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SOME PROBLEMS OF STRUCTURAL ANALYSIS OF PLATES
WITH MIXED BOUNDARY CONDITIONS

SYLWESTER KALISKI and WITOLD NOWACKI
(WARSZAWA)

Introduction

During the last few years, there has been apparent a growing interest
in problems of structural analysis of plates with mixed (discontinuous)
boundary conditions. These problems can be solved in many ways: by
reducing the problem to the solution of a system of Fredholm
integral equations of the first kind, [1], [2], by methods of analytic
functions, [3], [4], or directly by integrating the differential equation of
structural analysis of plates, [5]. In the present paper, the problem of
structural analysis of plates is stated in a more general way, considering
elastic clamping and elastic support along the boundary and inside the
region of the plate. The solution of the problem is reduced to a system of
Fredholm equations of the second kind which in certain particular
‘cases become Fredholm equations of the first kind. In Secs. 1 and
2 certain concrete solutions for rectangular plates are reviewed.

i. General Statement of the Problem

Consider a plate elastically clamped and elastically supported along
n segments s, * = 1, 2, ..., n, of the boundary, and simply supported or
free along the remaining segments. Let the external load p be distributed
in an arbitrary way over the plate.

Denote by M, (S;), r =1, 2, ..., n, the moments of elastic clamping of
the plate along the segments s. of the boundary, and by R.(S),
T =1, 2, ..., n, the elastic reaction forces along these segments.

If weputp=0, M,=0and R, =0, r=1,2,..,n, we are concerned
with an unloaded plate with the segments s, free. This plate will be called
the basic system, for which kinematic invariability is required.

Let the basic system be subjected to the external load only. Denote
by w, (P) the deflection at the point P of the basic system, due to
this load.
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Let the concentrated unit force R, (S;) = 1 now act at the point S, of
the edge s, in the basic system. The deflection at the point P of the basic
system due to this force will be denoted by K. (P,sS;). Similarly, the
deflection at the point P of the basic
system due to the action of the concentrat-
ed unit moment M, (S,) = 1 at the point
S, of the edge s. will be denoted by
G, (P, S;). The vector of the moment is
directed tangentially to the edge. We
assume that the function w, (P), K, (P, S,)
and G, (P, S;) can be determined in the
basic system.

Summing up the influences of the ex-
ternal load, the moments of elastic clamp-
ing M, and the elastic support R, we
obtain the deflection at the point P of the
plate with mixed boundary conditions in
Fig. 1 the form of the integral expression

r=n

(11) wP) =w,(P)+ Y [[R-(S) K/(P,S))+ M:(S) G, (P, S))] ds:-

r=1 S

The mixed functions R, (S;) and M, (S,) appearing in the relation (1.I)
are to be obtained by considering the boundary conditions for the
segments s; of the boundary.

These boundary conditions are

(1.2) w(s) =“’;17Rf (S),
(f=1,2, ... n)
aw(S'-)_ L prfiv
(1.3) -—a;;’—-———r:M; (S7),

The first condition expresses the proportionate relation of the deflect-
ion of the point Sj of the segment s; to the elastic reaction fore R;(S})
at that point. The proportionate relation coefficient is Winklers
constant k;. :

The second condition expresses the relation between the moment
M;(Sj) and the derivative of the deflection function in the direction of
the normal n; at the point S of the segment s;. The proportionate relation
coefficient is the constant of elastic clamping 7;.

Performing on the expression (1.1) the operations indicated in the
Egs. (1.2) and (1.3), and moving the point P inside the region of the plate
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to coincide with the point S; of the segment s; of the boundary, we obtain
the system of Fredholm equations of the second kind

R; (S] . )
— fk(j f)= w, (S7) + .-; sf [Rr (Sr) Kr(Sj,S,-)-J-M,(Sr) G_,(S}‘ Sr)] ds,,
(1.4) g
M;(S) 0w, (S) K, (S), S,
M _de, 5 J[pos) 28
+Mr (S!}aGr (S—_—'“Sr)] Sr
(1=1,2,..,m). P

Solving this system, we obtain the functions R, (S,) and M, (S,), which,
substituted in the relatlon (1.1), enable us to determine the deflection
w (P).

In the particular case where k;=co and r=0c0, 1=1,2,..,m, we
. obtain a plate rigidly clamped along the segments s; of the boundary. It
is evident that in this case the system (1.4) becomes a system of Fr e d-
h ol m equations of the first kind.

If rj=co, j=1, 2, ..,n, we obtain the case in which the segments s;
are elastically supported and the functions dw/dn; are equal to zero.

The system (1.4) becomes a system of mixed integral equations of the
first and the second kind.

In the case of kj=o00, j=1,2,..,n, we are concerned with a plate
elastically clamped and having rigid supports along the segments s;.

This case can be reduced to a more simple system of integral equations
if we take as basic another system in which the plate is simply supported
along the segments s,, 1= 1,2,..,n. If we denote the deflection at the
point P of the basic system due to the action of external load by w,(P)
and the deflection in the basic system due to the action of the concen-
trated unit moment M,(S,) =1 at the point S, of the edge s, — by
G. (P, S,), the deflection at the point P of a plate with mixed boundary
conditions' will be expressed as

(1.5) | w(P)=Eu(P)+j [ M. G, (P,5)) ds.

From the boundary conditions (1.3) for the segments s;, we obtain the
" systemof Fredholm equationsof the second kind

_.ﬁ_{j_@ln aEO(Sj)+ Z er(S )(}Gr (S;,Sr)d s

[1'6) Ty 0 n; F=1 5

(1=1,2,., n).
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For ry=o00, j=1,2,..,n, ie. in the case of rigid clamping along the
segments s; of the boundary, this system becomes a system of F r e'd-
holm equations of the first kind.

Let us return, now, to the system of equations (1.4) and consider two
limit cases:

(a) Let us disregard the elastic clamping along the segments s;. Then,
with M;=0, j=1,2,..,n, the unknown functions R, (S;) will be de-
termined from the system of equations,

r=n

(L.7) —E%S—’):wn )+ 2 J RS K (5,5 dx

(=1,2,...,m).

(b) Let us disregard the elastic support along the segments s;. Then
with R; =0, j = 1, 2, .., n, we have

o M(S) _ 0w(S) N [y 0Gr(S},SH)
(]"8) 7 = d‘nj + ; s_{ M, - —-a___ﬂj dsr

(1=1,2,..,,m).

Our considerations can easily be generalized to the case of a plate
elastically clamped and supported along the segments s;, §=1,2,..,mn,
elastically supported along the seg-
ments l;,i = 1, 2, ..., p, and elastically
clamped along the segments m,,
r=1, 2, .., t, of the boundary.

The system of equations (1.4) will
also be valid in the case in which
clamped and supported edges s; are
not parts of the boundary but are
located inside the region of the plate.
Finally, our considerations can be
generalized to plates elastically
clamped and supported along seg-
ments constituting parts of the

Fig. 2 boundary and along segments locat-
ed inside the region of the plate.

