/\-_I*/\/\

ALGORYTMY

Vol. X « No. 17 « 1973

INSTYTUT MASZYN MATEMATYCZNYCH



ALGORYTMY
Vol. X, N 17 1973



Copyright © 1973 - by Instytut Maszyn Matematycznych
Poland
Wszelkie prawa zastrzezone

Komitet Redakcyjny

Antoni MAZURKIEWICZ /red. nacz./, Krzysztof MOSZYNSKI , Zdzis+aw PAWLAK
Jan WIERZBOWSKI, Andrzej WISNIEWSKI, Ryszard ZIELINSKI

Romana NITKOWSKA /sekr. red./
Adres Redakcjii Warszawa, ul. Krzywickiego 3®, tel. 28-37-29

Druk IMM pap. offset kI. 111 g. 70 zam. 212/72 nakl. 550 egz. GP-11-1V16/68



TRESC
COLEPXAHNE
CONTENTS

Jozef Winkowski
PROCESSES AND PROCESSORS ............................ 5
PROCESY 1 PROCESO
MPOLECCH 1/ HPOHECCOPH

Emanuel Czyzo
AN AUTOMATIZATION OF THE COMMUTATOR CALCULUS........ 23

AUTOMATYZACJA RACHUNKU KOMUTATOROW
ABTOMATU3ALMA BbIYMCNEHIA KOMMYTATOPOB

Ryszard Raban

QRTOWANIE METQDA PROSTYCH PRZESTAWIEN . .._........... 35
COPTMPOBKA METOZLOM MPOCTOM NEPECTAHOBKI/
SORTING BY THE METHOD OF SIMPLE EXCHANGE

Henryk Rybinski
OCENA EFEKTYWNOSCI ALGORYTMU SCALANIA DWOCH UPORZADKO-

WANYCH ZBIOROW . - o oo oo 45
FHKA 3¢¢EKTM CTW ANFOPUTMA COEAMHEHNA ABYX YNOPA-
ﬁHHEHHHX MHOME%TB A A

THE EVALUATION OF THE MERGING ALGORITHM EFFECTIVENESS
OF CTO ORDERED SETS



»n



ALGORYTMY, X, N 17, 1973, 5-22 681.322.001.12:519_4

PROCESSES AND PROCESSORS
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In the paper some categorical models for proces-
ses and processors are proposed. Processes are
considered as categories which are some order-
ings. Processors are considered as some catego-
ries. A process of a processor is defined as a
linear process with a functor into the given
processor. A composed process 1is defined as a
subcategory of the product of components. Com-
posed processors are defined 1in a similar way.
A definition of an interaction of processors is
given. The above mentioned notions are illus-
trated by examples.

INTRODUCTION

The computation prooess notion is very essential in the
computer aoience. It is espeoially clear in simulation where
not only final result is important but also the computation
process run and its similarity to the simulated process. There
fore, a need arises to precise the prooess and computation pro
cess notion and to explain the nature of processes.

It appears natural to consider a process as a category of
a particular kind. Here, we shall uso the notion of so called
small category only. Such a category is a set A with a coaposi
tion rule according to which an element of/3eA 1o assigned to
certain elements oceA, /3eA in such a way that the following
conditions are satisfied:
(ci) ifctw/3,/3) are defined then (a/3) ft, oc(/3")are defined

and 1identic,

(C2) if (c/0r or /}(yor)is defined then {pby- is defined,
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(Cj) each element oC has a left* unit oC~and a right unit oc+
(an element £ is called a left (right) unit of oc iff
fa(oce)is defined and eft= /3,y £= jp "or every /3,j for
which ¢ ,yt is defined).

The elements of A are oalled morphisms. These of them which

are units of others are oalled objeots. We denote objects by

small latin letters. A category all morphisms and objects of

which are respectively morphisms and objects of a category A

is oalled a suboategory of A. The product of categories A, B

is the category with pairs of morphisms of A and B as morph-

isms and with the following composition rules

(al* /v) = (ocia2* Ai/jo

It is denoted by Ax B. In a similar way the produot of any fa-
mily of categories can be defined. A mapping ¥ of a category A
into a category B is called a functor if it preserves objeots
and if f(oc) T(/3) is defined and

f(cc) F(/i)= F(ccfi)

whenever o/3 1is defined. IT there exists the inverse funotor
then f is oalled isomorphism and categories A, B are said to
be isomorphic. Projections of the product AxB onto A and on-
to B are clearly functors. The injection of a suboategoiy A
of a category B into B is a functor.

PROCESSES

In any prooess one oan indicate states of realisation and
segments between states. Some of such segments are composed
of others. Then the last follow immediately one after another.
A segment composed of a segment oc and of a segment /5 which
follows immediately after oc we denote by ao/3.

One oan agree that if ft follows immediately after o and
follows immediately after ft then f follows immediately
after o/3 and /3fF follows immediately after oc . Moreover, the
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composition oan be considered as an associative operation so
that the oondition (Ci) is satisfied.

Farther, if jp follows immediately after of/3 then it fol-
iowa immediately after /3 so that (cr) is satisfied. Final-
ly, the oondition (Cj) means that for every segment a there
exist some boundary segments oc“,oct whioh correspond respect-
ively to the initial state and to the final one.

Beoauee a segment oc should represent all that what take
place between states oc- and oc the following oondition
should be satisfied*

(Pi) if oc~ = ft' and oo+ = fir then oc = ft.

Moreover, all segments containing a non-boundary segment should
be non-boundary. Hence
(P2) if ceft is an object then oc, ft are objects.

As result, any prooess oan be considered as a oategory in
whioh the conditions (Pi), (P2) are satisfied. Morphisms of
suoh a oategory we call process segments. Segments whioh are
objeots we call prooess states or boundary segments. If the
composition aft of sogments oc,ft is defined thon we say that
ft follows immediately after cc.

Example 1. Let xQ, X.p X2,... be a sequenoe of elements of
a set X. Let us consider a prooess A whioh oonsist in suooess-
ive attaining the values Xq, x”, x2,... by a quantity. Segments
xm,..., xm+tn of the sequenoe Xq, x”, X2,... o0an be considered
as segments of the prooess. Each eegment Xu,..., Xg (m«n) we
denote by m|x|n. For segments m|x]|n, n|x|]p one oan say on com-
position

mix|n . n|x]p e m]x|p
The segments of the form m|x|m are boundary or prooess states.#

Any suboategory of a prooess oan be considered as a prooess.
Therefore, suoh a suboategoiy will be oalled a subprooess of
the given prooess. For instanoe, the suboategory formed of
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segments mIxIn with even m, n is a subprocess of the above
described process.

The produot A of some processes A can be understood as a
process composed of independently running processes A™.

Example 2. Let A be the process from the example 1. Let B
be a similar process which oonsists in successive attaining
the values yQ, y™, yg»»». from a set Y by another quantity.
Then the product A* b oan be considered as a process which
consist in independent one of another attaining the above men-
tioned values by both quantities.*

IT some processes are in a relationship then they form a
process which would be called a boundle of processes. Rela-
tionship among processes means that the boundle is a subpro-
cess of the product of components. Formally, by a boundle of
some processes A™ we mean a process A isomorphic with a sub-

process k* of the product Ila”™ with images a™(#)= A" under
projections T1A, ..Ar If ju denotes the suitable injec-
tion of A into then the family of functore A— Clal- A"

we call a boundle construction. Here, //a” denotes the
function defined by the formula “wa”oc) = a“/u(oc)) -

Example 3» IT the prooesses A, B from the example 2 are re-
lated in such a way that both quantities attain alternately
their successive values then morphisms composed of pairs:

(OIx10.0lylo), (olx11,0lylo),(1IxIl.olyio),
(1axl1,0]y] I),(lIxI21,20yll),. ...

are segments of the resulting boundle. The boundle together
with projections restricted to morphisms of the boundle is
a boundle construction.

If the first quantity attains the value xQ after attain-
ingy " but before attaining yn+l by the second quantity
and conversely and values xn, yn can be attained in arbi-
trary order then we have a boundle with the segments compos-
ed of:



PROCESSES AND PROCESSORS 9

(01x]0,0]y|0), (oixl1,0lylo),(o|x10,0]ly|D),
AIXIL, 10y, (112, 1] y1D), .. X

The above desoribed prooesses are disorete in suoh a sense
that eaoh segment oc has a finite number of representations of
the form aca /3. Clearly, there are prooesses whioh are not
disorete.

Example 4 . Let us consider a prooess whioh oonsists in at-
taining a value Xx(t)e X at eaoh moment t from the set /1 of
all real numbers by a quantity. The desoribed prooess run is a
function x defined in X and with values in X. Punotions of the
form X|] [a,b] with a<sb oan be taken as prooess segments. For
segments X|[a,b3, Xx|[b,<0 one oan oonsider their composition

x|[a,b]. x][b,o] = x|[a,0]

All the functions of the form X|[t,tJ are boundary segments
or prooess states. Exaotly one value x(t) corresponds to any
suoh state x|[t,t]. *

The above desoribed.prooess as well as the prooess from the
example 1 and the first prooess from the example 3 are linear
i.e. the identity oc- = /3 1implies ocs”™ or /38 ocp .

Any prooess is isomorphic with the oategory whioh is the
following ordering in the set of states»

a<b iff a ace” and b = o+ for a segment C
with the composition rule whioh assigns the pair
a4b . b<o a a”o

to the pairs a™b, b<o, It suffioee to assign the pair

dC *oc+ to eaoh segment oc. If the prooess is linear then so
defined ordering is linear. If it Is disorete then the ordering
is disorete (a finite number of states ooours between arbitrary
two states). A weaker ordering of a subset of the set of states
corresponds to any subprooeas. The produot ordering corresponds
to the produot of prooesses. Any segmentccloan be interpreted as

the set of states whioh satisfy the oonditions oc''<a <oc+.
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Example 5» The prooess from the example 1 is isomorphio
with the category f which is the natural ordering of the set
{0,1,2,...} with the composition rule

m«n.n<pam<p

The Ffirst pl*00688 from the example 3 is isomorphio with the
suboategory of 4 *A with morphisms composed of

(0<0,0<0),(0<1,CU0),1«1,0*0),(A«1,081),
(1<1,1 «1),(1< 2,1 <1),(2<2,1<D),...

The suboategory /1, | is isomorphio with A .

