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PROGRAM NUMERYCZNEGO CALKOWANIA
ROWNANIA DRGAFl BELKI

Jerzy WILCZKOWSKI

Erace z#ozono 19.4.1966 r.

Artykut poswiecony jest organizacji procedury do roz-

wigzywania réwnania drgan belki. Zastosowano metode
prostych sprowadzajac problem do zagadnienia Cauchy’ego
dla uktadu roéwnan rézniczkowych zwyczajnych. Dowdd

zbieznosSci rozwigzania przyblizonego do doktadnego dla
réwnania liniowego hiperbolicznego I1l-go rzedu podat
m.in. Lebiediev J], Budak [B].- Mozna go uogdélni¢ dla
réwnania liniowego drgan belki. Analogiczny dowéd dla
réwnania rozpatrywanego ponizej nie jest autorowi zna-
ny, dlatego tez przytoczonag procedure nalezy stosowac
ostroznie.

1. SFORMULOWANIE ZAGADNIENIA

Rozpatrzmy nieliniowe réownanie drgan belki o dbugosoi 1 w po-
staci

M () B e, M, M, 9 92 g, m

3t2 4 it d3x” 3 dxs -

z warunkami poczatkowymi
n (o, x) =gi(x),

/2/

iH_(o,x) - g2(x),
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oraz brzegowymi, zapisanymi w postaoi
3 g
X af -fi ®, fi * 1,2 - dwa warunki na brzegu
6-0 dx n X - 0,
/3/
3 o
T ie,h) = @™, Ju = 3,4 - dwa warunki na brzegu
»n0 A 3x " M X =1,

N

przy ozym dla @m 0 nalezy potozyc¢ ?'@-z u.
X

Warunki /3/ obejmuja najozesoiej spotykane przypadki. Rozpatrzmy
dla przyktadu kilka z nioh. Przyjmijmy nazywa¢ brzeg x = 0 lewym,
zas brzeg x = 1 prawym koéoem belki.

Preyk+ad 1

Belka o lewym konou sprezysoie zamooowanym i prawym przegubowo
podpartym. Nieoh przy tym podpora wykonuje ruoh opisany funkoja
I3, ® - Musi tu by¢ spedniony warunek (0) = SiCO* oraz £3 (O

—g2q.

Rys. 1.
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Warunki brzegowe maja tu postac

b—-(t,0) -i4(t,0o) =o0 uCt, ) = B@®
dx dx =
/4/
eu (t,0) +~y (€0 =0 _ o e
mx
Nalezy wiec tu przyjac
ail = b» a2l ~ ~1* ao2 = e> a3z =1-
<sao03 =1 = az4* 75/
3 = P3 *

Pozostate wspoétczynniki i1 funkcje ji wystepujace w /3/ sa
réowne zeru.

Przyk+ad 2

Belka na obu koncach przegubowo podparta.

Rys. 2.
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Warunki brzegowe:

u(,0 =0, u(e, ) - 0,
/6/
=0 - 0.
zatem
17/
24> pozostate — zera.
2. METODA NUMERYCZNA
Oznaozmy
BHt=P7  otox
/8/
a2u i
flir 3.
Ix2 7 Ix3

Podzielmy nastepnie przedziat [o»lI] na n roéwnyoh czesci ozna-
0zajao:

noomw
« ik,

ux(t) =u(t,x3d,

an(t) = a(t,Xj),

i (tj .iafe,*)

1w dt X=x4
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Zamienmy w koncu w /8/ poohodne wzgledem x odpowiednimi wyrazenia-
mi roznioowymi i oznaczmy

pi “ 2k @i+l " ui-D)

4 m-xX0u-nu -0
/9/

ri apKui+ti - 2ui + ui-i)

S1 niNr3(ml+2 - 2U1+1 + 2ui-i - ui-a)

Wprowadzajgo tak okreslone argumenty funkoji F, oraz przybli-
zone wyrazenie na czwartg poohodng

& i+2 " 4ui+l + 6ui “ 4ui-1 + ui-2/

do réwnania /1/ otrzymany nastepuJdgoy uktad (n-3) rownan réznioz-
kowyoh zwyozajnyoh, okreslajacy na prostyoh x = x» funkoje ®

ai (*)

Ui+2 " 4ui+l + 6ul " 4ui-1 + ui-2) +

/10/
+ F(t] xzx, ux, u™, p”™, , rt, , i1 2,3, eee, -2,
z warunkami poczatkowymi
ui ) “ gl i) »
/11/

© =& J3* i “ °»1» eeen n *
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Dla_okreslenia wystepujacych w uktadzie 710/ funkoji u_, u_, u
u ., , un_1 skorzystamy z warunkéw brzegowych /3/.
Wezmy pod uwage warunki na lewym koncu. Zastepujac pochodne wyraze-
niami réznicowymi mozemy je napisaC nastepujaco /réznice brane sa
tu "w przéd"/:

+ a3 M-------- [3---mmmmemee =&> [N 1»2>

lub po przeksztatceniach

4

uo V + ui =y =1,2, /12/

gdzie
/12°%/
Pfi k3 “ U2(2 fi k ~ 363 fi) ~ U3 «3 jib p=1,2.