Another problem of practical importance can also be reduced to in-
tegral equations.

Let a plate, supported in any way on the boundary, have additional

supports over the regions 2,,0,,..,Q, constituting parts of the region
0 of the plate.
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The deflection of the plate will be determined by

r=p

(1.9) w(P)=1w,(P)+ O, [[ R.(S)K:(P,S,)d 0.

r=1 0.

In this relation, w, (P) denotes the deflection of the basic system (for
which the plate supported on the boundary only is assumed), due to the
action of the external load p, and K, (P, S,) — the deflection at the point
P of the basic system due to the action of the concentrated force
R. (S;) = 1 at the point S, of the region ,. We assume that the quan-
tities w, (P) and K, (P, S;) can be determined in the basic system. -

The unknown functions R, will be determined using the boundary
conditions for the regions 2;, = 1,2, .., p:

(1.10) w(s)—— (G=1,2 .. D),

where an elastic foundation of the Wink1ler type has been assumed.
Moving the point P to coincide with the point S; of the region 2, we
obtain from the relation (1.9) and bearing in mind (1.10), the system of
integral equations:

(1.11) —&ésﬂ: wo(S)+ O [[ R (S)K.(S],8,)ds:.
r=1 .Qr

This isa system of Fredh olm equations of the second kind. Let
us observe that for k; = o0, j = 1,2, ..., p, the system of equations (1.11)
has no solution, the functions R; (S;) and w(S;) being in this case equal
to zero over the regions Q;. The solution must be sought in another way.
The plate should be treated as a multiply-connected region rigidly
clamped along the boundary of the region Q;, j =1, 2, ..., p. Unknown
functions representing the moments M;(S;) will appear along these
boundaries. These moments will be found from the system of integral
equations (1.6), in which we should put r;=o00, n = k, and in which the
basic system is represented by the same plate supported on the external
boundary and simply supported on the boundaries of the regions ;.

Some concrete problems of structural analysis of rectangular plates
will be based on these general statements. Our considerations will be
confined to two groups of problems, the first concerning plates with
rigid supports and discontinuous boundary conditions, the second —
plates elastically clamped and supported along certain segments and
elastically supported over certain regions.
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2. Rectangular Plates with Rigid Supports

We confine our considerations to rectangular plates with mixed boun-
dary conditions at one edge only. The Fredholm equations of the
first kind will be derived in a manner differing from that in the first
section of this paper. Thus, the advantages of a proper choice of basic
systems will be seen more clearly.

Consider a rectangular plate loaded in any way. Let there be two

continuous boundary conditions at

; 2 e ! each of the edges x* =10, ax = a and
Do) =10 [ © 4y = b, and let the boundary conditions
“lofol=o // E at the edge y = 0 be homogeneous and
| expressed by
//, | o ’
Lywfeo)=0 / | (21) Dyw(x,0)=0, D,w(x,0)=0,
Lywixo)=0 I )
1 for the interval (0, ¢), and :
v d b _ (2.2) Lyw(x,00=0, Ly,w(x,0)=0,
X2 for the interval (c, a), where D,,D,, L,
Fig. 3 and L, denote continuous linear diffe-

rential operators.

D, w (x,0) and D;w (x, 0) are unknown functions in the interval (c, a)
and L, w{(x,0) and L,w(x,0) — unknown functions in the interval
(0, ¢).

Let us take as basic the system in which the boundary conditions for
the edge y = 0, both in the interval (0,c) and (c, a), are L, w (x,0) = 0
and L, w (x, 0) = 0.

Let the deflection surface in such a basic system due to the external
load be denoted by w,(x,y). Let now the boundary condition for
L, w (x, 0) in the basic system, be such that L, w (x, 0) is equal to zero
over the interval (0, @), except at the pomt (§,0), 0<é<ec, where
L,w (& 0) = 1.

This state will provoke a deflection of the plate, denoted by
G (x,y; & 0).

Similarly for L, w (¢, 0) = 1 at the point (£, 0) and L, w (x, 0) = 0 for
x = f we obtain the deflection surface of the plate denoted by G.(x, y; &,0).

The deflection of a plate with a discontinuous boundary condition for
the interval (0, @) will be deseribed by the integral relation

(2.3)  wzy)=w,(2,9) + [ Liw( 0 G, (x,y; & 0)d &+
0

+ [ Low (& 0)G, (2, y; 6, 0) d .
(1]



Some Problems of Structural Analysis 419

The integrals appearing in this relation express the influences on
plate deflection of the unknown functions L, w and L,w in the interval (0, c).

Since the Eqgs. (2.1) express the boundary conditions for the interval
(0, c), we obtain, performing the operations D, and D, on the relation (2.3)
and moving the point (x,y) to the edge of the plate, the system of
integral equations

D, w(=, 0) = D, w, (z, 0) + [ Lyw(£ 0) D, G, (x,0; & 0)d & +
0
(2.4) + [ Lyw(,0) D, Gy (x, 0;£,0)dE =0,
0
D, w(, 0) = Dy w, (z,0) + [ L, w (& 0)D, G, (x, 0;€,0)d & +
0

+ [ Lyw(& 0) D, G, (x, 0, 0)d &,
1]

where 0=&6=¢c, 0=x<ec.

We have thus obtained a system of two Fredholm equations of
the first kind, In these equations we have, according to the theorem of
E. Betti

D, G,w(x,0; & 0) = D, G, w(x,0; £ 0).

The basic system can also be chosen in another way, with
D,w (x, 0) = 0 and D,w (x, 0) = 0 as boundary conditions for the edge
y=0. *

If, in this system, w, (x, y) denotes the deflection due to the external
load, N, (x, y; & 0) — the deflection due to the non-homogeneous bound-
ary condition L; w (x,0) = 1 for § = x and L,w (x, 0) = 0 for x % & and
N, (z,y; &0) — the deflection due to the non-homogeneous boundary
condition, L,w (x, 0) = 1 for x =§ and L,w (x, 0) = 0 for &£ x, then the
deflection of the plate with discontinuous boundary conditions for the
edge y = 0 will be expressed by

(2.5)  w(x,y) =1, (x, ) + | Dy w(& 0N, (x,y; £ 0)d &+

.+ Dyw(E 0 Na(m ;& 0)de
5 4 4
Performing the operations L, and L, on the relation (2,5), and moving
the point (x, y) to the edge y = 0 of the plate, we obtain the system of
integral equations:
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(L w[;r,U)—-Llwo-TO)'!'fD:w(f 0)L, N, (x,0;£,0)d & +

I |
(2.6) +_fD2w(§,0)L1Ng(:c,0;5,0}d5=0,

I . °

| Lyw(x,0) =Ly, (z,0) + [Dyw( 0) Ly N, (x, 0;£,0)d £ +

£ fD‘. (€,0) L, N, (x, 0; €, 0) d £,

c<é=q, l=x=a,
where i
L, N, (x, 0; &, 0) =L, N, (x, 0; 0).

