain the functions Rr (Sr) and Mr (Sr), which,
substituted in the relation (1.1), enable us to determine the deflection
™(P).

In the particular case where kj = oo and rj = oo, j = 1, 2,..., n, we
obtain a plate rigidly clamped along the segments sy- of the boundary. It
is evident that in this case the system (1.4) becomes a system of. F r e d -
h o l m equations of the first kind.

If rj = co, j== 1, 2,..., n, we obtain the case in which the segments s;
are elastically supported and the functions dw/dnj are equal to zero.

The system (1.4) becomes a system of mixed integral equations of the
first and the second kind.

In the case of k/ = co, j = 1, 2,..., n, we are concerned with a plate
elastically clamped and having rigid supports along the segments sj.

This case can be reduced to a more simple system of integral equations
if we take as basic another system in which the plate is simply supported
along the segments sr, r = 1,2,..., n. If we denote the deflection at the
point P of the basic system due to the action of external load by w0 (P)
and the deflection in the basic system due to the action of the concen-
trated unit moment Mr <Sr) = 1 at the point Sr of the edge sr — by
Gr (P, Sr), the deflection at the point P of a plate with mixed boundary
conditions' will be expressed as

' r—rt

(1.5) W(P)=WQ(P)+ £ jMrGr(P,Sr)dSr.

From the boundary conditions (1.3) for the segments sh we obtain the
system of F r e d h o l m equations of the second kind

(1.6) —ffiw" — , , y -"H
Tj dnj
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For r/ = oo, j== 1, 2,..., n, i.e. in the case of rigid clamping along the
segments sj of the boundary, this system becomes a system of F r e'd-
h o 1 m equations of the first kind.

Let us return, now, to the system of equations (1.4) and consider two
limit cases:

(a) Let us disregard the elastic clamping along the segments sj. Then,
with Mj = 0, j=l,2,...,n, the unknown functions Rr (Sr) will 'be de-
termined from the system of equations,

(1.7) r (S), Sr) dsr
r=l sr

(b) Let us disregard the elastic support along the segments sj. Then
with Rj = 0, j = 1, 2, ..., n, we have

(1.8)
Si L

dGr(S',,Sr)
dnJ

dSr

Our considerations can easily be generalized to the case of a plate
elastically clamped and supported along the segments Sy, j = 1, 2, ..., n,

elastically supported along the seg-
ments l/,i = 1, 2, ..., p, and elastically
clamped along the segments mr,
r = 1, 2, ..., t, of the boundary.

The system of equations (1.4) will
also be valid in the case ir> which
clamped and supported edges sj are
not parts of the boundary but are
located inside the region of the plate.
Finally, our considerations can be
generalized to plates elastically
clamped and supported along seg-
ments constituting parts of the
boundary aimd along segments locat-
ed inside the region of the plate.

Another problem of practical importance can also be redifced to in-
tegral equations.

Let a plate, supported in any way on the boundary, have additional
supports over the regions Q^Q^^.^Qp constituting parts of the region
Q of the plate.

Fie. 2
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The deflection of the plate will be determined by

r=p

(1.9) W (P) = U)o (P) + £ tf Rr (Sr) Kr (P, Sr) d Qr.
r=i

In this relation, w0 (P) denotes the deflection of the basic system (for
which the plate supported on the boundary only is assumed), due to the
action of 'the external load p, and Kr {P, Sr) — the deflection at the point
P of the basic system due to the action of the concentrated force
Rr (Sr) = 1 at the point Sr of the region Qr. We assume that the quan-
tities w0 i(P) and Kr (P, Sr) can be determined in the basic system. •

The unknown functions Rr will be determined using the boundary
conditions for the regions Qj, j = 1, 2, ..., p:

(1.10) wiS'j) - M (j=l,2,...,p),

where an elastic foundation of the W i n k 1 e r type has been assumed.
Moving the point P to coincide with the point S'j of the region Qj, we
obtain from the relation (1.9) and bearing in mind (1.10), the system of
integral equations:

(1.11) — ̂ M = - W 0 ( S ; ) + 2 JJRr(Sr)Kr(S'j,Sr)dsr.
r= l Qr

This is a system of F r e d h o l m equations of the second kind. Let
us observe that for k; = oo, j = 1, 2, ..., p, the system of equations (1.11)
has no solution, the functions Rj (Sj) and w >(Sj) being in this case equal
to zero over the regions Qj. The solution must be sought in another way.
The plate should be treated as a multiply-connected region rigidly
clamped along the boundary of the region Qj, j = 1, 2, ..., p. Unknown
functions representing the moments My (Sy) will appear along these
boundaries. These moments will be found from the system of integral
equations {1.6), in which we should put rj = oo, n = k, and in which the
basic system is represented by the same plate supported on the external
boundary and simply supported on the boundaries of the regions Qj.

Some concrete problems of structural analysis of rectangular plates
will be based on these general statements. Our considerations will be
confined to two groups of problems, the first concerning plates with
rigid supports and discontinuous boundary conditions, the second —
plates elastically clamped and supported along certain segments and
elastically supported over certain regions.
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l2wb,o)=o

\ "«

0

b

Kt

2. Rectangular Plates with Rigid Supports

We confine our considerations to rectangular plates with mixed boun-
dary conditions at one edge only. The F r e d h o l m equations of the
first kind will be derived in a manner differing from that in the first
section of this paper. Thus, the advantages of a proper choice of basic
systems will be seen more clearly.