Zwigzki /12/ stanowig ukdad réwnan liniowych, z ktdéryoh mozemy
wyrazi¢ uQ, n! jako liniowe funkcje u2, uj. Analogiozny uktad
otrzymamy dla prawego konca:

un V. +un-1 BA=Y & - 3,4, /13/

gdzie A , B okreslone sg identycznie jak w /12/, za$
r r

fl. P k3 " un-2¢°2 &1 k " 3 @ " Un-3 a3 > nyr-

stad zas mozemy wyrazi¢ un, ug ., poprzez un_2» un_".
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Pochodne {u, wyznaozymy z rownan /12/, /13/ po zastagpieniu
wystepujacych tam funkcji u, B ich poohodnymi u, 3. Na przy-
k#ad dla warunkéw brzegowych okreslonych przez /4/ mamy: na lewym
koncu /7 fi = 1,2/:

all - b» *21 = -1» “02 = e> a32
wobec tego .
| |
A1l = —bk2 -k, . BL ™ bk2 + 2k, | Wl = Kk u2,
A2 = ek3 - 1, B2 = 3, W2 = 3 u2 - u3.

Funkoje wuq, u~ nalezy wieo wyznaczy¢ z ukdadu roéwnan

- (@i +bk) uQ + (bk + 20 v = u2,

€k3 - D uQ + 3 ul o 3 u2 - u3.

Na prawym koncu / p. = 3,4/:

a03 = 1 = °24» Ps = 7
wiec
A3 = K" B3 = o0, \I\G:k3p3t,
i
a4 ” k» B4 = -2k, W4 = ~un—2 k*
» 1
zatem z /13/:
\% = p3s W =

Un-1 - I [P3M +un-a] * “n1 =|[p3") +V,] =
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Zajmijmy sie obeonie ukdadem /10/. Wprowadzajac nowe funkcje
un+i = ui9 mozemy go sprowadzi¢ do ukkfadu 2(n-3) réwnan pierw-
szego rzedu:

/14/
Untd <=Fi (OXI»UO0». . »un»un+l»_ . .»u2n-1) * * n 2»3,...,n-2,

gdzie
F = — i W
i —  (Ui+2 - 4ui+l + 6ui - 4ui-1 + ui-2)
/15/
+ f(t, x4, ux, un+i, P+, qxfF rt, st
oraz
pi =-iK+i1 - ui-in
qi = K'un+i+l “ un+i-1)
/16/
ri =2 @i+l " 2ui + ui-I)
i Ujap" = 2Ugr * Ay« g =
Warunki poozatkowe uk¥adu /14/» wynikajgoe z /11/ beda:
ui ) 3 «1 i)
/17/

un+® (0) *= r i “ O»® eee» N«

Do catkowania ukdadu /14/*mozna stosowa¢ rozne ze znanyoh metod.
Zaleoa sie tu jednak metode Runge-Kutty-Gilla [i], Z jednej stro-
ny jest ona bardziej stabilna od metod réznioowychb tego samego rze-
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du /zwkaszoza dla ukdadu o duzej ilosoi rownan z Jakim mamy tu do
czynienia/, z drugiej za$ wymaga zarezerwowania mniejszej ilosoi
miejso roboozyoh, niz metoda Runge-Kutty [2], ozy Mersona [3]- Nie
bez znaozenia jest réwniez fakt, ze zastosowanie jej prowadzi do
najkrotszego programu. Po drobnyoh modyfikaoJaoh i dostosowaniu
jej do uktadu speojalnego typu jakim jest ukdad /14/, algorytm

tej metody ma postac:

kil =h un+,)
/ >i-2,3,....,1

kn+i,J - hPiitj»xi*uol........ unj»untl J****»u2n-1,j)

tI+l " *j + V)

VR ,jH =Tj(kij “ °ij) - sSJ] Q
/18/
Ui, 341 “ Ui) +Ri,J-1 1®2 ID"2,n+2fee29 202
id+1 " i) + 3R+~ Y kij
uoj» ulj» un-1,J» unl» Un+l,j« U2n-1,] - Z /12/» /13/
J-0,1,2,3}

przy cnyT
tQ - t - t+h
ulo ” n1 ») ui4 n uiCt + h) /719/
un+i,o “ un+i M - “DI W« un+i,4 “ un+iCt+h) . ~(t+h).