Solving the system (2.4), we obtain the functions L,w(&, 0) and
L.w(&, 0), which substituted in the relation (2.3) enable us to determine
the deflection of the plate w (x, %) having discontinuous boundary condi-
tions at the edge y = 0. Similarly, solving the system of integral
equations (2.6), we obtain the functions D,w(§0) and D,w (£ 0). The
knowledge of these functions enables us to determine the deflection of
the plate w (x, y) from the Eq. (2.5).

In a case where the boundary conditions D,w (x, 0) and L,w (x, 0) are
identical, the system of integral equations reduces to the equation

(27)  Dyw(x,0)=D,w, (@, y) + [ L,w(£0) D, G, (x,0;£,0)dé =
0

Similarly the system of equations (2.6) reduces to

(28) L yw(z,0)=L,®,(z,0) + [Dyw(§0) L, N, (x, 0;¢,0) dé.

Our considerations were confined to the solution for a plate having
different boundary conditions over two segments of an edge. There is
no difficulty in gemeralizing the above considerations to any number of
segments. This can be done for one or more edges.

Returning to the system (2.4), let us rewrite it in a slightly different
form:

le (&) Ky (z, E)d'f‘f'fxs(f) Ky (x,8)dé =1 (),
(2.9) lJlr 0 .

.,f X (8) Koy (2,5 AE + [ X, (&) Ky (z, ) d & =, ().
Q
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The solution of this system of integral equations can be reduced to
that of an infinite number of equations in which the unknowns are the
Fourier coefficients for the functions X, (§) and X, ().

Let us assume any set of functions g« (x), a=1,2, ..., co, complete and
orthogonal over the interval (0, ¢), and an arbitrary set of functions g (&),
f=1,2,.. 00, complete and orthogonal over the interval (0, a). Let us
assume that the functions X, (¢) and X, (&) can be expanded in a series
with respect to the functions wy, [6]:

X0 =D Xipp®, X (=D Xoppal®),
=1 ; =1

where
[

Xip=[ X, Op@ds,  Xop=[ X @y dt.
. 0 0

Let us multiply the system (2.1) by g@«(x) and integrate it with respect
to x over the interval (0,a). We thus obtain an infinite system of
equations: '

,9;1 (X, ) + X, jal) =1, |
(2'10) (a = 1! 2)‘-") CO})

| 2 et Xl =5,
where

| l ali) = t]'f ga (@) of Ke(@,8) pp(9)d €] dz (,j=1,2),
(2.11)

fa.i= [ gu(®) fi (x) da G=1.2).
0

The reduction of the system of integral equations (2.9) to the infinite
number of equations for the Fourier coefficients of the functions
X, (&) and X, (&), can also be done in another way which in our case will
prove to be more convenient. Let us take only one complete set of
functions orthogonal over the interval (0,c), and let us expand the
functions X, and X, in a series with respect to these functions:

X, 6= D Yiape®,  Xa®= D) Yarpq(®),
p=1 p=1

where

Yip= [ X, (Ogp(@)dé,  Yop= nf X, () g(&)d &,
0
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Let us multiply the system of equations (2.9) by ¢« (x), and integrate
with respect to x in the interval (0, a). We thus obtain the infinite system
of equations:

s

2 (Yl.ﬂ' bﬂéu i Yz.ﬂ bg,ég}) = fi,ar

{2.12) (a==1,;2,.:;00),
Z (v, B bf{il} +7,, 8 bgﬁm) = fo.ar
=1

where

b) = [ (@) [ [ K (@, &) 99 (§) d ] da (,j=1,2),
(2.13) ’ ?

fira= [ gu (@) fi () d (i=1,2).
0

This method of solution of the system of equations (2.9) will be applied
‘to certain simple cases of bending of a rectangular plate with discontinuous
boundary conditions at one edge of the plate.

A. Consider a rectangular plate simply supported on the edges x = 0,
x = a and y = b, rigidly fixed along the segment (0, ¢) of the edge y = 0
and simply supported along the segment (c, a) of that edge. Let the plate
be subjected to a uniform:load p. The boundary conditions are: for the
edges x = 0, x = a and y = 0, we have w = 0 and j*w = 0; for the edge
y=0, over the interval (0, ¢), we have

ow(z,0 _

DIT.U(-'):,D)= ay——- 0

and

D, w(x,0) = w (x, 0) = 0.
Piw=0
For the edge y = 0, over the in-

terval (c, a), we have

- 2
2 - L,w(x,0)=-—N§—%$’o)=0
Ix.¢ + and ' |
Fig, 4 : Low(x, 0) =w/(x,0)=0.

‘Since in the intervals (0, ¢) and (¢, @) w(zx, 0)=0, the system of equations
(2.4) reduces to the unique Eq. (2.7) which we rewrite as

dawy(x,0) . [ . 0G:(x,0:¢0)

(2.14 _— oo Mot Pook fi i 4 =

(2.14) el LR S
) 0

I<<é<g, 0<i<a
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where

0*w (£, 0)

a
D1=a_y: Llw(510)=-—N aya

=M (&

is the clamping moment of the plate along the segment (0,c); G,(x, y; &, 0)
— the deflection due to the action of the concentrated moment at the
point (&,0) of the segment (0,c) in the basic system (a plate simply
supported on all edges); w,(x, y) — the deflection in the basic system,
due to the load p.

Using the known solutions for w, and G, [7]:

An
o (X, Y) = n—;: [1 —coshany -+ ( ————-—2 ok in)
(2.15) X tgh —smh an y—l— 5 Y (smh any — tgh % cosh an y)] sina, x,

] A _1_ i sin Un 5 4 -
Gy(x,y;£0) = Na u=§... 7"?& oh T [a,; ycosh ap (b— 1)

sinhany| .
An pre=n ln] sin a, x,

we can rewrite the Eq. (2.14) in the form

(2.16) M@K &dé=F()
]

where

oo

- K(x, &)= Z%:Sinauésinanm, flx)=—2p Z isman:.c,

n=1 n=1,3,.
An
j—ﬂ /L; 2
Qu=ctghlp————5+, Fp=1tgh——
. sinh®2, 2 cosh % An

For the set of orthogonal functions, we take the trigonometric func-
tions

(x)= —E—sin Ll
PN W ¢

(6=1,2,..,00, 0<x<eo).

Arch. Mech. Stos. — 3
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Multiplying the Eq. (2.16) by g« (), integrating from 0 to ¢, and assuming
that M (&) can be represented by the trigonometric series

ME= 3 Mpsm 222 0<é<o,

f=1

we obtain; after the operations indicated, the infinite system of equations

(2.17) Y Mybus =1 (a=1,2,..,09),
p=1 :

where

L M
=a sSin® —— )y
2

bup=af cosamcosfn Z

PR e Iy D

ca Sin;n_nF
__ 2pa® 0. " a
S S TP L |

Observe that in Ithe case of ¢ = a, i.e. for continuous boundary con-
ditions along the edge y = 0 of the plate, the system of equations (2.17)
will take the simplified form

A
baa=:fu,
_ Qua®
“ 4an’
u:ﬂ,"'
-f“___p qa,i; (ﬂ—1,3, ,OO)
i
My=—2P8 N _Fa_, nET
Fig. 5 T T, @un

and for b—co, i.e. for a semi-infinite strip rigidly fixed at the edge
y = 0, we have '

(2.19) M(x)=—2P% sinanx __p..
( 31,‘,3 n..__%;_" n D) (a.r X )

according to the known result, [8].