Consider a rectangular plate loaded in any way. Let there be two
continuous boundary conditions at
each of the edges x — 0, x = a and
y = b, and let the boundary conditions
at the edge y = 0 be homogeneous and
expressed by

(2.1) D1w(x,0) = 0, D2w(x,0) = 0,.

for the interval (0, c), and

(2.2) L2 w (x, 0) = 0, L2w (x, 0) = 0,.

for the interval (c, a), where D1} D2, Lx

and L2 denote continuous linear diffe-
rential operators.

Dx w (x, 0) and D2, w (x, 0) are unknown functions in the interval (c, a)
and Lj w {x, 0) and L2 w (x, 0) — unknown functions in the interval
(0, c).

Let us take as basic the system in which the boundary conditions for
the edge y = 0, both in the interval (0, c) and (c, a), are L± w (x, 0) = 0
and L2 w (x, 0) = 0.

Let the deflection surface in such a basic system due to the.external
load be denoted by wo(x,y). Let now the boundary condition for
Lx w (x, 0) in the basic system, be such that Lt w (x, 0) is equal to zero
over the interval (0, a), except at the point (f, 0), 0 < f < c, where
UwH 0) = l.

This state will provoke a deflection of the plate, denoted by
G, (*, V, S, 0).

Similarly for L2 w (|, 0) = 1 at the point (f, 0) and L2 w (x, 0) = 0 for
x ^ f we 'obtain the deflection surface of the plate demoted by G2(x, y; f, 0).

The deflection of a plate with a discontinuous boundary condition for
the interval (0, a) will be described by the integral relation

(2.3) to (x, y) = w0 (x, ft 0) G, (x, y,£,0)d£

c

jLiw(£,Q)Gs(x,yJ,O)d£.
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The integrals appearing in this relation express the influences on
plate deflection of the unknown functions LjU; and Lzw in the interval (0, c).

Since the Eqs. (2.1) express the boundary conditions for the interval
(0, c), we obtain, performing the operations D± and D2 on the relation (2.3)
and moving the point (x, y) to the edge of the plate, the system of
integral equations

(2.4)

c

Dt w (x, 0) = D, w0 (x, 0) + / L, w (ft 0) D, G, (x, 0; f, 0) d i +
o

e

+ } La w (ft 0) Dt G2 (x, 0; ft 0) dl = 0,
o

D3 iw (x, 0) = D2 io0 (K, 0) + / Lj u» (£, 0) D2 Gj (x, 0; f, 0) d f +
o

/

where O ^ f S c , 0 S i < c .

We have thus obtained a system of two F r e d h o l m equations of
the first kind, In these equations we have, according to the theorem of
E. B e t t i,

Dx G2w(x,0;ft 0) = D%Gxw(x,0;£,0).

The basic system can also be chosen in another way, with
Dxw {x, 0) = 0 and D^w (x, 0) = 0 as boundary conditions for the edge
V = 0.

If, in this system, wo(x, y) denotes the deflection due to the external
load, Nx [x, y; g, 0) — the deflection due to the non-homogeneous bound-
ary condition Lt w (x, 0) = 1 far $ =. X and Ljio (x, 0) = 0 for x =£ £ and
•̂ 2 (x> y, Si 0) *— the deflection due to the non-homogeneous boundary
condition, L2tu (x, 0) = 1 for x — £ and L2w (x, 0) = 0 for $=£ x, then the
deflection of the plate with discontinuous boundary conditions for the
edge y — 0 will be expressed by

(2.5) w(x,y) = wo(x,y)'+

Performing the operations L± and L2 on the relation (2,5), and moving
the point {x, y) to the edge y = 0 of thê  plate, we obtain the system of
integral equations:
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( L, w (x, 0) = ^ w0 (x, 0) + (D, W (ft 0) L, ^ (x, 0; ft 0) d £

1 ;
(2.6) | + J D 2 to (f,0)L,Wj(ar,0;f,0)df = 0,

- '
( L2 w (x, 0) = L2 w0 (x, 0) + /D t w (ft 0) L2 tf, (x,0;S,0)dt +

c
a

+ }D3 W (ft 0) L2 iV2 (x, 0; I, 0) d f,

where

Solving the system (2.4), we obtain the functions I^iu^, 0) and
Low(tj, 0), which substituted in the relation (2.3) enable us to determine
the deflection of the plate w (x, y) having discontinuous boundary condi-
tions at the edge y = 0. Similarly, solving the system iof integral
equations (2.6), we obtain the functions D ^ d , 0) and Dzw(£,0). The
knowledge of these functions enables us to determine the deflection of
the plate w(x, y) from the Eq. (2.5).

In a case where the boundary conditions D^w (x, 0) and L2w (x, 0) are
identical, the system of integral equations reduces to the equation

c

(2.7) D, to (x, 0) = D, wQ (x, y) + \hx w ({, 0) D t G, (x, 0; | , 0) d I = 0.
6

Similarly the system of equations (2.6) reduces to

(2.8) Lj u> (x, 0) = L, w0 (a, 0) + J D , to (ft 0) L, Nx (x, 0; 1,0) d f.