The second process from the example 3 is isomorphic with
the suboategory >fA*A with morphisms composed of

(0< 0,0<0),(0< 1,0<0),(0<0,0<I1),(1 <1,14 1),
(1<2,1<1),(1 <1,1 <2),(2<2,2 <2),...

The prooess Jt”~ K8 no” isomorphio with§d . x

PROCESSORS

A prooessor is a devioe in which some aotions oan be realiz-
ed. Certain aotions oan be oomposed of others. Then the last
should oan follow immediately one after another.

One oan agree that if /3 is admissible after oc, i.e. /3
can follow immediately after oc, and if f is admissible after
p> then y 1is admissible after afi and fbj is admissible
after oc. The composition of aotions oan be considered as an
associative operation. If T is admissible after a/3 then it
is admissible after p>. Finally, for each action a one oan
consider empty aotions o2, oct which represent the initial
and the final state of o . As result, the set of prooessor
aotions with the composition operation is a oategory. Morph-
isms of suoh a oategoiy we oall aotions. Objects are oalled
states or empty aotions. If the composition o3 of actions
oc,/3 is defined then we say that /3.is admissible after oc.
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Example 6. An abstract machine i.e. a relational structure
M ~(s, r) with a carrier S (set of states) and a relation
RsSx S (transition relation) can be considered as a processor
in the above meaning. It suffices to define actions a3 pairs
(s, 3 )which belong to the reflexive and transitive closure
of R and dofine a composition rule in the following way:

(5,8) (c,s) = (s,9)

We obtain a processor Mx with states of the form (s,s) where
3€S.

The machine M can be also represented as a category MD in
another way. Namely, M oan be considered as the graph with
elements of S as vertices and with pairs belonging to R as
direotod aros. Then actions oan be defined as directed paths
(including "empty" paths whioh reduce to a single vertex).

The set of all such paths with the natural composition rule
is d category. Moreover, if an equivalence ~ 1in Wjj is given
euch that:

(ei) equivalent paths have the same origin and the same ex-
tremity,

(E2) if oc~oc™ and a/3 is defined then ocp~ocT\ likewise if ya
is defined then yoc~

then a composition rule can be defined for classes modulo ~
by the fonaula

[oc] - [P] = [cc/3]

whore a, /3 are arbitrary representatives of [oc] , [y8] respect-
ively. It gives a new category which describes the machine. In

the caso of tho equivalence:

@ /3 iff o has the same origin and extremity as /3,
the resulb category is isomorphic with Mx. X

Example 7. An automaton can be considered as a processor
with actions (s,co, s) where:
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(al) w is an element of a monoid Q with a homomorphism h
into the monoid of all mappings of a set S into S,

(A29 s = [h(co)JIs),
(A3) (b,o, sD .(s,o0, D=t(s,<0é3,)

If Q is a monoid freely generated by a subset
then it can be considered as the monoid of words over £ .
Therefore, we have an automaton which operates in a discrete
manner. It has internal states in the set S, the input alpha-
bet £Q, and the transfer function S which is defined by the
formula <r(w, s) = Ch(°)J(s) for a*l s6S,cjeid.

If Q is the monoid of the mappings

C>t [o,t)—»X
with operation which assigns to every

= > Jo.t,)- -X
o2 - [0f2)- -X

the oonoatenation
0)*2 r [Jo,tl + €2)— ~X

defined by the formula

to,i® for O<t<t®

[«1«2](t) , .
“ ) for t< + 12

then the obtained automaton can be oonsidered as operating in
a continous manner. Internal states are elements of S. The
automaton being in the state s at the moment u and receiving
at any moment u”t<v the signal o (t-u) defined by the map-
ping

g>x [0, v-u)—- ~X

attains the state s a [h(o)](m) at v* *
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Suboategories of prooessors can be considered as processors.
The product P of processors P~ oan be considered as a prooessor
composed of independent prooessors P/

Example 8t Independent abstraot machines a (sh,
M2 a (“Sg, R2) form a system which oan be identified with the
maohine M s X S2, u *2) where

JSiNSyj ,s2 c RN iFF (shiSMe RN end s2 a s2,
CCS1,S217,CS1»)) 6 H2 C82,s2"MER2 8l4a Sl

Assigning the aotion

P (CS1es2)*(81*82") 3 C(S1*8i%)*Cs2*52))

of MAXME to any aotion ((s",s2),(s.)j .82 of M3 we have an
isomorphism of M* onto M?|xM*. «

Sometimes, processors which form a system are in relation-
ships. The relationships oause that the resulting prooessor is
a suboategory of the produot of prooessors. Formally, by a
system of prooessors P” we mean any prooessor P isomorphic
with a subcategory P* of the produot npt. The family of
the functors P Vi - P~ which are obtained ~y composing the
suitable isomorphism with projections M p”™— P~ we call
a system construction.

Example 9. Let abstraot machines™M™ = Mg = (Sg-R-,)
be combined by relationships a Vv S2 = v 2 with
A”™n A2 4 0, where V, A*, A2 are arbitrary non-empty sets. The
resulting system may be identified with the maohine
M a8 (s,R™u H2) where

Sa sMis2™  *S2s S IAJNA2 — s2 IAJNTAZ2A

(C81*82)* (81»8r))6 *4 iff(slts2)eS and (s”~s”eR,
and w2t 3 21 t

((sl ,s2),(sl ,s2)) iff (slts2)eS and (s2,e2)eR?2
and sl JAINA2 a 81 I1A™Ag
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The maohine works in the system as the maohine = (sn,N
with

(bj,s."€ iff there exist Sg€Sg and Sg e Sg suoh that
((®1 »52) "CRL »®2" € ~N1U 2
Similarly, Mg works as $g = CS2*2) with
(sgjS~fcRg iff there exist e $" and 81 eS1 such that

((s1 e u

Assigning the pairs

WL ((s1,s2),(81,82)) (s"sj

72((s1*s27%  R2Y)

Ca2,3r)

to eaoh action ((@",B2) (e”Sg)) of M* we have functors
M, m* — (a,)«
AN ¢ S Fi)*

which uniquely deteimine a funotor
Lt ME - - (MiI)* X (tg)*

If actions oc, o of M* differ then ~(oc)”™ ¥ (ad) or
ANjg(co) 4 p2 0*)" 80 that is an injeotion. Hence, the pro-
cessor M* is isomorphio with the suboategory of (&DX *
whioh is the suboategory with morphisms of the form

C(s1*5li» (s2@2"

where ((s™.sg), (s-pSgV) *s a mOlPhisia of The family
formed by funotors M* M* -2 — (™D~ a BY8”"BT
construction.

It should be emphasized that because of influenoe one ma-
chine onto another it was neoessary to extend transfer rela-
tions of W and Mg and to oonsider these maohines as IOI’\ and
M2 . The same refers to the processors. However, the forming
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M*  of (IL,)*, (Mg** seems to be more natural than similar an
operation in the oase of M, JL, Mg (the composition rule re-
mains such as 1in x (MgHjJ- *

Example 10» If machines bl, Mg from the previous example are
combined in suoh a way that for every (e”,Sg}eU < S a trans-
fer

(Csi .82)»(81»52") e R1

is realized and for every (e”Sg) e T = S\U a transfer

((s1,s2),(81,s2)) €Rg

is realized then they form a system which can be identified
with the maohine M = (s ,r ) where
@jts9),(s"t8)) £R iff (B1(82) el and
C(si.s2),(81,82))cRi
or
(s™.Sg”T and
((el*s2n *(31*52~) e N2
This system oan be oonsidered as the least suboategory of
*x (Mg)* with morphisms
((81*®i)»(82«8g))
satisfying the oondition
CCRIL »s2 )»(s1<5g") e R. A
Example 11» Let us oonsider automata P, Pg suoh as that
desoribed in the example 7 with state sets S®, Sg, with mono-
ids &]t Qg where
& 1260l « [o.t)— -s2
£,aug , [o,t)—-svV

and with homomorphisms h~, hg of £L],&2 into the monoids of
the mappings of S into and Sg into Sg respectively. If P?,
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P2 are connected in such a way that P" receives the states of
P2 as input signals and conversely then the resulting system
can be treated as the subcategory P of P x formed by morph-
isms ((s®, CI, s1), (s2.<2, s2)3 which satisfy the following
condi tionss

ad co”,0>2 have the same domain

(2) sl = 182 = *
(3) for every O0<t < t"[h*/ )|[0o,T))] B.) =00(t) and
[b 7~ 2)0IT)I(s2) = «

PROCESSES OF PROCESSORS

A processor considered as a whole works in a linear manner.
In any particular aotivity only some actions are realized. They
correspond to some segments of the suitable process and the
composition of actions corresponds to the composition of seg-
ments. Therefore, by a process of a processor P we mean a line-
ar process A with a functor

fjA- -P

( or this functor considered as a mapping).

Example 12. The process Jf from the example 5 with a func-
tor f which assigns an action

- f(m< n) = (s(m), 3(M)

of the processor Mx from the example 6 to any pair m<n of JF
is a process of MK. The function f alone is a process such as
that described in the example 1. The successive states s(0),
s(), 3(2),... are such that all the pairs

(s(m),s(n)), m«n
are aotions of MM. *

Example 13. The prooess A from the example 4 with a functor
f which assigns an action
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f(x|[a,b]) = (a, wa>b, s)
of the automaton from the example 7 with
°a,b * [0.B-a)

defined by the formula
"a.bN) =x@ + t)
to every eegment x |Qa,b] of A is a process of the automaton.kK

Example 14. Let us oonsider the process <fi* from the exam-
ple 5 and the prooessor MK from the example 8. If there is a
functor f which assigns an aotion

f(H)n~m~™ n2) = ((SI(mi), sgCmg)) ,(s1(nl)ts2(n2)))

to every morphism (m,,< n®,nig<N2) otji® then theJI™ with T is
a prooess of M*. However, in general, does not exist such a
functor in the oase of the prooessor M5 from the example 9*
But if suoh a functor exists all the diagrams

(e, 2 My ,m2 /i n2)

f(~» pl,n2<p2)

f(q"<P1,p <Pz)
are commutativee H
Any process A By -P 5of a system P of PIC s with the
i N
P ———— NPiJ *s determined by the processes

A __ xpi>P™ of Particular PM"s.