‘ Cons.id‘er a more general case — a system of two rectangular plates
(Fig. 5) joined over the rigid support AB. Let these plates be simply sup-
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ported on their boundanies and let the plate I be loaded by a load
p = const. The boundary conditions at the edge y = 0 of the plate I are
discontinuous. In the interval (0, ¢) we have w;(x, 0) = 0, wy(x, 0) = 0.and
0wy (x,0)/0 y + 0wy (x,0)/0y, =0, and in the interval (c,a) w(x,0) =0,
my(x,0)=—N 0%w(x,0)/0y*=0. The reaction moment —N 0w, (x,0)/0y*=
=-—N0*wy(x, 0)/0 y?= M (x) in the interval (0, c) is taken as the unknown
function of the problem.

'The integral equation of the problem will take the form

(2.20) fM(E) [6 Gy,1(x, 0; &, O)Lf- 0 Gi,n(z, 0; ¢, 0)]d£ n Qwo,1(x,0) _ 0,
. : |

dy dy, oy
wher.e '
.___a Gi‘I (;’.";;0, 5_’0_) = Z sin an Esm an T,
Qn1=ctgh 1 —i— =anbh,
A T Sinh® Ay ! A== a2,
0Gy,n(x,0;¢,0) 1 YV Q. ;
e —sinfimés T,
(2.20.1) 0y, Nyc & fm Bm & sin fim
j — AL =7 = :
. Qmu= Ctgh HUm sinht F-m, ﬁm % Hm ﬂm bn
An
0 wo,x(x,0) _ 2 p i A 2
oy Z; —a 'sinazx, Fn1=1gh 5 — e
n cosh —
2
We take the following set of orthogonal functions:
Pa (x) = Esnm (a=1,2,..,00),
7 ¢

Then the Eq. (2.20) is multiplied and integrated from 0 to c. The function
M (&) is expanded in the series

M(§) = ZMpSI [ §
p=1
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As a result, we obtain the infinite system of equations

L

(221) acosaxn Z Mgp cospa 2
fi=1

it n(nt—g?a’)(n' — 0 %)

. N
o Fni1 sm?

N, #* Ma@Qaun_ _ 2pa® e
Ni¢ R L
"
(a-l,2,...,oo, Q—~—C—)

In the particular case of N,— oo, we obtain the rigid clamping of the
plate I over the interval (0, c). The system of equations (1.21) reduces to
the system (1.17).

Finally, in the particular case ¢ = a, the system of equations (1.21)
leads to the simple relations

(2.22) M.,=—‘-1J—’ Fe (a=1,8,;..;;c2),

. aﬁ(Qa.: 1 Qa.n%-;)'

from which it follows

M(:r)-—-—-—é-g N Fusinagx .
@ 3. al (Qn 1+ Qun )
N,

For b—co and b, — oo, we obtain the simple expression for M ()

(2-23) M (3_‘,‘) ——pp— ____%_Eﬁ__ Slnuc;,,.r - p N
14 21| r=1.8... n N,
a( + Ng) 2(1+ Na)

We propose to describe another way leading to the system of equa-
tions (2.21).

Let us cut the system of two plates (Fig. 5) along the line AB to obtain

two plates I and II simply supported on all edges. The plate I is subjected
to the load p and the moment

(ax—x?).

M (&)= Z Apsin(nzé/a)

m=1

in the interval (0, c).
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The plate II is subjected to the moment

X . mané
M(S]—ZMn.sm ==

m=1

The derivative 0wy (a: 0)/0y of the plate I is determined by

awl(mlo) Fn‘i . AnQn[
0y N, n=13,. 2N|H—§ | Gn BB

For the plate IT we have snmlarly

Qwy(z,00 1 N MuQmu .
ay B 2N9 m=1,2,... ﬂm = ﬂ’" =
In the interval (0,c¢), the continuity condition 0wy (x, 0)/0y +
+ 0wy (x,0)/0y, = 0 should be satisfied. This condition will be satisfied
if the coefficients sina,a appearing in the expression for dw(x,0)/0y
are developed in series with respect to sin fn x:

oo

si.na,,a:=20,,,msinﬂm.r for =sz==ic,

m=1
where
pmcos fme

2 B2
y ﬁm

The continuity condition leads, therefore, to the relation

AL
ﬂn)m = "E'Sin anC

(2.24) AnQn] an, m_{_&MQO m__ 4p 2 a

n=1,2,. ‘Nﬁ ﬁ"‘ n=1,8,.
(m=1,2,..,c0).

O'bser\}e that

(2.25) M(x)= D, Ansinanz= ), MnSinpna.
n=1 : m=1

Expanding the moment M (x) in the F ourier series, it should
be remembered that M = 0 in the interval (c, a).
This will be taken into consideration by expanding the function

& () {sinﬁmm for I<x<ec,
)=
( for c=m<qa,

with respect to sin an .
We have

@(m) == 2 bn,msin On X,

n=1
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where
2 = sin a, ¢
ba.m=-—Pm sin fmc 3 Tl
. c aﬂ =t m

Substituting @ (x) in the Eq. (2.25), we obtain

(2.26) An= ), ba.nMs.
a=1

Introducing 4, in the Eq. (2.24), and changing the subscript m into «,
we obtain, after some simple transformations, the system of equations
(2.21). The method described avoids the use of the integral equation

shifting the solution to the domain

7 > 2 of differential equations; it is an
_ %y/ extension of W. Basile-
7 ? s witsech’s method, [9], for prob-

// lems of torsion of bars, to problems
! connected with the biharmonic equa-

a-c

] tion.

In¢ B. Consider a semi-infinite strip
simply supported on the edges x = 0
and x = a, rigidly fixed along the
segment (0, ¢) of the edge y = 0, and free along the segment (c, a) of the
same edge. Let the plate be subjected to a uniform load p. The boundary
conditions then are

Fig. 6

at the edges x=10 and 2 =a: w=0, P2w=0,

in the. interval (0,¢): D,w(x, 0) =w(x,0)=0, D,w(x,0)= awa(:; 0)__ 0,
2
in the interval (c, a): Lyw(x,0)=—N {C;ytg L gs;',]y:o:: )

5wy #w A w y =
Lyw(x,0)= | N[dy’ +(2——v)a-§3—£§]y=o———0.