Our considerations were confined to the solution for a plate having
different boundary conditions over two segments of an edge. There is
no difficulty in generalizing the above considerations to any number of
segments. This can be done for one or more edges.

Returning to the system (2.4), let us rewrite it in a slightly different
form:

Jxx (I)Ku (x, i)di + fx2(£) KX2 (x, S)d£ = ft (x),
(2.9)

C

, (I) K21 (x, f) d | + / X a (f) K22 (x, f) d | = f„ (x).
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The solution of this system of integral equations can be reduced to
that of an infinite number of equations in which the unknowns are the
F o u r i e r coefficients for the functions Xt (£) and X2 (f).

Let us assume any set of functions <pa{x), a = 1, 2,...,oo, complete and
orthogonal over the interval (0, c), and an arbitrary set of functions fp (|),
/? = 1, 2, ..., oo, complete and orthogonal over the interval (0, a). Let us
assume that the functions Xt (f) and X2 (f) can be expanded in a series
with respect to the functions y>^, [6]:

Aj {£) = _

where
c c

Xi,? = / X, (£) w(£) d | , X2,^ = / X2 (f) y,f (I) d f.
o o

Let us multiply the system (2.1) by q>a{x) and integrate it with respect
to x over the interval (0, a). We thus obtain an infinite system of
equations:

(2.10)

I V (X tf(2.i)_L Y n(2.2)')==f

I (5=1

where
; a c

Zaj(xJ)w(£)dt]dx (i,j = l,2),

(2.11)

fa, / = JV« (X) |/ (X) d X (i = 1, 2).
0

The reduction of the system of integral equations (2.9) to the infinite
number of equations for the F o u r i e r coefficients of the functions
X1 (I) and X3 (f), can also be done in another way which in our case will
prove to be more convenient. Let us take only one complete set of
functions, orthogonal over the interval (0, c), and let us expand the
functions Xx and X2 dn a series with respect to these functions:

x1 (f) =^Yi.l, n it), x2 (I) =

where
c
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Let us multiply the system of equations (2.9) by <pu{x), and integrate
with respect to x in the interval (0, a). We thus obtain the infinite system
,of equations:

'(2.12)

where

,(2.13)

fi,a=f<pa(x)fi(x)dx

This method of solution of the system of equations (2.9) will be applied
to certain simple cases of bending of a rectangular plate with discontinuous
boundary conditions at one edge of the plate.

A. Consider a rectangular plate simply supported on the edges x = 0,
x = a and y = b, rigidly fixed along the segment (0, c) of the edge y = 0
and simply supported along the segment (c, a) of that edge. Let the plate
be subjected to a uniform load p. The boundary conditions are: for the
edges x = 0, x = a and y = 0, we have w = 0 and V2w = 0; for the edge

y = 0, over the interval (0, c), we have

and

D2 IO (:r, 0) = w (x, 0) = 0.

For the edge y = 0, over the in-
terval (c, a), we have

and
Tig. 4 L 2 to-(x, 0) = to (X, 0) = 0.

Since in the. intervals (0, c) and (c, a) w (x, 0) = 0, the system of equations
(2.4) reduces to the unique Eq. (2.7) which we rewrite as

,(2.14) f
J dy
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where

Dx=-

is the clamping moment of the plate along the segment (0,c); Gx (x, y; £, 0)
— the deflection due to the actibn of tine concentrated moment at the
point (£, 0) of the segment (0, c) in the basic system (a plate simply
supported on all edges); wo(x,y)— tihe deflection in the basic system,
due to the load p.

Using the known solutions for wQ and Glt [7]:

(2.15) X tgh-~sinhany-\--^any Isinhany — tgh-— cosh anyj sinanx.

sinh an y
— In . , , sin a« a;,

h I \smh I
si

n \

nn
O-n — ,

a
we can rewrite the Eq. (2.14) in the form

c

(2.16)

where

= an 0,

K(x,S)= £ —si
an=l a "

s ina , | s i n = —2p i

An

h
posh y

For the set of orthogonal functions, we take the trigonometric func-
tions

2 . a n x
71-VI (a = l,2,...,oo, 0 c).

Arch. Mech. Stos. — 3
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Multiplying the Eq. (2.16) by <pa (x), integrating from 0 to c, and assuming-
that M (f) can be represented by the trigonometric series

we obtain, after the operations indicated, the infinite system of equations'

(2.17)

where

= fa (a = 1, 2,..., oo),

nn

= ap cos an cos $n
rt-1,3,..,

, 2 pa2

fa = — a cos a nji. r.

sin Fn
Q

n J i , . . y ( v ? — Q 2 a ? ) r : ; :

Observe that in the case of c = a, i. e. for continuous boundary con-
ditions along the edge y = 0 of the plate, the system of equations (2.17)

will take the simplified form

Ma baa = fa,

(2.18)

Then

baa —

Fig. 5
sin-

nnx
a

and for b->oo, i. e. for a semi-infinite strip rigidly fixed at the edge
y ~ 0, we have

(2-19) (x) = - 4 P f l V S l n a« X P 2\
jr8

 n^3 ^ — ^~(«a; — ^ )

according to the known result, [8].
Consider a more general case — a system of two rectangular plates

(Fig. 5) joined over the rigid support AB. Let these plates be simply sup-
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ported on their boundaries and let the plate I be loaded by a load
p = const. The boundary conditions at the edge y = 0 of the plate I are
discontinuous. In the interval (0, c) we have wl (x, 0) = 0, wa (x, 0) = 0 and
dwl(x,0)/dy + dwn(x,0)/dyt = 0, and in the interval (c,a) wl(x,0) =*>0,•
my(x,0)= —Nd2Wi(x,0)/dy2=0. The reaction moment — Nd2wl(x,0)/dy*=
= -̂ -JVd2 wn(x, 0)/d y\ = M(x) in the interval (0, c) is taken as the unknown
function of the problem.