Theorem 1. For every linear prooess A with functors
A-— — there exists at most one prooess A — — *-P of the
system P with oonstruotion {p-— ~- P~J such that
for all i.
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Proof» Let [ Tp~r— "N*"Al 1® promotions. There exists
unique funotor @ suoh that < = tp~ for all i. On the
other hand there exists an unigje injeotion P suoh
that "Vph = for all i. Henoe, the funotor f satisfies
the oondition fV A . But may be at most one suoh a funotor
beoause V is an injeotion. X

The above theorem implies, for instance, that the funotor f
from jYe example 1” is uniquely determined by funotors
Jf—WNM*, Jf— — — W, defined as in the example 12.

Ifﬂ@rocessgrs P., .WhiCh form a system %j with a construction
{P ———— * P~J work, the processes A* ———& *-P™ are related in

suoh a way that prooesses A+ form a boundle A with a oonstruc-
tion (A - — — AjJJ and there exists a funotor A — — »-P
suoh that all the diagrams

L
Mi J *j
u
Ai— - P1
. f .
are oommutative» The funotor A —-———- »P will be oalled a
boundle of prooesses AN———-i— 6enera-b» it B n0™ a
process of P beoause the process A does not need to be linear*
t T
Example 15» Let J f--—- »M* [ Jf-eee— - MJ be some pro-
oesses of M*, M* from the example 8 such as that desoribed
in the example 12. Then the funotor Jf xJf- — -1 where

M2 «.n2) - ((s1(m1),s2(m2%)), (sl (n1),e2(n2)))

f f
is a boundle of Jf—~*M, Jf-——Mg. The restrlotion
of ¥ to the subprooess ti2 gives another boundle. *

The meaning of the boundle of prooesses of processors notion
is partially given in the following theorem.

f
Theorem 2. Any prooess B— =»P of a system P of process-
ors PN is of the formB ~» — A—- ~~*P  where A- »-P is
a boundle of some prooesses AN —— L—"p~.
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Proof. Let P has the construction [p — -i—P?j and let
IPj, — - -P~ be projections and P - — «[Ip”~ the injeo-
tion which satisfies the conditions V = v~. We define

3 fvi @ ohooSO Processes ~NPi suoh
@ =/3jlfii where B- /& - transforms B onto Aj. Let
LA ai be projections. There exists B-— £— such

that /3a” a /3™ for all .1. Beoause the prooess B is linear its
image A under /3 is a subcategory of MNa~. Clearly, it is a
boundle of A**s. The family |a~"- Ai} w™H 1n“
elusion )i is a boundle construction. There exists a funotor
B- T-,,A such that P - action g(gr (@) = may
be assigned to every morphism f(pc) of A. Beoause f(cc)j! f(oc™)
implies <Pi (*0 ™or a oertain i we have f(oc)/ ™~ (@)
so that g is a function. Due to linearity of B it is a func-
tor. By definition of g we have f = "jpg. X

Any boundle A ——f—mP of AN— =* P~ can be considered
as an interaction of Pj/s 1in the system P. Such an interac-
tion oan be understood as a model of a theory which describes
some relationship among the functors P ——«P., A AL »A4;

- -1— P», A———— P. The faot that the ordering which cor-
responds to A is not linear means that some results of activi-
ties of particular processors P* are independent of order in
which”™processors P® work. In other words, prooesses

Al —— iI— P~ may run in parallel to some extent. The interac-
tion reflects some conditions only which are satisfied by par-
ticular processes A. -———i— _ P.. In general, there is a num-

ber of processes B — 2-*P of P which satisfy such condi-
tions. However, for some conditions, such processes should
factor through A, i.e. should exi3t functors B - " -A,

B —1U- Ai such that g = y f and diagrams

B— —— »A —

are commutative. Therefore, an interaction of Pj/s satisfying
some given conditions is useful for finding a process of P

which satisfies these conditions.
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Example 16» If we want to find a process <{d-— MH of MH
from the example 9 and auoh that s~(n) (s2()} is attained
after s2(n-1) (Vij(n-1)) but bgfore s2(n+l) " (n+1lp then we

try to?findfﬁ Qoundle no ————-—M*n of some JT — — >—(H9H ,
Jf——— (Mg) . The prooess Jf-—————— M we are looking for
should be of the form Jf- - *

PINAL REMARKS

The presented way for describing of processes and processors
has many advantages. At first, very simple notions whioh corres-
pond to real things are used. Next, disorete as well as non-dis-
orete prooesses and processors oan be treated in the same way.
Third, the proposed notion of prooessor includes the abstract
machine notion (a set of states with a transition relation),
the automaton notion and others like these. But the most import-
ant fact is that composed prooesses, systems of processors, and
interactions of processors whioh form some systems can be defin-
ed in a natural way. It gives some possibilities to develop an
unified theory of dynamios of objects of arbitrary complexity.

All processes and processors described in this paper are
very simple as oategories. Any prooess is simply an ordering
with the natural composition rule. Any abstraot machine may be
represented as a quasi-ordering with the natural composition
rule. However, considerations in terms of morphisms and objeots
are very convenient. This is one reason for use the notions of
category theory. Moreover, some processors (like automata or
abstract maohines considered as categories of paths or as cate-
gories of olasses of paths) oan not be represented as quasi-
orderings. But still they oan be represented as oategories.
This is another reason for use the oategorioal notions.
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PROCESY 1 PROCESORY

Streszczenie

Praca stanowi prébe potraktowania proceséw i procesoréw jako katego-

rii. Procesy rozwaza sie Jako kategorie stanowigce uporzadkowania a

procesory Jako kategorie»” Proces procesora jest definiowany Jako proces
liniowy z funktorem w dany procesor. Procesy zdozone definiuje sie Jako
podkategorie produktu skdtadowych. Podobnie okresla sie systemy proceso-

réw. Podana jest definicja wspoétdziatania wielu procesoréw. Wymienione
pojecia sa zilustrowane przyktadami.

MPOLEECCHI 11 NPOLIECCOPSI

Pe3iome

Mpeanaraemas 8060Ta ABNAETCS HOHHTKOM npeacTasneya po-
LLlecCcoOB 41 npoLiece %OB kak-KaTeropi o eCCbl paccMaTpuBainT-
C7 Kak KaTeropii yayuve nopazk [poLleccopsl paccmaTpuBa-
NTCA NPOCTO Kak Katerqpu ouecc KOHKPETHOFO fipoleccopa
onpepenaerca. kax NIMHENHbIN npo ecc 0 XH TOPOM B 3TOT npoLie-
CnoxHulii npolecc onpefensercs K aTeropusa npous-
BEAGHMH cnaraembix.' CrOXHbE NPOLLECCH Qnp enenﬂmTCﬂ M0Z00HbIM
00pa3oM. BBOJNTCH TOXE MOHATUE BO3 emgTan HECKO/bKIAX Mpo-
ueccos Bce paccMaTpuBaeMbie MOHATUS ODACHEHH MpUMepamy.

© Instytut Maszyn Matematycznych
Warszawa, ul. Krzywickiego 54
A M.
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AN AUTOMATIZATION OF THE COMMUTATOR
CALCULUS
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The paper deals with some computational problems
in group theory. In this paper the word process-
ing system - WP and the collecting algorithm -
COLLECTING are described. The system WP is use-
ful in computational problems in group theory,,
such a3 commutator calculus and similar problems.
The collecting algorithm is an implementation of
Hall collecting process for an arbitrary word
written in generators of the nxlpotent free group
G of a given degree of nilpotency (nil<ll), gene-

rated by X (ra 9;. It is written in the
form of an ALGOL procedure which uses the WP sys-
tem,

1. INTRODUCTION

The experiments oonneoted with the application of computers
in mathematical scientific researoh gain ever increasing prac-
tical importance now. Interesting results from not only a theo-
retical but also praotical point of view have been achieved
with the aid of computers in the field of mathematical logic
and especially in proving mathematical theorems.

The researoh having the purpose of using computers in the
abstract algebra are more and more often performed. Those ap-
plications in particular deal with such parts of algebra as al-
gebraic number theory, semigroup and group theory.

The experiments concerned with applications of computers in
the group theory are frequent now. It is obvious because of
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the importance of this part of algebra. The most significant
of up to now achieved results deal with such problems as ooset
enumeration, subgroup lattioes and representations of finite

groups (of. [1D-

This paper deals with some computational problems in group
theory. The paper consists of two parts.

The first part is a presentation of the word processing sys-
tem WP designed for effioient performance of Hall collecting
process arid similar problems in the group theory.

In the seoond part the collecting algorithm is described.
The algorithm is an implementation of the Hall collecting pro-
cess described in [63 for an arbitrary word written in genera-
tors of the nilpotent free group G(x», x2,==== xr) of a given
degree of nilpotenoy (nil), generated by x*, x2,..., Xr.

The algorithm allows us to decide, in a’simple way whether
or not the word g(x*, x2,... Xr) represents the identity of
the group, it also plays an Important part in the oonstruotion
of algorithms for deoiding other problems in nilpotent groups
(of. [73)-

The terminology and notations of this paper are in accord-
ance with those of [6] and [5]-

2. COMMUTATOR CALCULUS

Tho importance of automatization of the commutator calculus
has been increasing lately because of the positive results ob-
tained when deoiding some problems for nilpotent groups.

P. Hall and M. Hall have mainly contributed to the develop-
ment of the commutator calculus. The investigation of a lower
central series developed by P. Hall allowed to make the com-
mutator caloulus a systematic theory.

We will not give the description of the theory hero. The
basio notions of the theory such as definitions of commutators
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and basio commutators, and the description of a collecting pro-
cess, together with many theoretical results are described in
M. Halite book [63.

The notion of basio commutators introduced by M. Hall [6]
is assumed to be known. Let X2 ,..., Xr) denote a free
Croup generated by x™, x2,..., x*. The number M(r, n) of bas-
io commutators of weight n, and r generators is given by Witt"s
fomula

m(r, n) = - J£!' Ai(d) r3
n d

where ju(d) is a MBbius funotion on integers and d takes all

the values of the divisors of n. In [2] the numerical values

of m(r, n) for r ~9 and n ~ 11 are given.

In the theory of basio commutators developed by M. Hall a
standard form of elements of a nilpotent free group is known.
It is given in the following theorem.

Basis theorem

If F is the free group with free generators x*,..., xp and
if in a sequence of basio commutators c”,..., 02 are those of
weights 1, 2,...* n, then an arbitraxy element f of F has a

unique representation,

f=o0 0j2 ... oj* (mod Fn+l) .0)

The basio commutators of weight n form a basis for the free
Abelian group Fn/Fn+4 (cf* N » P* 175).