Jest to wiec metoda Jednokrokowa, pozwalajgoa - poprzez wielokrot-
ne odwoklywanie sie do niej - oblioza¢ wartosoi funkoji wow
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kolejnyoh punktach t, t+h, t+2h, Itd. Przed pierwszym odwota-
niem sie do niej kdadziemy Qio = 0, zas$ uiO» un+i 0O oblicza-
my z warunkéw poczatkowych /17/. W kazdym nastepnym kroku przyj-
mujemy za Olo, uiO, nn+1>0 wartosci 0x4, ul4d, un+t . poliozo-
ne w kroku poprzednim. Stake wystepujace we wzorach /'18/ podaje-
my w tabeli 1.

Tabela 1.
J Tj sj uj vj
I I
1 Y 0 W 0
2 -V T 0 ¢ *Vvr 2
S T T

3. PROGRAM OBLICZEN NA MASZYNE CYFROWA

Podamy obeonie organizacje programu w postaoi” zamknietego blo-
ku realizujacego formudy /18/. Moze to by¢ zardédwno podprogram w
Jezyku wewnetrznym, Jak i algolowska prooedura, ozy tez blok wy-
wodywany w autokodzie WAT-1 instrukcja # Wykonaj:. Dla ustale-
nia uwagi bedziemy dalej interesujgoy nas program nazywali prooe-
dura. Bedzie ona korzystata z nazw zewnetrznych, w ktdérych beda
umieszczone wartosci dane /wejsciowe/ 1 wyniki, oraz z nazw wkas-
nych, ktdére beda nazwami roboczymi procedury. Przez nazwe /miejs-
oe/ rozumiemy tu adres pamieci wewnetrznej /dla programu napisane-
go w kodzie wewnetrznym/, ewentualnie zadeklarowang nazwe zmiennej
/dla programu napisanego w autokodzie/.

Wypiszemy nazwy, ktoryoh bedziemy uzywali w procedurze /w nawia-
saoh podano zakres zmiennos$oi indekséw dla zmiennych*indeksowanyoh/.

*_JWAT-1 jest autokodem opartym na formalizmie tukasiewioza, opracowanym w Woj-
skowej Akademii Technicznej dla maszyny URAL-2.
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» Nazwy zewnetrzne:

e zmienne rzeozywiste: tfX, p, q, r, S,

h, K, 1, a,

u (o:2n-1), F(2:2n-2), oh:3) (G :4),

GA:d, ghiidHf
® zmienne oatkowite: i, j, n, par;

- Nazwy wewnetrzne:

e zmienne rzeczywiste: R, DN, DA, EG 4D, A(1:4), b(1:4),

W@, w@d,

Q(@:2n-2), T (0:3),

S@©3), U@:3), V(©3);

< zmienne oatkowite: sQdD,o@DHTf

Znaczenie poszozegdlnyoh nazw bedzie objasnione w sohemaoie

blokowym.

Przed pierwszym odwotaniem sie do procedury nalezy umiescic¢

dane wejsoiowe w nastepujacych miejsoaoh:

e parametry liczbowe a"j w
« dtugosc¢ belki w
= krok catkowania w kierunku osi t w
e 1los¢ punktéw podziatu prze-

dziatu [pzod w
e liozbe catkowita 1 w

al;pp 1 “ °57,»2»3;

j = 1.2,3.4.

n
par .

Procedura musi korzysta¢ poza tyra z blokéw /procedur/ reali-

zujacyoh nastepujace formuty:

Nazwa Formuta, ktorg realizujemy
bloku
Fﬂ f(t.x.ururrpirrr)
a(t, )

P+ (t), PACD, 1-1,2,3.4

7
M ste0. 92
W

Miejsoe umieszczenia
wyniku

i

a

ui» un+i

Pi» Pi» »2,3,4
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Bloki te nalezy kazdorazowo /tan. dla kazdego zadania okreslo-
nego przez (1), (), (3)/ zaprogramowa¢ w programie gkoéwnym.

Po kazdym wyjsciu z prooedury, w miejsoaoh t,u(0:n), u(n+l:2n-1)
znajduja sie odpowiednio! aktualna wartos¢ zmiennej niezaleznej
t, wartosci funkoji ux(®, 1 =0,1, ..., n, oraz ioh poohodne
vw@®, 1 =12, ..., n1.