The integral equation of the problem will take the form

(2.20) f.

: ' 0

where

dwOA{x,O)

(2.20.1)

d Gi.i (x, 0; £, 0)
dy

dGi,n(ac,0;g,0)

-^- sin an f sin an x,

,
An = an b,

Qm, II =

dtap,i(a, 0) 2p
^ = lfT^
ay JfiO

smn

F«.i

/Urn „ _mn
—, pm — — - ,

c o s n

We take the following set of orthogonal functions:

2- . /
= 1 /

. anx
— sin
7Z C

Then the Eq. (2.20) is multiplied and integrated from 0 to c. The function
is expanded in the series
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As a result, we obtain the infinite system of equations

Qn.i sin8 —

(2.21) a cos arc £ Mp/Scos/
( 9 = 1

4<?2 a

In the particular case of Ns-> oo, we obtain the rigid clamping of the
plate I over the interval (0, c). The system of equations (1.21) reduces to
the system (1.17).

Finally, in the particular case c — a, the system of equations (1.21)
leads to the simple relations

i

(2.22) Ma= - ^ • ( i ; 3 o o )

from which it follows

M t \ - — ̂ £ V ^" S^n a" x

n

For b^-oo and bt -> oo, we obtain the simple expression for M (x)

(2.23) K W —

.........

We propose to describe another way leading to the system of equa-
tions (2.21).

Let us cut the system of two plates (Fig. 5) along the line AB, to obtain
two plates I and II simply supported on all edges. The plate I is subjected
to the load p and the moment

in the interval (0, c).

M(S)= £ An sin(nnt/a)
m = l
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The plate II is subjected to the moment

sin
c

The derivative d w{ (x, 0)/d y of the plate I is determined by

d W, (x, 0) 2 p VI Fn I 1 V A-n Qn I
"a = - j ^ — _,/, — j - sin art x + ^ — sin an x.

For the plate II we have similarly

Wa«'° = I F 2 ^"'"sinfax.

In the interval (0, c), the continuity condition d wl (x, 0)/d y +
^ = 0 should be satisfied. This condition will be satisfied

if the coefficients sinctnX appearing in the expression for dwl(x,0)/dy
are developed in series with respect to sin /?mx:

sin anx = 2J
 a",m sin flm x for 0 < x < c,

m = l

where
2 . /3m COS /Sm C

an,m = — sin an c -c—« ^ ^ j — .
c «„ Pm

The continuity condition leads, therefore, to the relation

A,,Q,,,i . NxMmQmM 4p
a" -"2 P"! a n=l,3.... an

Observe that
DO C<J

(2.25) M (x) = ^ An sin anx= 2J Mm sin /3m x.
n = l

Expanding the moment M (x) in the F o u r i e r series, it should
be remembered that M = 0 in the interval (c, a).

This will be taken into consideration ^by expanding the function

{ sin f}m x for 0 < x < c,
0(x)=\

10 for c<ix<:a,
with respect to sin an x.

We have

0(x)= 2J
 b«. m sin an x,
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where
2
 a o sin an c

On. k = — Pm Sin p/n C —5 ^ ~
c af, — Pm

Substituting 0 (x) in the Eq. (2.25), we obtain

(2.26)
( 3 = 1

Introducing An in the Eq. (2.24), and changing the subscript m into a,
we obtain, after some simple transformations, the system of equations
(2.21). The method described avoids the use of the integral equation

shifting the .solution to the etomaki
of differential equations; it is an
extension of W. B a s i 1 e-
w i t s c h ' s method, [9], for prob-
lems of torsion of bars, to problems
connected with the biharmonic equa-
tion.

B. Consider a semi-infinite strip
simply supported on the edges x = 0
and x = a, rigidly fixed along the

segment (0, c) of the edge y = 0, and free along the segment (c, a) of the
same edge. Let the plate be subjected to a uniform load p. The boundary
conditions then are

at the edges x = 0 and x = a: w — 0, V2w = 0,

in the interval (0,c): D1to'(x,0)=to(x,0)=01

[ Win

Fig. 6

= ~^^= 0,

If i?(l) denotes the unknown reaction force and M(f) the reaction moment
in the interval (0, c), the system of equation (2.4) takes the form

(2.27)

w0(x,0) +JR(S) Gt (x, 0;£,0)d£+ JM(£) G2 (X, 0; $, 0)d f = 0,

dG2(3:,0;^,0)
ay
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where G : (x, y; g, 0) is the deflection surface of the basic system (the plate
simply supported along the edges x = 0 and x = a the edge y = 0 remain-
ing free) due to the concentrated force R = 1 acting at-the point (£, 0) of
the interval (0, c). G2(x,y; £, 0) denotes the deflection of the basic system
'due to the concentrated bending moment M = 1 at the point (I, 0) of the
edge. Finally wo(x, y) denotes the deflection of the basic system due to
the load p.