Let g a g(X,p X2,..., Xp) be a word written in generators
of the nilpotent free group G of a given nil; then the col-
looting process described by M. Hall [6] gives an effective
method of finding the- presentation (2.0) for the element g.
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Collecting of commutators may be carried out according to

the following rules

vu =uV (v, v (2.1
-1 -1 -1 -

vu-1 - U vV V2 V4 ... y5 (m33V|) 2.2)

v.lu=u vz wa o witwst (mod Fn+1) (2-5)

Vil outl = T v Vy.. V;l Vél vl (mod Fn+1) 2.4

where vQ = v, vi+l = (y», u) TFfor i =10, 1,...

and wr = (v, u), witl = (wi,v) for i=1, 2,...

The collecting process gives therefore a possibility to de-
cide a word problem in the case of a niJ.potent free group of a
given degree of nilpotency. It also plays an important part in
the construction of algorithms for deciding other problems in

nilpotent groups of a given nil.

Decision problems for nilpotent groups are considered ty
A_W. Mostowski in £7] » He gives effective methods of deciding
the problem of inclusion of the eloment g = g(X,j, X2 ,..., Xr)
to the subgroup H generated by the words hN(X", X2 ,»*e»xXr)»eeex»
hdn(x1, X2,..., Xr) and the finiteness problem for nilpotent
groups of a given degree of nilpotency on the base of the so-

called subgroup theorem.

On the base of a collecting algorithm, considered in the

section 4, we hope to implement the algorithms on a computer.

3. WORD PROCESSING SYSTEM

3.1. Acoording to Cannon (of. [1], p. 10~) one of the most
important problems is an automatization of the so called tedi-

ous algebra comprising first of all commutator calculus.

The basic problem consists in the elaboration of a suitable
programming language for a possibly extensive class of group-
theoretical problems. However, the present knowledge of these
problems being insufficient has not allowed to define the lan-

guage yet.
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The research dealing with construction of algorithms for
some specified classes of groupthooretical problems is never-
theless under way. The experiments bring some results obtained
b, elaborated algorithms and simultaneously allow better cha-
racteristics of considered px-oblem classes, having in mind the
aspect of their further automatization.

3.2. Nl group G may be expressed up to isomorphism by the
sot of generators x”~, Xg,--., X and the set of relations
r[q(x1, x2,..., xr) = ... = mMm,, X2,..., x) =1
where 1 is the identity of the group and r.j,..., rjp are the

words written in the group generators.

The element geG 1is represented by the vwrd g(x*, Xg,..., Xx®
written in the generators and grouptheoretical operations are
then expressed by adequate opci"ations on words. There ai-e many
computational problems in the group theory which could be form-
ulated in terms of words written in some alphabets and some
operations defined on them. Because of lack of a suitable"ma-
chino independent programming language for these problems
(of. ﬂ], p- 10) the author has worked out a word processing
system WP which facilitates formulation and solving of
a certain class of grouptheoretical problems with the aid of
computers. Among other applications of the system the research
on automatization of commutator calculus is carried out.

ii.J. The word processing system WP has been described in
[31- We confine here ourselves to giving definitions of a let-
ter, of a word and of a basic word. The operations defined by

the system take these objects as arguments.”

nn element (word element, letter) is an ordered
quadruple of integers
L= (C -1, 1, r)
a - address of the element, a > 0
1 - left link, U O
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r - right link, r 30
I - information part of the element (ordinal number of the
letter).

BL (@ t0o, I, r) is an initial element, EL = (a i1, 1, 0)
is a final element and VL = (a s 1, 0, r) is a dumnv element.

Let us define a relation )(on pairs of letters. Let

5 ~ * AN and LN = @2 N VoK /R Non
def *©
LN O\Lg - 1 — &A1~ ~
Let U denote the finite sequence of letters L”, Lg,..., Lfc

U is a wordif
lebd) ¢ ~(C-=(CL™
2. a4 a. fTor i/ j

The pair < B, E > where B is the address of the letter L"
and E is the address of the letter 1., is the address.of the
word U.

The number of letters ocouring in the word is oalled the
length of the word. A word consisting of only dummy letters is
called a dummy word. The word of the length O will be treated
as a dummy word with the address <0,0>

The sequenoe of letters U is called a basio word
f
is a word
contains both initial and final elements
does not contain dummy elements.

GNP
Cc C C

The system consists of two sets of procedures» bpsio proce-
dures and special purpose procedures. These procedures enable
processing of words. Words have been defined as double linked
liets. They contain only one sort of elements oalled letters.
The information part of a word element is an ordinal number
of a letter (of. seo. 4).

The WP system has been designed mainly for efficient per-
formance of the collecting prooess. But, it is useful also
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in other problems. The system may be useful for programming
some algorithms for semigroups defined by a set of generators
and relations. The algorithm generating all words equivalent

to the given one may serve as an example. Another field of pos-
sible applications is studying formal languages (for example
algorithms for syntactical inference). The system will be ex-
panded in the course of further experiments especially dealing
with automatization of the commutator calculus.

4. THE COLLECTING ALGORITHM

4.1. The basic part in the commutator calculus plays the
collecting prooess described by M. Hall in [6], for its help-
fulness in solving many problems of the theory of nilpotent
groups (see seo. 2).

The First oomputer application to this problem is due to .
Il. Pelsch. He wrote a program which implements the collecting
process for words of the type (X x2)n. Campbell and Lamberth
wrote a SLIP program to carry out the collecting process on
words of a nilpotent group of finite class, written either in
group generators or basic commutators. Cannon has written a
similar program to cariy out commutator collection on-line

(of. [1], p- 9*

The author has worked out the program HALL + in 1969 and
to Tollow the procedure HALL PLUS, which is an implementation
ot the collecting process for positive woikis expressed in gene-
rators of a group. The maximal weight of commutators in the pro-
cess was 11 (nil ~ 11) and the number of group generators did
not exceed 9 (r » 9) (of. H).

4.2. The collecting algorithm desoribed here is an implement-
ation of the full prooess of collecting commutators i.e. col-
looting process for an arbitrary word ~containing also negative
powers of letters) written in generators of a nilpotent free
group of a given degree of nilpotoncy.
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The algorithm has been written in the form of an algol pro-
cedure COLLECTING. The procedure has been elaborated with the
aid of WP system (cf. N )= The procedure has been based on
the same assumption as the program HALL +.

We assume that the set
X =1 Fx2*..»,xrl where T4 9

is a set of generators of a nilpotent free group and the maxi-
mal degree of nilpotency is 11 (nil ~ 11). Those limitations
oome out of the accepted method of numbering commutators and
of the standard length of the maohine word length. The experi-
ments proved that the limitations are not essential.

The element g = b™bg... bk of a group, where

(=1, 2,..., k) are either basic commutators or their in-
versions, is represented in the form of a basic word (of. seo. 3)
in the oollaoting algorithm.

Numbering and ordering of commutators are defined according
to C2J . The commutator number is the information part of the
letter. The ordinal number of the commutator u is denoted by
N(u). We define additionally n(u-") = -n (u). Complete informa-
tion about the commutator is included in its number i.e. the
number of digits in the decimal expansion of the commutator
number defines the weight of the commutator and its sign de-
termines whether it is a commutator or its inversion.

Implementation of each (2.1) - (.4-) rules run in three
steps. At the start ordinal numbers of letters v and u are
ohanged, the weight of the commutator v and the length of the
word being linked, are determined. If the length of the linked
word is greater than zero, then it is constructed by placing
letters in the order of their increasing weights by CREATE
LETTER prooedure (of. C3]]D* The word includes only commutators
of weights not groater than nil. At the end the constructed
word is linked to the basic word.
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The possible reduction of letters in the basic word is per-
formed after carrying out each of the rules. We assume that
the basic word

g=x, x5 ... x&

X1 *2 \
is in a reduced form i.e. there is no such m that im = im+1
and e = ~em+®» 0 < m < However reduoible subwords may

ocour in the basic word in the course of performing collecting
prooess. The reduction is limited to the noncollected part of
the basic word. Because of the reduction we save some places
in the store and avoid superfluous operations.

If the weight of the minimal commutator is greater than a
half of the maximal weight, all the rules of transposition
2.1) - (2.4) oome to the rule

va ub = P2
because the weights of commutators v~+/ and occuring in
the rules are greater than the nil then. From this moment we
deal only with_the sorting of letters. The sorting of letters
in the basic word is a final operation of the collecting algo-

rithm. The details of the collecting algorithm can be found
in KJ.

5. APPLICATIONS OF THE COLLECTING ALGORITHM
5.1. Computation of the standard form of an element
The collecting prooess for words of the form

W ®(x1* Xr) = F2*** xjon

was carried out with the aid of COLLECTING procedure for
ns<s4, r 44 and suitable values of the nil parameter.

The oxainple below is the standard form of the element (X)
for nil = 4, r =4, n ~ 4.
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STANDARD FORM

0144 c2)4 c21]16 03146 03246 04176 c42|6 04346 c211|4
0212714 C213420 c214720 03 144 0312414 0313414 0314420 032244
0323414 0324420 c411]4 0412414 0413414 o0414<Fl4 042244 0423414
0424414 043344 0434414 c2111 02112411 02113415 02114415
02122411 (2123450 C2124450 02133425 02134470 02144425 03111
03112411 03113411 0314415 03121411 03122411 03123436 03124450
0313341 03134450 03144425 03221411 03222 03223411 03224415
03231425 03233411 03234450 03244425 04111 04112411 0411341-1
041 4411 04121411 04122411 04123436 04124436 04131411 04132411
04133711 04134436 04144411 04221411 04222 04223411 o04224]11
04231411 04232411 04233411 04234436 04241425 04244411
04321411 043314H 04332411 04333 04334411 c4341]|25 04342425
043444117

(where for example 04344411 denotes the llth power of the basic
oommutator (((X*, xX?), X)), xM)).

The obtained presentations were used for calculation of ex-
ponents in Hall®"s formula. On the base of this calculations a
classification of basio commutators of the weights 3 and 4 was
made. Details can be found in the paper by K. Datek [5").

All the experiments were carried out on GIER ocmputer in
the Warsaw University Computation Centre.

5.2. Finding a normal basis

The elements g”, g2»..»t g constitute a normal basis of
the group G if any element geG can be uniquely represented
in the form

o Y182 .. ek

where T 821 eee* are integers %
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According to the theorem from section 2 we have that basic
commutators c”, Cg»***» form the nonnal basis in a nil-
potent free group.