Sohemat blokowy wykorzystuje nastepujgoe wzory robocze:

SN =2 =82 =3 =02

_ /20/
S3 =n-2 =s4, 03 =n-3 -c4,

i =1,2,3,4, /21/

/22/

Wi - k3 Pi " usx Ei “ uct “31
i =1,2,3,4, /23/
\ u k3 Pi - Un+Sl Ei - un+oxa3i »

uo 4, « “ B2« BL W)

U1 k w2 " »1 A2)

/24/

un 4 @3 B4 - B3 \)

un-1 " Dp @3 H4 “ W3 AJ
Un+l = d™(ai 'v2 “ W Ar)

u2n-1 =ir(As V4 " B \) ~’
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4. Schemat blokowy procedury

19
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Opis schematu blokowego:

Klatka 1: Badanie wartosci parametru par.

Jesli par = 1 - procedura nie bykta"Jeszcze wywotywana i na-
lezy ustawi¢ jej parametry liozbowe /lewa czes¢ sohematu/.
Jesli par = 0 - procedura byta wywotywana, parametry zosta-

4y ustawione, przechodzimy od razu do klatki 11 .
2

Klatka 2: Wyzerowanie par 1 zmiennej t. Policzenie Kk = L K

, K4, 2k w celu przyspieszenia liczenia /parametry wielo-
krotnie wykorzystywane/. Ustawienie parametréow Tj, Sj, U™, Vj
weddug tab. 1. Ustawienie indekséw s”, o™ weddug 720/.

Klatka 3: Poozatek petli i = I(1)4.

Klatka 4: Policzenie Az, B+, E+ wedtug /12%/, /21/.

Klatka 5: Koniec petli i.

Klatka 6 : Policzenie pomocniczych wielkosci weddug 722/.
Klatka 7: Poczatek petli 1 = 0(1)n.

Klatka 8 Przygotowanie argumentu funkcji g1 X), g2(X) z wa-
runkéw poczatkowych /17/, wyzerowanie parametrow Q~, On+i,
wystepujacych w /18/.

Klatka 9: Umieszczenie wartosci poozatkowych w uzx, u™-~ poprzez
odwotanie sie do bloku [g]»

Klatka 1( Koniec petli i; przejscie do klatki 11.

Klatka 11: Poczatek petli J = 0() 3. Jednoczesnie poczatek al-
gorytmu opisanego wzorami /18/.

Klatka 12: Poczatek petli i = 2(I)n-2.

Klatka 13: Przygotowanie weddug /16/ argumentédw funkcji a oraz
f, wystepujacych w tabeli 2.

Klatka 14: Policzenie tych funkcji poprzez odwotanie sie do blo-
kéow [@ , |Ff]-

Klatka 15: Policzenie prawych stron ukdadu /14/ weddug dwéch
pierwszych formut wzoréw /18/.

Klatka 16: Konleo petli i.
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Klatka 17; Zwiekszenie argument t o weddug trzeciej for-
muty wzorow /18/.

Klatka 18: Poczatek petli 1 = 2 (Dn-2.

Klatka 19: Realizacja czwartej, pigtej i szostej formuby wzordw
/18/.

Klatka 20: Koniec petli 1.

Klatka 21 : Poczatek petli i = n+2 (ID2n-2.
Klatka 22 ; ldentyczna z klatkag 19.

Klatka Pl: Koniec petli 1i.

Klatka 24: Policzenie funkcji pif z warunkéw brzegowych /3/
poprzez odwotanie sie do bloku [j{

Klatka 25: Poczatek petli i1 = I(1)4.
Klatka : Policzenie Wif W z /127 /» /13'7 weddug wzoréw /23/.
Klatka 27: Konieo petli 1i.

Klatka 28: Rozwigzanie ukdadéw réwnan /12/, /13/ weddug wzorow
/24/ .

Klatka 29: Koniec petli jj wyjsScie z procedury.

5. PRZYKLADY

Jako przyktady stosowania przytoczonej procedury rozwigazano
dwa réwnania. Autorowi nie chodzito przy tym o rozwigzanie roéw-
nan majacych jakie$ praktyczne zastosowania w technice, a raczej
o wskazanie na roznorodnos¢ probleméw, ktdre daja sie przy pomo-
cy tej procedury rozwigzac.