These functions have the form, [2]:

(2.28) G2 (x, y; 1,0) •

2

V! e~"ny \ 1—v
2J 3 1 + —g— an y sin an £ sin an x,

v — (1 — v) an y]sin an ! sin an x,

Introducing these functions in the Eq. (2.27) we have

f I• V> 1 \
J R (!) I ^ —g sin an s sin a« x I d ! —
o vi,i... n

(1 + v) jr

(2.29)

A sin a« f sin
n
n d | =

2 a

rt=1

per
51

— sin an ! sin a,, x) d ! •

M l ) n
sin aB I sin a« x

2par
= ——

These integral equations can be reduced to an infinite system of equations
the unknowns in which are the F o u r i e r coefficients Rp and Mp for
the functions R (!) and M(!): •• . •• ,

8=1
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We have:

(2.30)

where

(2.31)

sin'1

sin"

a_

* = --2aB cos uncos Bn 2u „ / „ » _ .
s in

/,.—Ei(8-,)«co.« 2;
sin-

n > —

^2, a = '

sin

In the particular case of s.imple support over the interval (0, c), the
clamping moments vanish and, for the determination of Rp, we have

(2.32)
0=1

(0 = 1,2,:.., 00).

If the plate is clamped in the interval (0, c) in such a way that the
reaction force R (|) vanishes, we obtain the system

(2.33) V
8=1

2'2) = (a = 1 , 2 , ...,00).

This case will be realised in the examiple of an infinite strip (Fig. 7)
having a slot along the y = 0 axis and subjected to a uniform load p. The
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shearing forces on the axis of symmetry y — 0 vanish, and the moments
M (£) in the interval (0, c) are still present.

In the case of b->oo (Qn-^1, Fn-*-l), the system of equations (2.33) is
identical (including'the constant) with the system (2.17).

C. Consider a rectangular plate simply supported on the boundary and
having an additional rigid support AB (Fig. 8). Let the plate be subjected
to a uniform load p. The same plate simply supported on the boundary
will be taken as the basic system. Denoting by wo(x, y) the deflection of
the plate due to the load .p in the basic system: by Gi(x, y; f, 0) — the
deflection in the basic system due to the action of the force R = 1 at the
point (f, 0); and by R (£) the reaction force in the interval (0, c) accord-
ing to Fig. 8 — we have from the boundary condition w (x, 0) in the
interval (0, c), the integral equation

(2.34)

Expanding R (f) in the Four i e r
series,

Fig. 7

0=1

multiplying (2.34) by sin {anx/c), and
integrating over the interval (0, c),
we obtain the system of equations

(2.35)
8=1

In the particular case where an infinite strip is simply supported on
the edges x = 0 and x = a, and has an additional support along the seg-
ment c, the whole of the plate area being subjected to the load p, we have

w0 (x, y) = w0 (x) = ^ (x4 — 2 axs + a3 x) = AE y
Na ^

sin an x
n=l,3,...

e-«">sinan£sinanx, for
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The system of equations (2.35) takes the form

s i n >

a cos an £ Rrfcospn ^ ^ C T g S aa) (n« _ ,

~ sin
— ^ a c o s a r c X _ i#.. ^ .g^ (a-1,-S, ...fc»).V. —rr-2—^~

/i=t3,.., n (n 6"a

This is identical (with the accuracy to the constant) with the system
(2.32).

For a rigid support over the interval (0, a) we have the system of
equations:

(2.37)

p -

*• s in-

•7T2

75 a=1.3,...

, D. Consider the deformation of a semi-infinite strip simply supported
on all edges, provoked by a deformation of the edge y = 0. Let this edge
be rotated through dw(x,0)fdy = h(x), where h (x) is a given function.

With no external load, we obtain from (2.7) the integral equation

(2.38) /M(flfoy* ' 0 )df = * ^ = h(s), 0<*,

or

o « i a«

Solving this equation, we have, similarly to the foregoing case,

where bnare the F o u r i e r .coefficients for the function h{x).
The fixing moment on the line y = 0 will, therefore, take the form

•(2.39). _ M{x) = 2JV £ anbnsinanx.
n=l,2
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If the rotation of the edge is such that

a
q>0 x for 0 < x

h(x) =
a<po{a — x) for — < x < a ,

we have (bearing in mind that

. nn
. ~ sin—

h (x) — 5^
71

, nn
... , 8(p0JV y 2 mix
M (x) = yo

 njf^ sin

or

nx
— sm

1 + sm —a

For x =a/2 we obtain a discontinuity of the logarithmic type of the func-
tion M{x). Consider a semi-infinite strip having a free edge along the
line y = 0. Let us deform the edge y = 0 so that w {x, 0) = g {x) becomes
a known function. The integral equation of the problem has the form

(2-40) j 4l

0<x,

If sn denotes the F o u r i e r coefficients for the function g (x) in
the interval (0, a), the solution.of the integral equation is reduced to

(2.41) R (x) = 2J Rn s i n a ' "

where

It is seen that to secure the convergence of the series (2.41), the co-
efficients sn should contain a factor equal to I/a* at least. •



434 Sylwester Kaliski and Witold Nowacki

3, Rectangular Plates with Discontinuous Elastic Supports and Resting
on a Discontinuous Elastic Foundation

In this section we propose to confine ourselves to the most simple
cases of discontinuous elastic supports along a single edge only.