A.W. Mostowski [7J has proved that if the group G has a nor-
mal basis which fulfils certain requirements there exists®™ a
normal basis for its subgroups.

According to the theorem known as the subgroup theorem
(cf. [?] ) effective algorithms for deciding some problems in
nilpotent groups of a given degree of nilpotency, can be con-
structed .

On the base of the collecting algorithm, an algorithm for
finding a normal basis for the subgroup H, generated by the
words h”, h2,...f h™, 1is being constructed. Obtained results
of this and of other problems (see sec. 2) will be the sub-
ject of next publications.

The author wishes to thank Dr A.°V. Mostowski whose remarks

and helpful suggestions were of a great value for the author.
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AUTOMATYZACJA  RACHUNKU KOMUTATOROW

Streszczenie

Praca dotyczy automatyzacji pewnej klasy probleméw w teorii grup.
W artykule opisany zostat system WP oraz algorytm wybieranie. System
WP sktada sie z dwéch zestawdw procedur, zapisanych w jezyku GIER
Algol 4, umozliwiajacych operowanie na obiektach zwanych stowami. Z
pomocg tego systefnu opracowany zostat m.in. algorytm wybierania. Al-
gorytm wybierania jest realizacjg procesu wybierania Halika dla dowol-
nego stowa zapisanego w generatorach grupy nilpotentnej wolnej G gene-
rowanej praez X X (r<9) o danym stopniu nilpotentnosci
(nil <11). Algorytm zostat opracowany w formie procedury o nazwie
COLLECTING.

ABTOMATU3ALNA BHYUCNEHWA KOMMYTATOPOB

Pe3knme

B paboTe paccmarpuaeTcs BOMPOC aBTOMATM3aLNM HEKOTOPOro
knacca npobnem Tteopuu rpynn. B cTaTbe npefcTaBieHa CUCTeMA wp
N cobupaTenbHbHd anropuTM collecting.CucTeMa wp nonesHa [Ans
TaKuX BbYUCIMTENbHLX METOLOB B TEQpuW rpynn, Kak BulYMCIeHne
KOMMYTaTOpOB U CMEXHbX BONPoCcoB. COOMPATENbHHWA @nroputm ABNA-
eTca” peanu3auneil cobupaTenbHoro npowuecca Ao Nwforo cnosa
NPeL4CTaBNEHHOr0 B TEepPMUHAX TeHepaTopoB CBOOOAHOW HUBMOTEHT-
HOJ rpynnsl a MOPOXAEHHOW 3MEMEHTamM) Y) c gaH-
HOWM OTeneHbl HUAbnoTeHTHoCTH (nil* 11). AnropuTm paspaboTaH B
Buae npouefyps collecting.

0 Instytut Maszyn Matematycznych
Warszawa, ul. Krzywickiego 34
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SORTOWANIE METODA. PROSTYCH

PRZESTAWIBN

Ryszard RABAN
Studium Doktoranckie

Politechniki Warszawskiej
Prace z#ozono 15.07,1972

Artykut zawiera opis i dokktadng analize algoryt-
méw sortowania metodg przestawien prostych oraz
wyprpwadzenie wzoru na Srednig ilos¢ przestawien
prostych (s) dla algorytméw optymalnych, tzn.
realizujacych sortowanie zbioru n-elementowego
przy minimalnej ilosci przestawien prostych. Na
podstawie tych ogélnych rozwazan, w drugiej
czesci artykutu, zanalizowany zostat algorytm
sortowania przez wstawienie (by inserting) oraz
okreslona $rednia ilos¢ pordéwnan (t) jaka nalezy
wykona¢ przy sortowaniu zbioru n-elementowego.

1. WSTEP

W literaturze , [2]1., [3] i [4] opisana jest metoda sor-

celu sciste okreslenie efektywnosci tego algorytmu.

Za wskaz-

nik efektywnosoi przyjeto Srednig liczbe pordéwnan potrzebnag

do posortowania zbioru n-elementowego.

2. OKRESLENIA WSTEPNE

Okreslenia i pojecia wprowadzone na wstepie odnosic¢ sie
beda do skonczonego zbioru n-elementowego. Elementy tego

zbioru oznaozac¢ bedziemy a™ dla i =1, 2,...,

n.
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Taki n-elementowy zbidr mozna uporzadkowa¢ na n! sposo-
béw. Dla jednoznacznego okreslenia potozenia elementu a™ w
danym uporzadkowaniu (permutaoji” przypiszemy temu elemento-
wi liozbe oatkowitg p”™» Wartos¢ jej okresla¢ bedzie numer
pozyoji (liozonej z lewa na prawo), na ktérej znajduje sie
element a”. Aby oatkowioie okresli¢ permutacje n-elementowg
wystarczy podac¢ oigg pozycji

Np. dla zbioru pieoiu elementéw a™ ag» a®, a~, a cigg po-
zyoji P = {2, 4, 1, 3, 5] okresla nastepujgoe uporzadkowanie
tyoh elementéw a~, a~, ag, a".

bedziemy rozumieli takie uporzadkowanie zbioru n-elementowe-
go, ktore wyznaozone jest przez ciag pozyoji P.

Bedziemy méwili, ze w permutaoji P element & poprze-
i bedzieny pisali a" ; ay jeshi

Jezeli bedziemy rozpatrywali dwie pennutaoje i Pg
zbioru n-elementowego, to dla dowolnych dwéoh elementéw tego

chodzg nastepujace zwigzki

lub

W przypadku gdy spednione sg zaleznosoi (1 ) powiemy, ze w per-
mutaoji Pg para elementow af i1 a" jest uporzadkowana
zgodnie z PY, gdy natomiast spednione sg zaleznosci (2) powie-
my, ze w permutaoji Pg para elementow a™ i1 a» jest upo-
rzadkowana niezgodnie z P~



SORTOWANIE METOD4 PROSTYCH PRZESTAWIEN 37

Przestawieniem dwoch elementéw nazywa¢ bedziemy zamiane
ich pozycji. Oznacza to, ze jesli w pennutacji P dokonamy
przestawienia elementow a i a®, to w powstatej permuta-
cji P#, p[ - PjJ oraz Pj a p”, natomiast pozycje zwigzane
z pozostatymi elementami pozostang niezmienione.

Przestawieniem prostym nazywa¢ bedziemy przestawienie ta-
kich dwéch elementéw®™ a~ 1 aj, dla ktérych spedniona jest
zaleznos¢ pr=pM+ 1 lub pN = pt + 1. Oznacza to, ze prze-
stawieniem prostym jest przestawienie elementdw znajdujacych
sie na dwoch sasiednich pozyojach.

Drogq prostych przestawien mozemy przeksztatci¢ dowolng
permutacje P w ustalong z gory peimutacje koncowg PQ. Jes-
li permutacja koncowa PQ jest ciggiem elementédw uporzadkowa-"
nych wg pewnej ustalonej relacji liniowo porzadkujacej zbior
elementéw a~ (i = 1,..., n), to prooes przeksztatcania do-
wolnej permutaoji P w pezmutaoje PQ Jest sortowaniem zbio-
ru n-elementowego.

3. SORTOWANIE METOD4 PRZESTAWIEN PROSTYCH

Niech permutaoja PQ bedzie uporzadkowanym oiggiem elemen-
téw. W dowolnej permutaoji P mozemy okreslic Par roéz'*
nych elementéow. W tej liczbie znajduja sie pary uporzadkowane
zgodnie z PQ oraz pozostate uporzadkowane niezgodnie z PQ.

Wykazemy, ze minimalna liczba przestawien prostyoh konieoz-
na do przeksztatcenia permutaoji P w PQ roéwna jest liczbie
par uporzadkowanych niezgodnie 2z PQ w permutaoji P*

Wykazanie prawdziwosci powyzszej tegy opiera sie na stwier-
dzeniu, ze jedno proste przestawienie dokonane w permutaoji P
przeksztatca ja w pennutaoje P", w ktéorej tylko para elemen-
tow przestawianyoh jest uporzadkowana niezgodnie z P, wszyst
kie pozostate pary sg natomiast uporzadkowane zgodnie z P. Wy
nika to z kolei z tego, ze po przestawieniu dwéch elementdw
znajdujacych sie na sagsiednich pozyojach uporzadkowanie tyoh
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elementéw wzgledem pozostatych elementéow nie ulega zmianie.
Oznaoza to, ze wszystkie pary elementéw, z wyjatkiem pary
przestawianej, beda posiadaty uporzadkowanie zgodne z permu-
tacjg, na ktorej dokonano przestawienia. Tale wiec dokonujac

w pemutacji P przestawienia prostego dwéch elementéw two-
rzacy oh pare uporzadkowang niezgodnie z PQ tworzymy tym
samym permutacje P% w ktorej liczba par uporzadkowanych
niezgodnie z PQ jest mniejsza o jeden od liczby par upo-
rzadkowany cli niezgodnie z PQ w pemutacji P. Nastepnie w
P" dokonujac przestawienia prostego dwéch elementédw uporzadko-
wanych niezgodnie z PQ tworzymy pennutaoje P"", ktdéra po-
siada liczbe par uporzadkowanych niezgodnie z PQ o dwa mniej-
szg od liczby par uporzadkowanych niezgodnie z PQ w p<-muta-
cji P. Kontynuujac to postepowanio po liczbie krokéw réwnej
liczbie par uporzadkowanych niezgodnie z PQ w permutacji P
uzyskamy permutacje kornncowg PQ. Poniewaz kazdy krok zwigzany
jest z jednym przestawieniem prostym, liczba prostych przesta-
wien jest rowniez réwna liczbie par uporzadkowanych niezgodnie
z PQ w pemutacji P. Jest to minimalna liczba przestawien
prostych konieczna do przeksztadcenia permutacji P w permuta-
cje PO, gdyz za pomoca jednego przestawienia prostego mozna

uzyska¢ zmiane uporzadkowania tylko jednej pary elementow.

Wnioskiem z powyzszych rozwazan jest stwierdzenie, ze kaz-
dy algorytm sortowania przez przestawienia, proste bedzie rea-
lizowat sortowanie przy minimalnej liczbie przestawien, jesli
przestawienia dokonywane beda tylko na parach elementéw upo-

rzadkowanych niezgodnie z PQ.