Lr 4 ttad 1

drgania belki o zmiennym przekroju wywokane ruchem jej konoa.
Rownanie ma tu postac:
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si(x) - " °(h4

/26/
929 = 0,
oraz brzegowe - /4/, tzn.
®11 = ¥ = ~ X a02 ~ S’ a32 M **
/27/
«03 =1 “ <2%» Po”~) w ™ | (1 + oosut).

Niech przekrdj poprzeczny belki bedzie prostokatem o statej szero-
kosoi b, oraz parabolioznie zmienneJ"wysokosci:

h=HY1"Ff »

gdzie bl Jest wysokoscig belki na lewym konou. Przekrdj i1 moment
bezwtadnosoi beda:

ACX) - bh =bHY1 “X-*~

IX) °?2!m —fz AW (1L mi)e

Po podstawieniu tych funkoji do /25/ i1 doprowadzeniu réwnania do
postaci /1/ otrzymamy

amclfl - )
/28/
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gdzie

5112
°1 =12 pl

s, r - okreslone przez /8/.

Przykdad policzono dla nastepujacych parametréw liczbowyoh

1 =100
o =1
u 1000
£
i
- 21 10U
« 5
n 1,75*10
p
b =1
e =1
n =24
h = 1,25%10°
Funkcje u~t, - ij, u(t, ™ 1™ przedstawione sg wykresem na
rys. 3.
Przyk#+ad. 2

Drgania belki spoczywajgoed na sprezystym poddozu o nieliniowe]j
charakterystyce sprezystej wywotane oboigzeniem P dziatajacym na
odcinku 2 A przemieszczajacym sie wzdduz belki ze stalg predkos-
cig t, Po uwzglednieniu bezwkadnosoi oboigzenia mozemy réwnanie
drgan belki zapisa¢ nastepujaco:



24

Jerzy WILCZKOWSKI

Prace

IMM



PROGRAM NUMERYCZNEGO CAEKOWANIA ROANANIA DRGAN BELKI 25

+CcuU+bu”~=0 dla |x-vg]>X
3t2 I
/29/
sau 4 fou +but =g e(v  +—— ] u+P dla [xvtfa.
3t2 T “ 9x4 X 3t

Sprowadzajac je do postaci /1/, otrzymamy

4 +a% = , /30/
3t 3x
gdzie
- Ccu-bu dla Ix - VD>A
f =
1__Iﬂ vh M +29 +P-cu- bu" dla pemvt]< [
a dla Ix - vt]>A
dla IX - Vt]«A

< r - okreslone w /8/.
Azyjmijmy tu warunki poczatkowe

gl &) =0=38209,

oraz brzegowe okreslone przez /6/, tzn.
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Do obliozen przyjeto nastepujgoe parametry liczbowe

a-1,75 - IgP

c =70

b- -35

P = 41,65
b= -4,2

1 = 100

v = 20

x = 3

n= 30

h = 0,005.

Wykresy funkoji u(t, , 1 =3,6,9, ..., 24 podano ma"

rys. 4. Odoinki wyoiete na osiach u = 0 /ktére sg réwnoczesnie
osiami X = xprzez ukosny pas ilustrujg okresy ozasu, w kté-
rych nad 1i-tym punktem "belki” znajduje sie obcigzenie P.

0,2 \
0,1 X\
0 /_ \.r-" vV n
\ v -1 %W
0.1 A \
0 / N
\% 4 /V
0,1
\ 4\ / r
r Vv
\ V
\"V
_ A J 4V Jt’\4

ot /nA a \
0] - \%
0.1 1 Yy
o) / __\\N

r \
o A/n
(0] jr
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6. UWAGI KOIJCOWE

Opisana prooedura wydaje sie mie¢ najwieksze zastosowania do
rozwigzywania skomplikowanych réwnan liniowych, tzn. gdy w réw-
naniu /1/ f jest funkcja liniowg swoioh argumentéw, a wszyst-
kie wspotczynniki /lub niektére z nioh/ sa ztozonymi funkojami
argumentéw t, X. Rozwigzanie takiego réwnania metodami przybli-
zonymi moze by¢, chocby ze wzgledu na trudnosci rachunkowe, czes-
to niemozliwe. Nie wykluoza sie oczywiscie mozliwosci stosowania
procedury w przypadkach gdy f jest funkoja nieliniowa, leoz nie
znajac skadinad przyblizonego przebiegu rozwigzania, lub jego pew-
nych ceoh /jak np. ozestos¢ drgan, czy maksymalna amplituda/ trud-
no jest zweryfikowa¢ otrzymane rozwigzanie.