If R(¢) denotes the unknown reaction force and M(£) the reaction moment
in the interval (0, ¢), the system of equation (2.4) takes the form

wo (2, 0) +nfR(5)Gl (2,0, £,0) & + [ M(8) G, (x, 0; & 0)d £ =0, -
0 =

(2.27) .
d G2 (xr 0: 8! 0)

dw,(x,0) | o . 0G,(x,0; £ 0)
Oy 0y de=q,

— +ofR_($) - d E+-6fM(£)
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where G, (x,y; ¢, 0) is the deflection surface of the basic system (the plate
simply supported along the edges x = 0 and = a the edge y = 0 remain-
ing free) due to the concentrated force R = 1 acting at.the point (&, 0) of
the interval (0, ¢). G,(x,y; & 0) denotes the deflection of the basic system
‘due to the concentrated bending moment M = 1 at the point (¢, 0) of the
edge. Finally w,(x, y) denotes the deflection of the basic system due to
the load p.
These functions have the form, [2]:

Gl (I', Y Es 0) =
—ty ) -
‘IN(l—v)(3+v)Eea [ ”“”y]Sin“ﬂfSinﬂnx,
(2.28) G, (x,9; £,0) =
L= —'ﬂny : ‘
T aN( —?;') (349 Z : ol [1+2»—(1—7»)anylsinaésinanz,
n=1 n
w, (2, y) = 2 [ 3_7_ % (ii:— n y) e‘“ﬂ"] sin ax x.
n=1,3

Introducing these functions in the Eq. (2.27) we have

=

IR(E)( > %smanfsmanx)dsu
0 n=1.2,...n
1+va ( v 1 ) -
= E'fl"/I(E Zn sinapésinapx|dé=

n=1
1= i
—) —sina, x,
n=1.3,.. Tt

(1+ ?)ﬂfR(f) (2 lsSIHGnESlnanI)d‘s—{_

n=1 n

(2:29)

I

=2 ]

(3
Ll 1 ; 2pa» 1.
+?oj MG)(Z ;Smﬂmésmaul‘)df= = ﬂzé’“"?sman:c.

n=1

These integral equations can"be reduced to an infinite system of equations
the unknowns in which are the Fourier coefficients Rg and Mj for
the functions R (&) and M(&): -

" o
R()= Y Rysin£2%, M($)=£Mp,51n i

g=1
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We have:
P (R, b0 + M, bgﬁz.—}) =1,
(2.30) y (a=1,2,...,00),
‘,Z; (R, b + M, b&Y) =1, .
where
= sin? .

bll:) = af cos azm cos Z

n=18.i: n® (n — g% a®) (n*— ¢° £’

1,2) — pl2.1) —
by = b0 =

. g M7
1+ j i
=————— gficosam COSfin
2 p w0 (n®— g% d®) (n*—@* $?)
- sin? "2
(2.31) n? 0 -
b:% = — aqf cos amcos fn : — - .
= Gabesancostn O S F A=)
. nw
pa oo sm?
=—*~—(3—v)acosa —
.fl.a :'IQ( ) u:é‘.... n*" (na_gs az):
oo Sinn_n
2

pwacosa Z g

fz. g, e ey
: s, W (0 —o" %)

In the particiilar case of simple support over the interval (0, c), the
clamping moments vanish and, for the determination of Rg, we have

"

(2.32) g RbUI=F (@=1,2,...,00).

- If the plate is clamped in the interval (0, ¢) in such a way that the
reaction force R (£) vanishes, we obtain the system

233 ‘gMﬁbffL—..jm __ (@a=1,2, ..., 00).

This case will be realized in the example of an iaﬁfinite strip (Fig. )
having a slot along the y = 0 axis and subjected to a uniform load p. The
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shearing forces on the axis of symmetry y = 0 vanish, and the moments
M (&) .in the interval (0, ¢) are still present.

In the case of b—oco (Q,—1, F,— 1), the system of equations (2.33) is
identical (including-the constant) with the system (2.17).

C. Consider a rectangular plate simply supported on the boundary and
having an additional rigid support AB (Fig. 8). Let the plate be subjected
to a uniform load p. The same plate simply supported on the boundary
will be taken as the basic system. Denoting by w,(x, y) the deflection of
the plate due to the load .p in the basic system: by G,(x, y; & 0) — the
deflection in the basic system due to the action of the force R = 1 at the
point (& 0); and by R (¢) the reaction force in the interval (0, ¢) accord-
ing to Fig. 8 — we have from the boundary condition w (x,0) in the
interval (0, ¢), the integral equation

(234)  [R(®Gy(x,0,¢ 0)dé+
.0

+ w, (2, 0) = 0.

Expanding R(¢) in the Fourier
series,

paé

c ?

R(&) = Z Rgsin
=1

multiplying (2.34) by sin(ezx/c), and
integrating over the interval (0, c),
we obtain the system of equations

(2.35) Z Rp bag=fa : ‘d
Pt x4
(a=1,2,...,00). Fig. 8

In the particular case where an infinite strip is simply supported on
the edges = 0 and = = q, and has an additional support along the seg-
ment ¢, the whole of the plate area being subjected to the lodd p, we have

]

4 sina, x
w, (x, 9) = wy (@) = 5 P (2 — 2aa® +a3x)=ﬁ1;.n2_: Huoes,

G, (x,y;¢0)= L 2 %(1 + a,y)e“nYsina, ésinap x, for y=>0.
Py age n o
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The system of equations (2.35) takes the form

. ogN
(2 36) = e . sin _0_
acos an ﬁ; Rgp cosfm u=12,f:. I (mf—ta?) (N —?p%)
.. N
8pa . "9_
— B (a=1;2;..,00)
P ﬂCOSﬂEnéggu'naﬁﬁ__g_ﬂﬁ }

This is identical (with the accuracy to the constant) with the system
(2.32). .

For a rigid support over the interval (0,a) we have the system of
equations:

16 pa
Hia= nla?’
(2.37) sin 27%
16pa a
R(I)==*——?£L- e

a=1,8; a

. D. Consider the deformation of a semi-infinite strip simply supported
on all edges, provoked by a deformation of the edge y = 0. Let this edge
be rotated through 0w (x,0)/0y=h(x), where h (z) is a given function.

With no external load, we obtain from (2.7) the integral equation

w(z, 0)

0G; (x,0;£0) ., 0
3y 45T oy

238) [ M) —=h(x), 0<z, é<a,
- 0
or

'JM{E) 21 sin ay ismaigdé'—-ﬂuNh(x).
n=1 t

Solving this equation, we have, similarly to the foregoing case,
Mﬂ =2 N Un bn 4
where b,’are the Fourier coefficients for the function h (x).

The fixing moment on the line y = 0 will, therefore, take the form

(239 M(z)=2N D' aybssina,a.

n=12,.,
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If the rotation-of the edge is such that

Py for 0{x<%,
h(x)= a
po(a—x) for 5 <z<a,

we have (bearing in mind that

., M7
4a = sin—
h(x) = —-—“—._,% 2 ——5—Sina, x):
T a=13,.. T

M(x) e e i ———
or
nx
1—sin —
2
M(x)=— lp"Nln :x.
1+sin &-

For  =a/2 we obtain a discontinuity of the logarithmic type of the func-
tion M (x). Consider a semi-infinite strip having a free edge along the
line y = 0. Let us deform the edge y = 0 so that w (x, 0) = g (x) becomes
a known function. The integral equation of the problem has the form
a )
. 3 1—
(2.40) f R (6)(2 — sina, & sin aum)dE = ol +;) (=9 g(x)
0

1
n=1 n

0<<z; E<a.