W celu okreslenia Sredniej liczby przestawion prostych
przy sortowaniu zbioru n-elementowego udowodnimy na wstepie,
ze rozkdad liczby permutacji zawierajacych te samg liczbe par
uporzadkowanych niezgodnie z PQ jest symetryczny. Inaczej
moéwigc, ze liczba pemutacji zawierajaoyoh Kk par uporzadko-
wanych niezgodnie z PQ jest réwna liczbie pemutacji zawie-
rajacych (2) *s K par uporzadkowanych niezgodnie z PQ.
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Dowod powyzszej tezy rozpocznieny od udowodnienia twier-
r " "o - e e - doktadnie jedna

uporz gdkowany oh

lementéw sg upo-

rzadkowane niezgodnie z PQ)*

Zatozmy, ze istniejg dwie rozne permutaoje

PQ 1 P za-

wierajace (2) Par uporzadkowanych niezgodnie z PQ. Poniewaz

p

jest pennutacjag rozng od PQ, musi wiec zawiera¢ 00 naj-

mniej jedng pare uporzadkowang niezgodnie z PQ. Ale para ta
bytaby uporzadkowana zgodnie z PQ (w PQ wszystkie pary sa
uporzadkowane niezgodnie z PQ), co przeozy poozgtkowemu za-

dozoniu. Tak wieo istnieje doktadnie jedna pennutaoja PQ, w
ktérej wszystkie paiy sa uporzadkowane niezgodnie z PQ.

Permutaoje PQ mozna wyznaozy¢ w nastepujacy sposob. Jeze-

li permutaoja PQ opisana jest ciggiem pozyoji

to PQ jest opisana nastepujgoym ciggiem pozyoji

przy czym P» = n - pN + 1. tatwo sprawdzi¢, ze dla kazdej pa-
ry elementéw at 1 aj Pi * Pj wtedy i tylko wtedy, gdy
Pi > p... Nie ma wiec w PQ ani jednej pary uporzgadkowanej

zgodnie z PQ.

Niech P, P2,..., Pm bedg permutaojami zawierajgcymi K

par uporzadkowanych niezgodnie z PQ. Wynika
P., P2,..., Pm sg permutaojami zawierajacymi
kowanych niezgodnie z PQ. Ale wszystkie pary
sa uporzadkowane niezgodnie z PQ, tak wiec

z tego, ze

K par uporzad-
zawarte w PQ
kazda permuta-

cja zawierajgca Kk par uporzadkowarych niezgodnie z PQ po-

siada tym samym Kk par uporzadkowanyoh zgodnie z PQ. Ozna-

cza to, ze kazda pennutaoja zawierajgca K par uporzadkowa-

nych niezgodnie z PQ zawiera jednoozesnie

- K Par upo-

rzadkowanych niezgodnie z PQ. Wynika stad, ze liczba permu-
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tacji zawierajgcych «k par uporzadkowanych niezgodnie z PQ
réwna jest liczbie pormutacji zawierajacych - K par upo-
rzadkowanych niezgodnie z PQ.

Konczy to dowdd twierdzenia o symetrii rozkdadu liczby per-
mutacji zawierajgcych te samg liczbe par uporzadkowanych nie-
zgodnie z PQ.

Z powyzszego dowodu wynika prosty wniosek, ze rozkdad licz-
by permutaoji, ktorych przeksztatcenia do permutacji PQ do-
konuje sie za pomoca tej samej liczby przestawien prostych
(przy zastosowaniu algorytmu optymalnego) jest symetryczny.

Okreslmy na zbiorze wszystkich mozliwych permutacji n-ele-
mentouych zmienng losowg, ktéra dla kazdej permutacji roéwna
jest liczbie przestawien prostych, ktére wykonujemy prze-
ksztatcajgc te permutacje (wg optymalnego algoiytmu) w pewng
ustalong permutacje PQ. Jesli zatozymy, ze wszystkie pernu-
taoje moga wystgpi¢ z réwnym prawdopodobiernistwem, to nu pod-
stawie wniosku z twierdzenia o symetrii rozkdadu liczby permu-
Uacji zawierajgcych te samg liczbe par uporzgadkowanych nie-
zgodnie z PQ mozemy stwierdzi¢, ze zmienna losowa okreslona
wyzej ma rozkdad symetryczny. Korzystajgc z tej whkasoiwosci
rozktadu mozemy policzy¢ wartos¢ oczekiwang tej zmiennej loso-
wej jako Srednig arytmetyczng dwéch jej krancowych wartosci.
Tymi krancowymi wartosoiami sga: 0 dla permutacji PQ oraz
~2) permutacji PQ. Wartos¢ oczekiwana, bedgca jednoczes-
nie $rednia liozbg przestawien prostyoh (S) przy sortowaniu
zbioru n-elementowego, wynosi w zwigzku z tym:

°*$)  «("-1)
2 4

Jest to Srednia liczba przestawien prostych dla kazdego al-
gorytmu sortujacego przez przestawienia proste, ktory realizu-
je sortowanie przy minimalnej liozbie przestawien.
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4. SORTOWANIE PRZEZ WSTAWIENIA

W praktycznej .realizacji algorytmu sortowania Srednia licz-
ba przestawien prostych nie moze stanowi¢ pednego wskaznika
efektywnosci. VWV najgorszym bowiem przypadku nalezatoby spraw-
dzi¢ (przez porodéwnanie) Par elementéw, colem okreslenia,
cz,/ ioh uporzadkowanie jest zgodne czy niezgodne z permutacjag
PQ stanowigca zbidr uporzadkowany, przy czym wykonanoby S$Sred-
nio N przestawien. Oznacza to, ze Srednio potowa pordéwnan
nie bedzie wprowadzata konkretnych postepéw w sortowaniu. Kaz-
de natomiast pordéwnanie wymaga sprowadzenia z pamieci porowny-
wanych elementow, co wptywa na catkowity czas realizacji algo-
rytmu. Dlatego dobry algorytm powinien charakteryzowa¢ sie jak
najmniejszg liczbag tych "niepotrzebnyoh"™ poréwnan, ktdére nie

prowadza do przestawien.

Algorytmem, ktéry wydaje sie by¢ efektywny pod tym wzgle-
dem jest sortowanie przez wstawienia (by inserting). 0gélnie
metoda ta polega na dotaczaniu do juz uporzadkowanego zbioru
jednego elementu i1 droga przestawien prostych wstawienia go
na odpowiednie miejsce.

Zatozmy, ze w zbiorze n-elementowym mamy na K pierwszych
pozycjach elementy posortowane. Element stojacy na k+l1 pozy-
cji dotaczamy do uporzadkowanej czesoi zbioru w sposéb naste-
pujacy: poréwnujemy go z elementem znajdujacym sie na pozycji
k-tej 1 jesli stwierdzimy, ze powinien on poprzedzac¢ ten ele-
ment dokonujemy przestawienia prostego tych elementow, dalej
porownujemy dotaczany element (znajdujacy sie juz na pozycji
k-tej) z elementem znajdujacym sie aktualnie na pozycji k-1-

i przestawiamy w tyra wypadku, gdy dotgczany element powinien
poprzedza¢ ton element. Przestawienia kontynuujemy az do na-
potkania elementu, ktdéry poprzedza element dodgczany. Napot-
kanie takiego elementu oznacza, ze dotaczany element zostat
wstawiony na w4asciwg pozycje. Do powstatego w ten sposéb upo-
rzadkowanego zbioru k+1 elementédw dotgaczamy nastepnie element
znajdujacy sie na pozycji k+2 itd.
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Model sortowania, okreslony w sposéb rekurenoyjny, zaczyna
dziata¢ od dotgozanla elementu do tbioru jednoelementowego
(element na posyoji pierwszej), niastepnie do zbioru dwuelemen-
towego itd. az do wyczerpania elementdédw sortowanego zbioru.
Kazdy wieo element (oproécz pierwszego) jest na okreslonym eta-
pie eortowania elementem dodgozanym.

Oznaozmy przez liozbe przestawien prostyoh zwigzang
z dotgozaniem elementu znajdujgcego sie w wyjsciowym zbiorze
na pozyoji i-tej. Kazde przestawienie zwigzane jest z jedrym
poréwnaniem pary elementéw. Tak wiec element znajdujacy sie
w wyjsciowym zbiorze na pozyoji i-tej jest pordéwnywany g/
razy z elementami, z ktorymi jest przestawiany oraz raz z ele-
mentem, na ktorym konczy sie proces dolgczania. Stad catkowita
liozba poréwnan T roéwna jest

n n
T= X t+ i) =( -i1)+ H +.
L @

n

Ale suma wszystkioh przestawien prostych X gt roéwna

jest Sredniej liozbie przestawien prostyoh, ai="ieo ~ (@)*
Stad:

Vs y n/.\ (n - D+ 4)
1 = — 7 — - e

Na zakonozenie nalezy zauwazy¢, ze w tym algorytmie licz-
ba pordéwnan, z ktoryoh nie wynikaja przestawienia jest roéwna
n - 1, a wieo znacznie mniej od Sredniej liozby pi“zeStawien
prostych. Stad wniosek o duzej efektywnosci tego algorytmu
wsrod algorytméw wykorzystujacych metode przestawien pros-

tyoh.
Klasa algorytmow przedstawiona powyzej nie stanowi grupy

najszybszych algorytméw sortowania. Niewgtpliwg jednak zale-
ta tych algorytméw jest realizacja sortowania bez konieoz-
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noéci rezerwowania w pamieoi dodatkowego obszaru roboczego.
Algorytmy te moga wiec by¢ stosowane wszedzie tam, gdzie
zbidr sortowany tak wypednia pamie¢ wewnetrzng, ze nie mozna
zarezerwowa¢ odpowiednio duzego obszaru roboczego.
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COPTIPOBKA METOZOM MPOCTOW NEPECTAHOBKY

Pe3tome

¥9ﬂbm CTaTbll SBNSIETCS ONPefenuTb SOHEKTUBHOCTb anropuTMa
COPTUPOBKM METOAOM BCTaBKY, NpWUHWAMAs yKa3aTenem ah(heKTUBHOC-
TN CPEAHEE UNCNO CpaBHEHWN.

ﬂegsaﬂ yacTb PabOTH 3ak/moyaeT obWWiA aHanu3 Knacca anr puT -
0B CODTUDOBKI, HCNONb3YOUMX iETon NDOCTLX NepecTaHoBok. e-
densa CopTUpOBKY KaK rpeoopasosaiile fiwoon 1 -SneweHTHoM  nep-
yTaluum P B HEKYW nepMmyTaLuio P, ONPeaencHo  MUHMMANILHO
YACNIO NPOCTHIX NMEPECTAHOBOK, HYXHOE ANl COPTUPOBKU n -3NEMEHT-
HOFO MHOXECTBa, @ NOTOM YCpefHWbas 3Ty BENMUMHY NS BCEX BO3-
MOXHbIX epMyTalui P, NOAYYEHO CPEHEO 4MCNo fpOCTbiX NepecTa-
HOBOK (S) ' B mpoLecce COPTUPOBKN n -3NEMEHTHOFO MHOXECTBA.