Odnosnie krokow catkowania oraz h, to w przypadkach, gdy
nie mozna ioh ustali¢ na podstawie przewidywanego rozwigzania, na-
lezy Je dobrac¢ metoda préb. Brak odpowiednioh opracowan teoretycz-
nych uniemozliwia bardziej ekonomiczny tok postepowania.
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Sunmmary

_Thia paper is concermed with organisation of the procedure for numerical
integrating of partial differential equation:

*
¢ oy Ble P, @20 R0 o ary
3x \ ax 3t dx9t ax ax /

32wn
dt
with initial conditions
u®©.9 - 9. ®
N0 -92¢) ,

and boundary values
[Is 1.2,

J g

anrc**1) -fut (*). p “ 3"*
fi.«0

on the high - speed computers.
This procedure is applicable to the problem of mechanical vibrations of
beams. Two examples are given.
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O PEWNYM WIELOPOZIOMOWYM MODELU
KROTKOTERMINOWEJ *PROGNOZY POGODY
Krzysztof MOSZYNSKI

Prace z4#ozono 1.7.1966 r.

Praca zawiera opis aproksymacji rov.nari pierwotnych
prognozy pogody /1/ - /5/ przez inny ukdtad réwnan roz-
niczkowych /41/.Uktad ten nie zawiera juz zmiennej nie-
zaleznej e 1 wydaje sie wygodniejszy dla dalszych ba-
dan. Zastosowano tu podobnie jak w [2] metode Dorodni-
cyna [3], jednak sposéb otrzymania aproksymacji znacz-
nie odbiega od sposobu zastosowanego w [2]-

WSTEP

Prooesy zachodzgce w atmosferze moga by¢ opisane przez nastepu-
jacy uk#ad réwnan rézniczkowyoh:

AL+u3h|l;—¢§n|y¢wﬁw.+Ui-_— fy . o y /1/
at X 3y B

UL+ y§\ﬁ +w SV 4liie- + fu- o /72/
ot 3y 4 dy

u L+ v Stv +o dt e0 73/
ot IC)% Sy a?
[ + 3v + N w 0 A/
)¢ 3y 3e

if-- - RM*~1 /5/
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Ukdad 71/ - /5/ stanowi tzw. ukdad rownan pogody w lokalnych
wspodrzednych cisnieniowych /por. np. [ij/.

Znaczenie symboli wystepujacych w réwnaniach jest nastepujaoe:

t - czas; t

} i o Zmienne
X, y - plaskie wspétrzedne kartezjanskie niezalezne
t - tzw. zredukowane cisnienie /0*4* 1/
u (t,Xx,y,E)"
v (L,X,Y,€) - skdadowe predkosci wiatru
u(t>X»y»0 . Funkc je
niewiadome
~Ct,X,y,€) - temperatura potencjalna
*Ct,X,Y,€) - geopotencjat
f (x.Y) - wspotczynnik zwigzany z wystepowaniem si,by Corio-
lisa
M - stata gazowa
X - stata; 0<dA<1l /X- gdzie Cy - cieplo

\%
whkasciwe powietrza przy stalej objetosci/.

Dla pieciu funkcji u, T,u,”,4%, ktore nalezy wyznaczy¢ z
rownan /1/ - /5/ stawia sie pewne warunki poczatkowe i brzegowe.
Warunki te z regulby mozna podzieli¢ na trzy grupy:

¢ warunki brzegowe ze wzgledu na zmienng niezalezng £ ;

® warunki poozatkowe stawiane dla niektdérych funkcji niewiadomych
w pewnym obszarze przestrzeni x, y,£ , dla t 0

= warunki brzegowe dla tyoh funkcji, stawiane na brzegu rozwazane-
go obszaru przestrzeni zmlennyéh x, y,£ , dla wszystkich war-
tosci  t.

Chwilowo spreoyzujemy Jedynie warunki brzegowe pierwszej grupy-
Dla t * 0 bedziemy przyjmowac

CQJ o /6/

zas dla t, = 1 bedziemy zadali speknienia nastepujacego “warunku:
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\N—I7|y2q]+ uPR-+ vy v g 77/
- 3t 3x 3y
gdzie
g - przyspieszenie ziemskie

w0 (t»X,y) - znana funkcja. Funkcja ta okresla sktadowg predkosci
wiatru w kierunku pionowym, na powierzchni izobarycz-
nej w stosunku do ktérej redukuje sie cisnienie /por.
W > [2]/» Przewaznie -przyjmuje sie w = 0.