Consider a rectangular plate simply supported at the edges x = 0,
x = a and y = b and free in the interval (c, a) (Fig. 9). Let this plate be
elastically clamped and supported in the interval (0, c) of the edge y = 0.

The problem reduces to the solution of the system of two equations
(1.4) which will be rewritten here in a somewhat different form, taking
the opposite directions of R and M:

(3.1)

R(x) — kwo(x) — k [ R(£)K(x,Z)d£ — k f M($)G(x,
6 6

c c

M(x)=rcpo(x)—r f R(£)N (x,£)d£ — r f

where

— [d w0 (x, y)
Wo —

This can be reduced to one Fredho lm
equation of the second kind:

Fig, 9
(3.2)

where

(3.3.1)
R(x)

M{x—c)

\ r<p0 (x)

and

(3.3.2) AL(x,S) =

for

for

for

for

for 0 < x < c,

for 0^_

-rN{x,i) for c'Sx-

•rH(xJ) for cgx-

c g



•Some Problems of Structural Analysis 435

1 'being a constant.- We can apply the iteration method to the Eq. (3.2)
and, to find the function <Z>(£) with the required degree of accuracy,
estimate the errors of the successive approximations. The kernels K, G
and N are bounded and the kernel H satisfies the integrability condition

(3.4) .

Solving the system (3.1) or the equations (3.2) we shall assume the more
weak condition (3.4) for the estimation of errors. The following condition
should, therefore, be assumed for [A|:

(3.5)
2c 2e

oo

For X satisfying the condition (3.5), we can construct a resolving kernel
for the Eq. (3.2) and estimate the absolute error from, [10],

where
2e 2c 2c 2c

C>fL2(x,i)dS, Ba=J/L2(x,f)dxd£, D2=JF*(x)dx.
0 0 0 0

The solution of the integral equation (3.2) takes the form

(3.7) , 0 (x) = F (x) + 2 A"' J Lm (x, f) F (f) d $,
l 0m = l

where Lm (x, £) denotes the m-th iterated kernel. <Z> (x), being known, it
is easy to find the functions R (x) and M (x) from the relations (3.3.1).

The solution takes a particularly simple form in cases where the plate
is only elastically supported in the interval (0, c) of the edge y = 0. The
system of equations (3.1) reduces then to the unique integral equation

£

R (x) = k wQ (x) — k j R (£) K (x, | ) df,
o

or
c

(3.8) R (x) = kw0 (x) + XJR (I) K* (x, I) d £,
o

where

K* (x £) = — —
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The function K* (x, £) has, by rejecting the constants, been obtained from
K(x,£).

Denoting by K*i{x,i) the m-th iterated kernel, the solution of the Eq.
(3.8) can.be written as . '•'•.••• '

oo C

(3.9) R(x) = kwQ{x) + ]? Xm f K*m(x, £)dI
m = l 0 •

The function kwo(x) <CD being, in our examples, bounded and the kernel
K*(x, g) < B continuous and bounded, the interval of convergence of the;.
parameter X is determined by

and the maximum value of the error after the n-th iteration is

(3.11) 6 = D x _ | ; i i B c ,

If the plate is only elastically clamped in the interval (0, c) of the edge
y — 0, the system (3.1) reduces to the equation

c

(3.12) •] Mix) = r Voix) +:AJM (f) H* (x, I) d f,
o

where .. . . . . . . :

The integral " .

being limited and the kernel.— in the examples which will be treated
below — bounded, :

6
By denoting

c c

J jH**(x,
0 0

we can determine the interval of convergence of the parameter 1 from
the formula

(3.i3) " |i|sl,.: •
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and the maximum value of the absolute error for the n-th approximation
from the equation,. .-,

I
\

J J

\ V

J

IT
yJ i

The equation (3.12) will also be valid in cases where the edge y = 0 is
simply supported along the segment (0, a) and has an additional elastic
clamping along the segment (0, c).
The basic system in this case will
be, however, ,the plate simply
supported along the segment. (0, a),
of the edge y — 0. ,, ".'

The procedure will be illus-
trated by three simple examples.

(a) Consider a plate strip simp-
ly supported on the edges and
loaded along these edges hy the
moments M. Let this strip rest on
a transverse discontinuous elastic support of length c =» a/2 (Fig. 10).

The integral equation of the problem takes the form

1 0

a/2

(3.15)

where

A__
•A —

kM
2N'

(a:, f)s=!! ^ —3sin anxsin an (, an = — .
n an

The n-th approximation will take the form

(3.1.6) Rn (x) = Rn_! (x) + k"A % Yj Yl * '~# ) s i n «y x >

and the final solution of the integral equation (3.15) is

(3.17) \ £ ln J] y. \[J &-^=^) sin a, *
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where

sin —r— cos — cos
2 2 a— 2 2 a

(3.18) eLvj,=

The knowledge of the function i? (x) enables us to determine of the
function w (x) = R/k and, in consequence, the deflection surface w {x, y)
of the plate.