Ha OCHOBE 3TuX 06UNX paccyxgetuit, B0 BTOPOVi 4acty cTarbl
NPOBEAEHO aHaNM3 anropuTia COPTUPOBKM METOAOM BCTABKM, a Tak-
Xe BblBe€HO (QopMyny AN CPeAHEro uucna cpaBHeHuid (T) B mpoue-
CCe COPTUPOBKN I -3MEMEHTHOIO MHOXECTBa.

SORTING BY THE METHOD OF SIMPLE EXCHANGE

Summary

The article aims at a determination of the sorting algorithm by in-
serting after the coefficient of effoctivenoss of mean number compari-
son had been accepted.

The first part of the paper includes a general analysis of a class of
sorting algorithms by simple exchange method. Sorting is understood as
a transformation of any n-element P permutation into a certain, fixed -n
advance, n-element P permutation. Due to this the minimum number of
simple exchange is determined, needed for an n-element set sorting.
Then, finding the mean value of this magnitude, after all possible per-
mutations P, the mean number of simple exchange (zy was obtained while
sorting the n-element set.

On the basis of these general considerations the second part of the
paper comprises an analysis of the sorting algorithm by inserting. Also
the formula is written for the mean number of comparisons (T) while
sorting an n-elemont set.

© Instytut Maszyn Matematycznych
Warszawa, ul. Krzywickiego sa
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Prace ztozono 15.04.1972

V artykule dokonano oceny efektywnosci procesu
scalania dwéch uporzadkowanych zbiorow. Wyzna-
czono doktadne wyrazenie na Srednig liczbe po-
rownann realizowanych w procesie scalania. Na
podstawie uzyskanego wyniku podano oszacowanie
Sredniej liczby poréwnan realizowanych przez
algorytmy sortowania Two-Way Merge Sort i In-
sertion Sort.

1. WSTEP

Do najozesoiej stosowanych procedur w systemach przetwarza-
nia danych nalezg prooedury sortowania. Istnieje calta klasa
algorytmow sortowania realizujacych porzadkowanie zbioréw da-
nych na drodze kolejnych pordéwnan parami elementéw sortowa-
nych. Czesto stosowang miarg efektywnosoi algorytméw tej klasy
jest wartos¢ oczekiwana liczby pordéwnan wykonywanyoh w proce-
sie porzadkowania przy zaltozeniu, ze kazda poozatkowa sekwen-
cja danych jest jednakowo prawdopodobna. W klasie tej wyroéznic
mozna taka podklase algorytméw sortowania, w ktorych daje sie
wyodrebni¢ pewne kroki charakteryzujace sie scalaniem wczesniej
uporzadkowanych podzbioréw zbioru porzadkowanego.
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Celem niniejszej praoy jest ocena efektywnosci procesu sca-
lania dwéch zbioréw uporzadkowany eh. Ooena ta oparta jest na
wyznaczeniu Sredniej liczby pordéwnan realizowanych podczas
scalania. Jest ona przydatna przy badaniu efektywnosci algo-
rytméw sortowania wyroéznionej wyzej podklasy.

Dalej oznacza¢ bedziemy przez P moc zbioru P. Przyjmijmy
dla uproszczenia, ze zbiory scalane A i B spekniajg AcH i
BcN, gdzie N oznacza zbidér liczb naturalnych, oraz, ze re-
lacja liniowo\porzadkujaca kazdy z tych zbiordéw jest rela-
cja < . O zbiorze PcN bedzieuy méwili, ze jest uporzgdkowa-
ny w pamieci maszyny cyfrowej, jezeli dla dowolnych elementow
ppeP 1 PS&P znajdujgoych sie na miejscach pamieci o0 nume-
rach r i s speknione jest P_<P, wtady i1 tylko wtedy gdy
r<s. Zatb6zmy, ze zbiory A i b sa uporzadkowane w pamieci.
Przyjmijmy 1 = Kk oraz B = 1. Ponadto niech AfIB = 0. Wyni-
kiem scalenia takich zbiordw jest zbidr AumB uporzadkowany w
pamieci maszyny cyfrowej.

Przez j”i|] oznaczac¢ bedziemy czynnos¢ pordwnania elementdw
a”eA i1 bjjeB. Wynik pordéwnania determinuje wkasciwe usta-
wienie wzajemne elementow w pamieci i wybdér kolejnego poréwna-
nia, ewentualnie zakonczenie procesu scaxania.

Przy ocenie efektywnosci algorytmu scalania wygodnie jest
przedstawi¢ go za pomoca nastepujacej tablicy:
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Algorytm rozpoczyna dziatanie od poréwnania |al] , po czym
w zaleznosci od wyniku przechodzi do poréwnanial |81]|* Sdy
a®» > b~ lub do |721, gdy a" < b~. Od pordwnania 2 | al-
gorytm w zaleznoscilod wyniku przechodzi do pordwnania*”®

Ibl+ll * iy ai > ~j Iut>do |bi+11 ai ® Pr°oes sca-
lania kohczy sie na poréwnaniu* Jai] , gdy a® > b?,

i=1, kK lub na poréwnaniu [|’K*|], gdy ak < b._,
jo=1,... 1.

2. EFEKTYWNOSC SCALANIA

Zato6zmy, ze dla dwéch zbioréw A i B jest AnB = 0, oraz
A = K, B = 1. Méwi¢ bedziemy, ze w permutacji elementéw zbio-
ru Au B umieszczonej w pamieci maszyny na kolejnych k+1 miejs-
cach zachowane jest uporzadkowanie elementdow zbioru A, jezeli

zbidr ten pozostaje uporzadkowany w pamieci.

TWIERDZENIE 2.1. Istnieje permutacji elementow
zbioru AuB, w ktdéiych zachowane jest uporzadkowanie elemen-
tow zbioru A oraz uporzadkowanie elementédw zbioru B.

Dowdd; Oznaczmy zbidr szukarych permuggcji przez Q, wowczas
szukana liczba permutacji jest réwna Q. Przez dowolne permu-
towanie elementéw b™ zbioru B wzgledem siebie na pozycjach

zajmov.anych przoz elementy zbioru B mozna dla kazdego ciggu

qeQ uzyska¢ 1! oiggdéw, w ktdérych warunkiem jest. jedynie za-
chowanie uporzadkowania elementéw a”™ zbioru A. Zbidér R cig-
gow, w ktérych warunkiem jest uporzadkowanie a” jest wiec mo-

cy E° 1L

Dalej, dla kazdego ciagu reR mozna uzyska¢ k! oiagéw per-
mutujac elementy a” zbioru A. Poniewaz daje to zbidr wszyst-
kich mozliwych permutacji k+1 elementéow, zatem

Q*(kD(I) = (k+DI stad za$

k1) . A1) )
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Tak wiec w wyniku scalania uporzadkowanych zbioréw A i B
zostanie utworzona jedna z permutacji elementdéw zbio-
ru AuB. Kazde uporzadkowanie koncowe zalezne jest od przy-
padkowych wartosci elementdw zbiordéw scalanyoh. Poniewaz wys-
tgpienie w zbiorach scalanyoh kazdego elomentu nalezgcego do
zbioru liczb naturalnych N jest jednakowo prawdopodobne,
wieo kazde uporzadkowanie koncowe jest rowniez jednakowo
prawdopodobne.

Z jednoznaoznosoi dziatania algoiytmu scalania wynika, ze
kazde z mozliwyoh uporzgdkowan koncowych elementéw zbiordéw
A i1 B realizowane jest przez doktadnie jedng sekwencje poréw-
nan.

Z jednoznaoznosoi dziatania algorytmu wynika takze, ze
sekwencja poréwnan zakonczona poréwnaniem || , 1 i i 4 k-1,
lub |bM]» 1 < j < 1-1, daje tylko jedno uporzadkowanie konoo-
we. Jedynie sekwencjom zakoriczonym pordéwnaniem Jak] odpowia-
dajg w zaleznosci od wyniku dwa mozliwe uporzadkowania kornco-

we: .....a™N, lub ...... ~ak* N nhca z faktu, zo pordéwna-
nie Jj“K|] niezaleznie od wyniku zawsze konczy proces scalania.

Powyzsze rozumowanie prowadzi do wniosku, ze wyznaczenie
Sredniej liczby poréwnan w procesie scalania sprowadza sie do
wyznaczenia Sredniej ddtugosoi drogi, zaczynajacej sie w punk-
cie A prostokata (rys. i) 1 konozacej sie strzatkg s ,
p=1,..., 1, lub tg, g =1, ... k, przy zatozeniu, ze kazda
z drog jest jednakowo prawdopodobna, zas dfugos¢ drogi jest
rozumiana jako liczba strzatek. Istotnie, tak rozumiana d¥u-
gos¢ drogi jest réwna liczbie poréownan w sekwencji poréwnan
realizujgcej scalanie, a ponadto kazdej drodze odpowiada® jed-
no uporzadkowanie koncowe (kazdej sekwencji poréwnan zakonczo-
nej w tablioy scalania pordéwnaniem jMcl odpowiada na lys. 1
jedna z dwoéch drég, zaleznie od wyniki tego poréwnania).