If s, denotes the Fourier coefficients for the function g (z) in
the interval (0, a), the solution of the integral equation is reduced to

(2.41) R(x) =), Rasinan,
) : . n=i
where
R.tr = N (1 -_2:23(3 + v) u's ai SJI L

It is seen that to secure the convergence of the series (2.41), the co-
efficients s, should contain a factor equal to 1/a} at least.
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3, Rectangular Plates with Discontinuous Elastic Supports and Resting
on a Discontinuous Elastic Foundation

In this section we propose to confine ourselves to the most simple
cases of discontinuous elastic supports along a single edge only.

Consider a rectangular plate simply supported at the edges x = 0,
x =a and y = b and free in the interval (c, a) (Fig. 9). Let this plate be
elastically clamped and supported in the interval (0, ¢) of the edge y = 0.

The problem reduces to the solution of the system of two equations
(1.4) which will be rewritten here in a somewhat different form, taking
the opposite directions of R and M:

R(z)=kw,(@)—k [ RE)K(z,ddé—L [ M(2) G (z,&d¢,
0

(3.1) . :
M) =rgo(@)—r [ REN (@ dé—r [ M(&H (z,8)d¢,
0 0
e e ; where
[ v Nz BZ[OK(:C,@;;;‘,O)]
ol % |F a y =0 i
| -
i | o __[9G(x,y;¢,0)
: | _ [6 w,(z, y)]
| Py = s
_____ et 0y |,
' - This can be reduced to one Fredholm
T ¢ equation of the second kind:
Fig. 9 - i :
(32) @@ =2 L(x,§®(&)dé+F(z),
where ’
R (x) for I=x<e,
M(x—c) for c=x<<2c,
kw,(x) for I=x<ug,
F(x) =:
T, (x) for c=x<<2c
and

(—kK(z,f) for 0=x<e, 0=¢&<c,

—kG(z,&) for 0=zx<ec, = :

(33.2) AL(x,8)= : e=n  sEe=ly
—rN(xé) for c=x<2c, 0=&<e,

—rH(x,§) for c=x<2¢ 0=é<2c,
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A being a constant. We can apply the iteration method to the Eq. (3.2)
and, to find the function @ (&) with the required degree of accuracy,
estimate the errors of the successive approximations. The kernels K, G
and N are bounded and the kernel H satisfies the integrability condition

(3.4) _ [B (@, 8 ae<c.
0

Solving the system (3.1) or the equations (3.2) we shall assume the more
weak condition (3.4) for the estimation of errors. The following condition
should, therefore, be assumed for [4]:

(3.5) A= . ;

2¢ 2¢

[ L% (x,&)dxdE
00

For A satisfying the condition (3.5), we can construct a resolving kernel
for the Eq. (3.2) and estimate the absolute error from, [10],

[Aiﬁ‘}-l?f
1—[A[B’

(3.6) 8=DYyC

where
2c 2¢c 2c

2c
C>[L(x,8)ds,  B=[ [L*(z,&)dzds  D*=[F*(z)dwx.
0 00 0

The solution of the integral equation (3.2) takes the form

(3.7) O@)=F(x)+ D " [ Ln(x, O F@)d¢
m=1 0

where L, (x, £) denotes the m-th iterated kernel. @ (x), being known, it
is easy to find the functions R (x) and M (x) from the relations (3.3.1).
The solution takes a particularly simple form in cases where the plate
is only elastically supported in the interval (0, ¢) of the edge y = 0. The
system of equations (3.1) reduces then to the unique integral equation

R (2)=kw, () —k [ RO K (x, ) d¢,
0
or ‘ .
38  R@=kw @+ i REOK @ §dE,
0
where

K*(x, &) =— L;—K(:r, £).
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The function K* (x, £) has, by rejecting the constants, been obtained from:
K (z,§).

Denoting by K (x,£) the m-th iterated kernel, the solution of the Eq
(3.8) can be written as

(3.9) R(x) =k, @ + 3 & f K (@, 8 d&.

m=1

The function kw,(x) << D being, in our examples, bounded and the kernel -
K*(z, £) < B continuous and bounded, the interval of convergence of the;
parameter 1 is determined by

(3.10) RS

and the maximum value of the error after the n-th iteration is

_ - ' | A2+ (Beyr+
(3.11) =D 1—|2|Be

1f the plate is only elastically clamped in the interval (0, c) of the edge-
y = 0, the system (3.1) reduces to the equation

(3.12) M(x) =rpo(x) +2 f M (&) H* (x, &) d &,
; 0 4
where
H* (2,8) = — 7" H(x, ).
The integral : . .
Jlegy(@)]*<D

being limited and the kernel — in the examples which will be treated
below — hounded, '

o,
[H*2(z,8)a¢<c,.
0

By denoting

f fH*z (@, &)dxdé = B,

we can determine the interval of convergence of the parameter A from
the formula

(3.13) ' = 713_
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and the maximum value of the absolute error for the n-th approximation
from the equation :

: ._ “—IA:’H—]B"
(3.14) =D V_g i—AB"

The equation (3.12) will.also be valid in cases where the edge y = 0 is
simply supported along the segment (0,a) and has an additional elastic
clamping along the segment (0, c).

The basic system in this case will . _ . M

be, however, the plate simply _f; }’t}_:; : hjﬁ_ﬁy\f \,'-_'\'"f_{
supported along the segment. (0, a) lﬁiwl |
of the edge y = 0. B Lol g

The procedure will be illus- : {
trated by three simple examples. NN > M > % - r

(a) Consider a plate strip simp-
ly supported on the edges and Yxé
loaded along these édges by the Fig. 10
moments M. Let this strip rest on
a transverse discontinuous elastic support of length ¢ = a/2 (Fig. 10).
The integral equation of the problem takes the form

a2

(3.15) R(z)=A(ax—2%) + A[ R()K* (2, &) d &,
0
where .
kM a*k
A=5n A= —wN
' ~ ; O 1 s nu
K" (x, &)= — sin an xsin aq &, Uy =—".
n=12,.. ™ a

The n~th approximation will take the form

oa i=n . .
E)i_qs J,' .
(3.16) Ru(x)=Ra—1(x) + A" A : ;2:; Y, (I;I —f;;-—-) sing; x,
14 dn = [
and the final solution of the integral equation '(3.15) is

- ea, oo f=n . . |
(317) R(x)=Afaz—z*) + A[ 2 Yy (n fi?;_ﬁ) sina; :::l,

n=1 PR i=2 i
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where

i ji— g jit 7T i ? . W
G e Tt B, JAR g A I

2 2 a 2 2

(3-18) ejg__irj;'= 2
%5 (ffy—3D)