In our example, we assume

4 , ^ n3 ^ n

Then

(3.19) 1 , , ^ s 1

•2

M (0,00968)

sina«xsin

The table of relative errors y> = 6/Rmax 100% in function of n and /< is
given below. It should be observed that the values of the errors in Table 1

Table 1

f

are excessive in view of the very rough estimation of the error. Fig. 11
represents the diagram of the first and second approximation for the
function R(x) with ^ = 10 and ^=50 . It is seen from that figure that
the real error is, for /< = 50 and n = 2 , considerably lower than that cal-
culated from the equation (3.19). It does not exceed 5%.

0,103$

24,6$

0,01$

11,9$

0,001$

5,75$

0,0001$

2,80$

for (A.—

for u =

10

50
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In the limit case of an elastic support along the segment c = a of the
line y — 0, we can obtain a solution of the equation (3.15) valid for all
values of X:

mnx

R(x) =
., . , „ » sin

in=1.3....mi + -7~^z

R(x)a1 R(x

M-50

o 0,1

ll1

1

1/

/

l\
1/

/

V
A
\

RoMa
v M
R2(x)a

.. M

. M

X

a
<tf 0,4 04 o 0,1 ay. 0,3 0,4 0,5

Fig. 11

{b) Consider a plate strip as in the preceding example, the only dif-
ference consisting in the load, which will be here uniformly distributed
over the whole region and equal to p (Fig. 12).

Fig. 12

The integral equation of the problem will take the form
(3.21) R(x) =

kqa^jx4 2xB

24W
afc2

0/2
J 1 \

—3 sin a« a: sin a« f I d f.
i = i

Arch. Mech. Stos. — 4
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The solution of this problem can be written analogously to (3.17), in the
form

(3.22)

where

0.125

0M34

0,0625 i

0,0417 I

0,0!08

0 0.1 0,2 0.3 0.4 0,5 0 0,1 0.2 0,3 0.4 0.5

Fig. 13

A -
0

and ej,_i,j; is expressed by the Eq. (3.18).
Denoting
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we have

1*1 s _5_ (0,00968)"+
384 Q a

B
384 Q a 1 — 0,00968 p

The relative error is represented as a function of /J, and n in Table 2.
Fig. 13 shows the second and third approximation for the function R(x)
for ,u=10 and ,M = 50.

Table 2

1,072!

63$

0,1$

30$

0,01$

14,5$

0,0012 for ;t = 10

for /( = 50

In the particular case c — a we have

Rlx) =
/cqcr ^

sin-
mnx

a

m=i,3, ...m~ m'2 m 3

4JVTI S ) •

(c) Consider a semi-infinite strip simply supported at the edges x = 0,
a; = a and y = 0, and elastically clamped along the segment (0, c) of
the edge y = 0.

Fig. 14

The integral equation takes the form

<"» — COS — IX +
a

» •

Expanding the kernel of the integral equation in .the F o u r i e r series,
we have

' « a,2

(3.24) M(x) = .
m=l,3,... 71

sin an f sin a,, x

n = l n
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where

nN'

The solution of the equation (3.24) takes the form

(3.25) M{x) = A 2J -^sin an X+A

where jt assumes the values 1, 3, 5, ..., the other j ; (i = 1, 2, 3, ...) — the
values 1, 2, 3, ..., and

„.•„ it"
2 " c o s 2 ~ a « " 2 8 m

It can be shown that the integral of the square of the kernel of Eq. (3.24)
exists. It can be estimated that C^ 0,645a and B2 «%* 0,2915a2. Thus, from
the Eqs. (3.13) and (3.14) it follows that

1
1 1,85 ra ^ 5 , 8 2 , n

(0,172)" ̂ n+2 0,0126

1 —0,172^

n

V

1

4,35!?;

80$

2

0,753;

36$

Table 3

3

0,13$

18,5%

4

0,022$

9,5%

for ft

•for ft

^

o

The relative error y> as a function of ^ and n is shown in Table 3. Fig. 15
represents the diagrams of M (x) for the zero, the first and the second
approximation. It is seen from these diagrams that, the estimation of the
series is very rough. The real error will be several times smaller than
its value as calculated.

Thus, for ^ = 3 the error of the second approximation will be not
greater than 15%.
• In the particular case of c = a, that is with an elastic clamping along
the whole edge J/=.O, the accurate solution of the Eq. (3.23) will be
obtained in the form of the series
t .

. mnx2 a oc

1VH) Nn* 2 ,
m=i, 3,... m31 m —
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The problem of a plate resting on a discontinuous elastic foundation will
be illustrated by the example of a square plate simply supported on the
edges and having an additional support in the form of a rectangular
elastic region &i = (a/2) '(a/2), (Fig. 16). The load is p = const.

0024

0,016

0,008

0,004

Mix)

qa2

' • -

_AL X

a
0 0,1 0,2 0,3 0,4 0,5

0,06

0,05

0,04

0,03

0,02

0,01

Fig. 15

MM

qa'

//'

r

Hz(x)

/

/ /

ji-3

M9ix)

q,a2

/

Vj

/

ti,fx)

."qa2"

/

X

a
0,1 0,2 0,3 0,4 0,5

The integral equation takes the form

R {x, y) = kw0 (x, y) — kJjR (I, IJ) K (x, y; f, q) d Q1,

or
(3.26)

where

R (», 2/) = kioo (a, y) + A J / R (I, ij) K* (as, y; £, 17) d 0, ,

K* (x, y; f, rj) = — -j K (x, y; 1,97).