Zauwazmy ze ddugos¢ wszystkich sekwencji zakoriczonyoli po-
rownaniem |bj™| jest dla danego j, j =0, 1, ..., 1-1, jed-
nakowa i réwna“"sie k+j; podobnie diugos¢ wszystkich sekwencji
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zakoriozokEych poréwnaniem |[£i+1] ~est jednakowa dla danego
i, i1s 0, 1,..., k-1, i rowni jest 1+i. Oznaczmy liczbe moz-
liwych uporzadkowan. korioowyoh, odpowiadajgcych wszystkim sek-
wencjom zakonozonym poréwnaniem g,y Lj(\ﬁ)k* In-
nymi stowy jest to liozba drég w prostokgcie na rys» 1
z punktu A do punktu BQ. Zgodnie z tym k™) jest roéwne
liozbie mozliwyoh przejs¢ do punktéw i B2 +3oznie. Z ry-
sunku wynika wprost, ze LQ (k) dla dowolnego kJi-1 (tj. liozba
sekwenoji zakonozonyoh pordéwnaniem |£k])jest réwne 1. Podob-
nie dla 1>1 mamy L~(C01) =V Ponldto, poniewaz liozba
przejs¢ w prostokgoie o dtugosoiaoh bokéw (j+1) x 1 jest
rowna liozbie przejs¢ w prostokgoie Ix(j+1) wiec prawdziwe

jest
Li W * buy-uCn) C1)
|
AC .o e - LO<D
ni | C2 X * 1,(1)
DZ | ££
r a n
B2 LH (D
BO BO
Liczba drog LO(K) LL(K)»»* Lj(k) K
zakonczonych

strzatkq sj,

Ry«. 1
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W zbiorze drog do punktu B® (rys. i) o ddugosci k+j+1
wyrozni¢ mozna dwa dopedniajace sie podzbiory, z ktdérych je-
den obejmuje drogi przeohodzgoe przez punkt Cl, a drugi
przez D1{ poniewaz liczba drog przechodzgcych przez Cl réwna
jest L~(k), zas$ liczba drdég przechodzacych przez D1 jest
Lj+~(k-1), zatem

bj+iM - LjO)*+V-i0-1)

Zbior droég przechodzacy oh przez D1 rozbijamy na dwa pod-
zbiory, z ktéryoh jeden obejmuje drogi przeohodzgoe przez
punkt C2, a drugi przez D2. Zauwazajgo, ze liczba drég wycho-
dzgcych z D1 przez C2 do B* rowna jest Lj(k-1), zas liczba
drég przechodzgoych przez D2 jest rowna nawy

- L/t-11 @ Lj+1(k-2)
Postepujao dalej analogioznie mozemy uzyskaé»

LIJ+1({c2") - b3(£2") ¢ b3+1(k-3)

11el M - o LJHI(M)

*V 1)
Wynika stad wzér rekurenoyjny na LM /jK)*

+j+lo) - ‘'t Law @)

Z (2) wynika»

ik x a0 - Lj(k) - Lavi(k-D) L/ K)

analogicznie»
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Lj(k) = Ld(k-1) + Ld-1(k)

= Ld-I(k"1) + Lj-2(k~

L2(k) a L2(k-1) + L1(K)
L/k) » t,(k-1)+ LO(K) = L/k-1) + LO (k-1)

stad zas mamy:

(k) = X - LICk-1) )
10
TWIERDZENIE 2.2. Dla kazdego Kk naturalnego oraz j~ O ()

wyraza sie wzorem:
"K(K) W
Dow6éd: Poniewaz LQ(k) = 1, wieo bezposrednio z (2) wynika
L/k) = k,
zatézmy, ze dla pewnego J jest
wowczas z (2) mamy dla kazdego K

W*) ->KCr)

Dowdd zatem sprowadza sie do wykazania, ze dla kazdego k

zachodzi:

ileM m(#) (5)

Rownosé (5) jest spedniona dla k=1. Zakozmy, ze jest ona
spedniona takze dla k=p, tj.
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Sltad dla p+1 jest

Na podstawie powyzszych twierdzen mozna wyznaozy¢ Srednig
liczbe poréwnan realizowanych w prooesie scalania uporzadkowa-

nych zbioréw A 1 B odpowiednio kK i l-elementowyoh. Dla usta-

lenia uwagi zatézmy, ze 1"k, tj. k-1 p p, p » O. Oznaczmy
przez b"~(k,1) liczbe koncowych uporzadkowan zbioru AuB,
dla realizacji ktérych algorytm scalania dokonuje 1+i poréw-

nan, mamy wowczas:

LoD
LAT)

hGk, D
h/k, 1

Vi (k*"~ - Lp-1(1~
hp(k, 1) = Pp() + LO(K)

VI &N = LP+1MA~A+ L1 A

AK -rT-p C AU o c-rALA + Li-2(k)

hfc-1Cb:,1) = L~0) + Li-i(k) 3217200 =2ZL" k)
przy ozym ostatnia rownos¢ wynika z (i).

Poniewaz sSrednia liczba poréwnan realizowanych podczas sca-

lania wyraza sie wzorem
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k-1 1
sC. > = 7 sken\
i=°1
wiec
k-1 1-1
sGGD = ey z T
\Y; k) 1= 1:0
, - FHFIED) L (1+rif142) , L L.Cl+n) ... .. (1+k-2~ _Fl+k-17
k+1
iK
k + kK{k+iL + k-Ck+1]: (&2 +H4+ K* (k1> a *k+HIND)
(k+an
V k
k-1 1-1
(CD) W Z, Li(1+1) + k* Z  Li(k+1)
. i=0 i=0

m[ENT €1 «~--102) * *-L1-1(k#2)]-

VvV
przy czym ostatnia réwnos¢ wynika z zastosowania rownania (?).
Dalej po przeksztatceniu tego wyrazenia uzyskujemy wzdr na
wartos¢ Sredniej liczby poréwnan

ak, iy = 1k LK ©

a+n (k+1)

W dalszej ozesci pracy pokazano mozliwosci wykorzystania
tej oceny dla doktadnego wyznaczenia efektywnosci dwoch algo-
z ktorych jeden jest znany pod nazwg TWO-

rytméw sortowania,
zas drugi - IN-

WAY MERGE SORT (sortowanie przez scalanie),
SERTION SORT (sortowanie przez dostawianie).
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3. OCENA EFEKTYWNOSCI ALGORYTMOW TWO-WAY MERGE SORT ORAZ IN-
SERTION SORT

Dla wyznaozenia Sredniej wartosci liczby pordéwnan realizo-
wanych przez algorytm TWO-WAY MERGE SORT (T-WMs) przyjmijmy
upraszozajgco, ze zbior sortowany liczy 2n elementdow, wowozas
porzadkowanie tego zbioru bedzie realizowane w n krokach,
przy czym w kazdym kroku nastepuje scalanie uporzadkowanych
podzbiorow o tej samej liczbie elementédw. Prooes powtarza
sie, az liczba elementéw w zbiorze scalonym obejmie ca3y zbidr
sortowany. Gdy wieo sortowany <jest zbidér 2n elementéw, to
w_i-tym kroku soalane sag podzbiory uporzadkowane liczgce po

2'_1 elementéw. Pokazuje to ponizsza tabelai
Nr liczba pod- dtugos¢ poj. Srednia liczba porow-
kroku zbiorow podzbioru nan w kroku
1 2n 1 2n~1 . s(1,1)
2 2n-1 2 2n-2 . s(2,2)
3 2n-2 4 2n"5 . 3(4,4)
i 2n-i+1 2i-1 2n"1 . s(2i-1, 21"1)
n 2 2n-1 1.a(2n“1, 2n"1)
poniewaz zas wg (6)
o2i+1l
s(2\ 20 = - j--—-—-
2+1

wieo Srednia liczba porownan S dla tego algorytmu jest



OCENA EFEKTYWNOSCI ALGORYTMU SCALANIA 55

B >

Na podstawie tego wzoru mozna oszacowaC S hastepujaco:

i
S4 2n (n-1) + 1

Dolne ograniczenie S mézna oszacowa¢ zapisujao

f; 2n-1 j~"1 - 2 + 2
2i,1 + 1
(7a)
=n .2n-2n - 1) + 2n+tl Z -T-r-g, —r-
i=1l 2 (2 + i)
Z wzoru (7a) wynika
S>2n(n - -

zatem mozna zapisac

2n *n - |*<S 42n (n-1) + 1

Wzér (6) daje tez mozliwosS¢ wyznaozenia efektywnosci ak*
gorytmu INSERTION SORT (is). Ogdlnie metoda ta polega na do-
4aczeniu do juz uporzadkowanego zbioru jednego elementu i
droga przestawien wstawienia go na odpowiednie miejsce. Tak
wieo wyrozni¢ mozna w przypadku sortowania N elementdw
N-1 krokéw, przy czym krok i-ty jest w zasadzie scalaniem
uporzadkowanych zbiorow: i-elementowego i1 jednoelementowego.
Zatem zgodnie z (6) Srednia liozba pordéwnan w kroku i-tym
jest
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S 1~1 +JU1l
1 i+ 1 r
Stad zas
f 4 b\ 4 =1 w N-1
i=1 \i+l 2/ 2 2 £* i+l

(8)
=" G(-D) . +4) -Vl -~
4 7 i+l -

Korzystajgo z definicji statej Eulera uzyskujemy dla duzyoh
N dos¢ doktadng aproksymacje wyrazenia na S:

S=i (N-1) . (W4) - In (1) + 0,4228.
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OHEHKA JOOEKTUBHOCTI ANFOPUTMA COEAWHEHUA [BYX YNOPALOYEHHBIX
MHOXECTB

Pe3iome

PaccMoTpeH ﬂpOﬁECC CoenHeHnA AB%X yno% 0YEHHLIX MHOXECTB.
Anroputm COGAMH A NMpeAcraB/ieH B B Qe Tao/mMubl COeANHEHUN.
[PUHATO, YTO NIOON JNEMEHT MOXET BHICTYNATb B COEAMHEHHLIX MHO-
XecTBax C 0 YHAKOBOW BEPOATHOCTbLK. [loKasaHo, 4To CBE HEE 4K-
C/NI0 CpaBHEHWW B npouecc COGﬂMHEHMﬂ P&BHHETCH cpegHen  [nHe
NyTK B HEKOTOPOM OnpefenéqHoM npamoy ﬂbHMKe floTom onp eAene—

HO C EAH yncno C aBHeHMM ﬂOﬂ HeHHHM 3ynbTaTr HOCﬂ Xun ansa
OLEHKN EKTMBHOC N ABYX anrop TMOB CO TM 0BKMU, M3Be THbIX
noa Ha3B HWEM ""Two-Way-Merge-Sort" "Insertion Sort"

THE EVALUATION OF THE MERGING ALGORITHM EFFECTIVENESS OF TWO ORDERED
SETS

Summary

The process of two ordered sets merging is considered. The merging al-
gorithm is presented in the form of a merging table. It has been accept-
ed that the appearance of every element in merged sets is equally proba-
ble, and with this assumption it was shown that the mean number of com-
parisons realized in the merging process equals the mean length of a way
in a certain defined rectangle. Then a mean number of comparisons was
determined. The obtained result served to evaluate the effectiveness of
two sorting algorithms known as Two-Way Merge Sort and Insertion Sort.
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