L ) o BT
H—l*—(1+J1 4)0.05 2
TN Gy’
a

The knowledge of the function R (x) enable.s us to determine of the

function w () = R/k and, in consequence, the deflection surface w (x, y)
of the plate. )

In our example, we assume

.\

a L] e
D=é4i‘s B=Z%>Z%smagmsmﬁqf; B~=1,2..
n=1 n=1
Then
M _ 1 a* k
(3.19) A=gxas—7 w=—p5 =103,
B ek
2.
n+l ,,n+2
(3.20) gt LI60_p

=8a 1—pu-0,00968, .
The table of relative errors y = d/Rmax 100% in function of » and u is
given below. If should be observed that the values of the errors in Table 1

Table 1
n 2 3 4 . 5
W 0,103% 0,01% 0,001% 0,0001% for u =10
Y 24 69, 11,9% 5,75% 2,80% for uw=>50

are excessive in view of the very rough estimation of the error. Fig. 11
represents the diagram of the first and second approximation for the
function R (x) with x=10 and p=50. It is seen from that figure that
the real error is, for x=>50 and n=2, considerably lower than that cal-
culated from the equation (3.19). It does not exceed 5%.
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In the limit case of an elastic support along the segment ¢ = a of the
line y = 0, we can obtain a solution of the equation (3.15) valid for all
values of 4:

. max

i) = M ¥ o 6

3 3 ]
N.Tl: m:l,ﬂ,..-ms-’—atn;—s-%
s e
}I-‘fﬂ M ﬂ,m
i Rola °%° Rolx)a
M / T
R.
1,00 — .7 AN _,:;—)_a 500 / o R_zg_‘{)i
/ \\ Sl /4\ Ryfila
- M
75 l} o / R T,
025 425 é
X / X
- a
0. 68205 09 0 0 01 02 03 04 05

Fig. 11

(b) Consider a plate strip as in the preceding example, the only dif-
ference consisting in the load, which will be here uniformly distributed
over the whole region and equal to P (Fig. 12).

7, ///H A

/4 75 1,-,
2 / /

The integral equation of the problem will take the form
(3.21) R(x)=

__ kqa' (_xj_zg+ 3) fR{E)(Z% manxsmauf)df-
=1

a

Arch. Mech. Stos. — 4
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The solution of this problem can be written analogously to (3.17), in the
form

2 xt

(322) R(z)= Aa(%:___ﬂ.{_ )+

sl 5[5 o)

n=1 _,l'1 o i=2
L
u=10 qa u=50
i / 0625 /
R, & \ R,
{ %u | 1
| Ry 080 —1- ,)’(. R,
el R
\ga 0417 . ga
Ry
i . 9a
|
—1 033 —1|—f
Rl
[ [ 0 |
0104 — [ i_ i —
x f X
[ n ! a
0 01 02 03 04 05 0 o1 82 03 04 05
Fig. 13
where
kqa' _ 2ak

=N’ AN

24a jy 5 . 1
e G, n)si COS‘L[1+( ) ﬁ(h ﬂ)‘]}f,

and ej,_,,j, is empressed by the Eq. (3.18).
Denoting

e B V1. V1
D—'Auﬁ‘: B=2—3>2;sma,,£smanx, B==1,2,
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we have

1 ak 5 (0,00968)"+!
- _ = T :
|1|_B£, n=Ty =103 0= e o 00068 4

The relative error is represented as a function of # and n in Table 2.
Fig. 13 shows the second and third approximation for the function R (x)
for p=10 and u=50.

Table 2
n 1 2 3 4
P 1,07% 0,1% 0,01% 0,001% for p =10
P 63% 30% 14,5% il for u =50

In the particular case ¢ = a we have

sin AL
kga' o
R (:r) — ‘T\fqn_“ . . a3 k .
m=1,3, ... m~ (m .-|- m)

(c) Consider a semi-infinite strip simply supported at the edges x = 0,
x=a and y =0, and elastically clamped along the segment (0,c) of
the edge y = 0. '

Fig. 14

The integral equation takes the form =
2qa*r < sinasx, r ° i—cop = (=)
(3.23) M(x)= . i+ = [ M(§In dE.
Nax 2 n 4:rNuJ 1—005%(3‘:"{- £)

Expanding the kernel of the integral equation inthe Fourier series,
we have '

¢ e . - a? e ;
(3.24) M(.‘L‘):A Z‘ ﬂnif__x_,_i_’lﬁj‘ M(é) Z.SIHHnQ':"SmanxdE,

m=1,8. ... n=1 n

n=1,8,...
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where 5 i
_— g
d= aN’ @ Nat '

The solution of the equation (3.24) takes the form

. oo o e i=n & »
1 . 1 €1ivJiv1) . .
(32) M@ =4 D, sinaaztd 310 Y ~ (H ik i)sma:,.“r-

Y
n=1,8,... A=l jdgeedgdt V=1 it

where j, assumes the values 1, 3, 5, ..., the other j; (i =1, 2, 3, ...) — the
values 1, 2, 3, ..., and

_‘j.’+1-‘|"5 i

i i i . i
sin P2 R o S

dim cos cos sin
2 2 a 2 2

eindig1 = o
a® (ﬁh -7:2'4 2) '
It can be shown that the integral of the square of the kernel of Eq. (3.24)

exists. It can be estimated that C,=~= 0,645a and B? == 0,29154®. Thus, from
the Egs. (3.13) and (3.14) it follows that

i(0,172)’* W20,0126

1 1,85 ra 7
o R ot — e e
W=g==7" & =985 t=ga 1—0,172
Table 3
n 1 2 3 4
" 4,354 0,75% 0,13% 0,022% for p=1
P 80% 36% 18,5% 9,59 for p=3

The relative error p as a function of x and n is shown in Table 3. Fig. 15
represents the diagrams of M (x) for the zero, the first and the second
approximation. It is seen from these diagrams that the estimation of the
series is very rough. The real error will be several times smaller than
its value as calculated.

Thus, for x=3 the error of the second approximation will be not
greater than 15%.
~In the particular case of ¢ = g, that is with an elastic clamping along
the whole edge y =0, the accurate solution of the Eq. (3.23) will be
obtained in the form of the series

.. mrx
oo sin

3
M) =297

Nt ar \’
m=1, 8, ... m? .
Ly (m ZazN)
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The problem of a plate resting on a discontinuous elastic foundation will

be illustrated by the example of a square plate simply supported on the

edges and having an additional support in the form of a rectangular

elastic region Q,=(a/2) (a/2), (Fig. 16). The load is p = const.