The kernel of the integral equa-
tion being in our case bounded:

and

we obtain the condition for X

O|CM

Fig. 16

the maximum error being given by
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Expressing wo(x,y) and K*(x,y; ^rj) by the double trigonometric series
known from structural analysis of plates, the integral equation (3.26)
will be represented in the form

/„ n»\ T,/ \ A Y1 Y1 sin am, a; sin q/,(3.27) B(sS) = A J £ J

0 0 Lm,=l,2,... y,=l,2,...

where
16 ka4p _

The solution of the integral equation leads to the formula

J* (a:, 3/J — A

2 / A 2 / 2 / J i ™~X ~7^2Xl2W~• s i n a/«,I+1 a;sin a^+12/,

where

cos - j j - ^ sin ^ — cos

It should be observed that the subscripts m,- and ji will take, for
i = 2, 3,..., the successive values 1, 2, 3, ....

In our case, it is easy to show that

B = 0,273, D = f-

Thus,

/
——

, , 1 _14 ,7 fcaV,R« , 16 \356W = 7^—-?"• *—JJT5S56, ,3 = ^ q

The relative error y> for n = 1,..., 4 and ,a == 50, /J, = 100 is shown in
Table 4.
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The solutions obtained above by the iteration method are valid for
a certain range of X, Bearing in mind that the parameter X involves the
coefficient k (or r) of the elastic foundation, the plate rigidity N and the
geometric dimensions of the plate, it is seen that for many practical cases
the range of X may be insufficient.

Table 4

y 2,28% 0,32% 0,045% 0,006ft for p a 50

i> 11% 3,08% 0,86% 0,24% for fi = 100

The solution can be obtained, however, for any value of X, by splitting
the kernel of the integral equation into a separalble part and the «remain-
der», the number of terms of the separable kernel depending on the
desired range of X. The problem reduces, therefore, to the determination
by the iteration method of the resolving kernel for the integral equation
and the solution of a system of n equations with n unknowns. The number
of equations will be in direct proportion to the range of X.

In our examples involving elastic supports, we were concerned with
integral equations of the type

(3.29) 0(x) =

Here the kernel is either bounded or the integral of the square of it exists.
This kernel can be split into two parts:

In our cases the kernel was of the type,

. jntj

Thus,

^ I ' *'(*,«= j j yj sin &* sin ^ .
y=m+l u/ y=m+l

The Eq. (3.29) can be written in the form

(3.30)
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Let the left-hand member be treated as a known function. The partial
solution of the Eq. (3.30) will be

(3.31)

where K'n(x, $) is the n-th iterated kernel for the kernel K'(x, f) and

(l/A)2X"K'n(x,£)=r'(xJJ) — the resolving kernel for the Eq. (3.31).
n = l

The parameter X should satisfy the conditions:

(3.32)

-si- if the kernel is bounded \K' (x, £) g B'J,

1^-=; if integral of the square of the kernel exists
a

c c

[ f K"(x,£)dxdS,
6 66 6

The number of terms of the separable kernel P (x, f) should be in
direct proportion to I. For a given X, we should determine B' and K' (x, g)
from the Eqs. {3.32). Hence, the number of terms of the kernel P (x, f).
Thus, in the example of a strip with a transverse elastic support of c = a/2
in length we had B *=« 1, 2. If we assume m = 4, we obtain B' = 0,0124
and the permissible value of X will increase 100 times.

The final solution of the integral equation (3.30) has the form

(3.33) 0 (x) = f (x) + X £ a 0/ (x),

where
c

0/ (x) = sin a,- x + A J f (x, t, A) sin a,- tdt,
o

c

f(x) = F(x) + X f r'(x,tJ)F(t)dt.
o

The coefficients
c

Ct = / b; (f) ^ (|) d f, b , = y/ sin a; f,
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appearing in the Eq. (3-33) will be obtained from the solution of a system.
of m equations with m unknowns:

(3.34) c/ —A
. . . . . . .

where

0

In the case of a rigid support or clamping along the segment c, the
foundation constants k and r tend to infinity. Hence A ->- oo.

This is possible if B'->-0, K' (x, £)->() and the subscript m in the sum
P (x, £) tends to infinity. At the same time, the resolving kernel tends
to zero.

Let us introduce into the Eqs. (3.34) the new quantities Ak = A, ftk = fi,
and rewrite the system in the new form

(3.35) ~ —

For discontinuous perfectly rigid supports (fc->oo or r-*oo) we obtain,
when m-^-co, the system of equations

(3.36) . Jj+J £ aipcP = 0 (t«= 1,2, ...,(»)„

where a,/, should be obtained from a«> assuming that T' = 0.
The system of equations (3.36) corresponds to the infinite system of

algebraic equations, which was obtained in the first part of this paper as
the general solution of the F r e d h o l m equations of the first kind
appearing in that problem.

The considerations concerning plates with mixed boundary conditions
presented in this paper can easily be transposed to problems of forced
vibrations of plates subjected to constant compressive or tensile forces
acting in the middle plane.

In the particular case of free vibrations or buckling of a plate, we shall
obtain homogeneous integral equations in which the frequency of free
vibrations or the buckling force appears as a parameter.
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