Mix) M)
ga* p=1 : ’Eﬁ’ p=3
0,024 Fofe) = 0,06 o e
a? qa?
b I L M) = "y
o
oo —— 0,04 .
L’zﬁ‘; i .
001z £ / 0,03 /V 0
R
0008 002 /A et
x X
a a
0 01 02 03 04 05 0 o1 02 03 04 05 _"
Fig. 15 '
The integral equation takes the form
R (x,y) =kw, (t,y)—k | [ R(& DK (2,5, £m)dQ,,
gl
or -
(3.26) R (z,y) = kw, (x,y) + 4 | fR(é, ) K" (x,y; §,m) d Q,,
where
k
K*(x,y; &,m) =— 7 K(x,y; &n).
9
The kernel of the integral equa-
tion being in our case bounded:
o
B=|K* (z,y; & 1)l
and .
D%kaﬂ (3’.", y)l’
we obtain the condition for 4 .
1 a’ [ L
e —
IAI: BQ|' 'Ql 4’ e

the maximum error being given by
- 3 |l|u+1{BQl)ﬂ+1
it 1—|ABQ,
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Expressing w, (x,y) and K* (z,y; &7) by the double trigonometric series
known from structural analysis of plates, the integral equation (3.26)
will be represented in the form

S O Sin am, x sin o, Y
; R(x,y)=A4 —— : o
(3.27) (x, ) m.;; }_’:21;““ my g, [mf + R

a/2 a2
+4 f f s.n)l 2‘ Z‘ Sm“m'";”fm)“hysina,,,,fsina,,n] dédn,

m=12,.. fi=12,.
where

16 ka'p 5= 4ka®

A="Na T Na

The solution of the integral equation leads to the formula

]

5 sin am, T sin ¢;, Y
3.28 R(x,y)=A —_———— i -
62 REu=4 2 2 SStTe

) i=n+
Em; "‘:+18in£ +1
wae 3 B[] L ey, suingg,,
i=1 mlJl

n=1 My My My Jyafaeee Iy (mf + 3‘
where
MiT , M1 mi 7 (L TEE R jem
sin ~—— sin ~——cos ~—
_a 2 2 a 2 e
Emy, mi g = ’ Eirdip1 = ) *
| LI
as( 11— M) 2 Ui —3)

It should be observed that the subscripts m; and j; will take, for
i= 2,3, .., the successive values 1,2, 3, ....
In our case, it is easy to show that

B=0,273, D=-‘§.

Thus,

1 n+l
p o n42
1 14,7 ka? 16 (356) #
P _ — _ — —_——
lllzBf pra 1 N = 356, 5——an - 1 :
4 356

The relative error ¢ for n=1,...,4 and u = 50, u==100 is shown in
Table 4.
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The solutions obtained above by the iteration method are valid for
a certain range of 4. Bearing in mind that the parameter 4 involves the
coefficient k (or r) of the elastic foundation, the plate rigidity N and the
geometric dimensions of the plate, it is seen that for many practical cases
the range of 4 may be insufficient.

Table 4
n 1 2 3 4
P 2,28% 0,329 0,045% 0,006% for p = 50
" 11% 3,089 0,86% 0,24% for s =100

The solution can be obtained, however, for any value of 4, by splitting
the kernel of the integral equation into a separable part and the «remain-
der», the number of terms of the separable kernel depending on the
desired range of A. The problem reduces, therefore, to the determination
by the iteration method of the resolving kernel for the integral equation
and the solution of a system of n equations with » unknowns. The number
of equations will be in direct proportion to the range of A.

In our examples involving elastic supports, we were concerned with
integral equations of the type

(3.29) O(z)=2 [ DK (x,§dé+F ().
0

Here the kernel is either bounded or the integral of the square of it exists.
This kernel can be split into two parts:

K (x,6)=P(z,¢) + K (z, ).

In our cases the kernel was of the type,

. ' . jmx ., jmé
K(:r:,E)-—J; yjsin = —sin = =.
Thus,
IS ] i & 3 jmx . jmé
. . jmx ., = : _ " i _
P‘(m,f)_};l1 yisin=_=sin ==, K'(x, &) jzg;l'y,sm 5 S~

The Eq. (3.29) can be written in the form

(330) O@—i[ K (2,8DEdé=F(@)+4[ O Px8dé
0 0
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Let the left-hand member be treated as a known function. The partial
solution of the Eq. (3.30) will be

(331) ®@)=F(@)+4[ OEP@HdE+
0

oo

+4f { D) I () [F ()41 [ P(t,&) (&) dfn dt,
0 0

n=1
where K} (x, &) is the m-th iterated kernel for the kernel K’(x,£) and
(I/ZJZA“K}, (x,&)=1TI"(x, & 1) — the resolving kernel for the Eq. (3.31).
n=1

The parameter A should satisfy the conditions:

lz[g-ﬂ if the kernel is bounded |K'(x,&) = B’|,
(3.32) l ;
|4] f_EE—, if integral of the square of the kernel exists

[B2= [ [ K*(z,8)dzas, [RK@ode<c.
00 0

The number of terms of the separable kernel P (x, &) should be in
direct proportion to 1. For a given 1, we should determine B’ and K'(x, &)
from the Egs. (3.32). Hence, the number of terms of the kernel P(z,£).
Thus, in the example of a strip with a transverse elastic support of ¢ = a/2
in length we had B & 1, 2. If we assume m =4, we obtain B'=0,0124
and the permissible value of 4 will increase 100 times.

The final solution of the integral equation (3.30) has the form

{=m

(3.33) O@)=f(2)+1 ), cailx),

i=1

whare
c

(@) =sinaix + A [I" (x,t,4)sin a; tdt,
0

fl@="F(x)+4 [ I'(x,t, ) F (1) dt.
0

The coefficients

Ci=fbi(5)¢(5)d§, b; = yisin a; §,
0
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appearing in the Eq. (3.33) will be obtained from the solution of a system
of m equations with m unknowns:
. p=m
(3.34) ci— A 2 Qip Cp = fi,
p=1
where

b
wip = [ bi(§a(&)dé.

In the case of a rigid support or clamping along the segment ¢, the
foundation constants k and r tend to infinity. Hence A— co.

This is possible if B~ 0, K'(x,&)—0 and the subscript m in the sum
P(x,f) tends to infinity. At the same time, the resolving kernel tends
to zero.

Let us introduce into the Egs. (3.34) the new quantities Ak = 4, fik= fi,
and rewrite the system in the new form

p=m
(3.35) %—7. Z QipCp =i =12, m):
p=i

For discontinuous perfectly rigid supports (k—co or r—co) we obtain,
when m—o00, the system of equations

(3.36) _ fitA D apc,=0 (i=1,2,..,00),
p=1

where @;, should be obtained from a;, assuming that I = 0.

The system of equations (3.36) corresponds to the infinite system of
algebraic equations, which was obtained in the first part of this paper as
the general solution of the Fredh ol m equations of the first kind
appearing in that problem.

The considerations concerning plates with mixed boundary conditions
presented in this paper can easily be transposed to problems of forced
vibrations of plates subjected to constant compressive or tensile forces
acting in the middle plane,

In the particular case of free vibrations or buckling of a plate, we shall
obtain homogeneous integral equations in which the frequency of free
vibrations or the buckling force appears as a parameter.
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