Celem tej pracy Jest wyeliminowanie z rozwazan zmiennej nieza-
leznej £ , wystepujacej w sposéb wyraznie roézny, niz pozostate
zmienne t, X, y. $oislej méwigc, zmienna ta zostata w pewien spo-
sO6b zastgpiona dyskretnym ukdtadem punktédw /pozioméw/ oraz uktad row-
nan /1/ _ /5/ zostat sprowadzony w sposéb przyblizony do innego uk-
+adu roéwnan /41/, wprawdzie wiekszego, ale zaleznego jedynie od
zmiennych t, X, y 1 posiadajgacego budowe o wiele bardziej jedno-

litg, 00 wydaje sie by¢ wazne przy dalszych badaniaoh otrzymanego
uktadu.

Zastosowano tu, podobnie jak w praoy [2] metode Dorodnicyna [3],
jednak sposéb otrzymania aproksymacji ukdadu odbiega dos¢ znacznie
od sposobu zastosowanego w PR]- W konsekwencji otrzymano, przy jed-
nakowej ilosoi poziomoéw, nieco mniej rdéwnan.

Ponadto, w przeciwienstwie do RJ], punktem wyjsScia do opisanej
tu aproksymacji jest ukdad réwnan /1/ - /5/, bez Zzadnych dodatko-
wych uproszczen.

ELIMINACIJA FUNKCII w I &

Zauwazmy, ze korzystajgo z réwnania /4/ oraz warunku /6/, mozna
napisac:
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Podobnie z réwnania /5/ otrzymujemy:

1

$(t,x,y,i;) = 8(t,x,yyl) + R \] J(,x,y,Tx X-° dx
K

Oznaczmy vy(t,x,y) = 4>(t,x,y»1)» zatem:
1

F(t,x,y,0 = "PCt.Xjy) + N J #(t.x,y,DI H~1 dt . 79/
K

Dla okreslenia funkcji 4? mozna wykorzystaé¢ warunek /7/. Oznacza-
jac dla prostoty

D (t,x,y,F;) = -t u (ti,y,t,) + -2- v(t,x,yE)
ox ay

otrzymujemy dodatkowe réwnanie roézniozkowe

at * uk‘éx + VK dy + ﬂ)Kjr-[)dt “owgs = e /10/
0

gdzie

*|

uk = u(t,x,y,); vk - v(t,x,y,D)j ik = ~(t,x,y, 1)

-"onadto, z zaleznosci /9/ otrzymujemy wyrazenia dla pochodnych
i /zaktadajao dostateczng regularnos¢ funkcji 4 /, oraz
po wstawieniu ich do réwnan /1/, /2/, /3/, /10/ dochodzimy do nas-
tepujacego uktadu czterech réwnan roézniczkowo-catkowych dla czte-
rech funkcji niewiadomych u(t,x,y,e), v(t, X, VY, +(t ,X,y,9),

YCt,X,y):

Zbuwazmy, ze .funkcja 4Y* przedstawia geopotencjat powierzchni izcbarycz-
nej pmb, (dzie t= p/p ;p = const. Zaktada sie przy tym, ze skdtado-
wa pionowa predkos$ci wiatru na tej powierzchni w jest znana. Wprowadza
to w pewnym sensie do rozwazan wptyw uksztattowania powierzchni ziemi.
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S3r AKX AN --} DAT"1t+Rj f TH ar @ =0 711/

3v,3v ,VOv ) 12/
Jo ft"R J* - W

=0 /13/

|? +aK-g- +VK-g+ Rff* | Ddt -wOg =0 m/

Przeksztakémy jeszcze rownania /11/ - /14/. Niech (@) i
g (@ beda dowolnymi, dostatecznie regularnymi funkcjami zmien-
nej rzeczywistej z. Mamy wtedy:

z

2
d Vi
dz J F@dt 9@ = f(gco + T (ot s @ /15/
o J 0

Zauwazmy jeszcze, ze jesli @@ jest dowolng, dostatecznie re-
gularng funkoja taka, ze wyrazenie /16/ ma sens oraz a liczbag
rzeczywistg, to funkcja:

G@) =~ (FMTa+l dt + z J (D1 dt /16/

spednia warunki:

2 AinTa dT 717/
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G(0) = 0

Stosujac zwiazki /15/, /16/, /'17/ do r6".ynan /11/, /12/, /13/

otrzymujemy:

/718/

i Sty o+ 4 (N i@ 141 i
/7197

fHU~V - M t*D /20/

WM'QTW k Jodt-og =o /21/

Dla ? « 0 wygodniej bedzie dalej korzysta¢ z réwnan 11/, 712/,
s13/,. Wprowadzajgc oznaozenia uq =u(t,X,y,0); v« - v(t,X,y,0j;

a ~(t,Xx,y,0) , otrzymujemy dodatkowo inne nieco zwigzki dla te-
go poziomu:

2 +u + v +22-- fv - - R FS$3$-XX-1 dr 722/
IC)'¢ Sy IC)’¢ J 3x
(o]
3v_ 3vQ
0O m "o m- °-+?i-+ fu - - R dx /23/
3t 0 9x ° @y ey ° J <y
(0]
EACIAY- 724/

3t 3X 'y
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Zauwazmy, ze rownania te mogty by¢ otrzymane Jedynie przy zato-
zeniu, ze:

“lim 0,
{0

o]

K
lira 1 Ddt = 0,

mi
lim f Ddt Mg - O

440 3

oraz, ze oalki wystepujace po obu stronach réwnan /22/, /23/ maja
sens; (O<x<l).

Scatkujmy teraz stronami roéwnania /18/, /19/, /20/ w przedzia-

le [o, - Wprowadzajac oznaczenia:
3i+"y v *£_ fv ta3l
«l 3t Ix gy - 3xX

S')M3X+U*L+VA—+fU+9Y

3t X y Y
/25/
27 + V5L
3t 0x 3y
1 + M- - g -
9% 3¢ 3x 3y 0

doohodzimy osta"tecznie do roéwnan:

t_ 4 I’*$ < ;

f V -  dtdl jodt-R" 117X dt+t 726/
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d=J R 727/

Iva

0 o { lo
t
dx = j DdX 728/
0
=Rt | 0dx /29/

APROKSYMACJA ROWNAN /26/ - /29/ METODA DORODNICYNA [3]

Nieoh F (& bedzie dowolng, dbstateoznit regularng funkoja
zmiennej rzeczywistej z; O0s$sil, Wybieramy w przedziale £,1]
uk#ad punktow:

o <tz < o**<?k 1
Utworzmy dla funkcji F @ .wielomian interpolacyjny P(z) o wez-

+ach w punktach £Q, »
Niech:

p@) * PO+ Pi z+ * +"k zk

Mamy oozywiscie dla a rzeczywistego:

p 2 e“*141. Lin «*iy - 7*

J *= eeel kit

W rozwazanym przypadku jako a bedzie wystepowata jedna z liczb 0 ,X-1,4C,
zatem przypadek a+ 1 = - 1 nie bedzie mégt mie¢ miejsca.
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Dla dowolnego Kk + 1 wymiarowego wektora

®k
przyjmujemy oznaozenie
Jest zatem:
a
Okreslimy wektor
I(ecj )

dz

Sk#adowe tego wektora aproksymujg wartosol oakkl

J*z° f (2)dz

37
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dla 1 * OplfVA>]| k«
Jak nie trudno sprawdzié
- T
o]
2 )
AQ@ X1
gdzie
- - [« . ) .
0 *1 fO
0 S 1
_e . <? 22 .
TGN yF- o f - *r3 - r(d)
0 i <k £¢ f
jeo,1, ===9
* W lrri"H'A(a)-x-f;,*o
1 *«+2 1 N+K+1
a+2'l » at+k+l n @_ﬂ - £
-. ..
A -Q-tl
1 .»+2 1 ,a+k+1
a+2 "k = I atk+l 7~k K4 -

Oznaozmy dla prostoty:

NO@=r@- )TL,

«)Dalej bedziemy oznacza¢ konsekwentnie jedna kreska nad znakiem funkcji,

k+1l wymiarowy wektor wartosci tej funkcji w punktach £ql n
za$ podwojng kreska wektor zbudowany z wartosci funkcji w punktach
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wtedy

liP4 f) 730/
N@)

nznaozmy jeszcze przez |T@ ostatni wiersz macierzy

-T
0 0
M @
?(0) N@)
tatwo"sprawdzié¢, ze:
®@ aili b@-r M bP@ =x-1 /31/

gdzie

a+2

b @

a+k+l

Zauwazmy, ze wyrazenie

/32/

aproksymuje oatke J*z* f(z)dz
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Do réwnan /26/, /27/, /28/, /29/ podstawiamy kolejno t =
t = £ = 4k* Wystepujace w otrzymanych réwnaniach cakki

zastepujemy przez wyrazenia /30/ i /32/. Wprowadzajac dodatkowe
oznaczenia

Ul 0 v, 0"
uz_ \Z3
9 V=
0 \ 0o 4
0

4 Cl . 0=

- . 9 Z - -.
0 -y k © ¥

otrzymujemy nastepujacy ukdad réwnan aproksymujgoy réwnania wyjs-
ciowe :

XT
0 0
1(©ygl +u @) = i@ D) -
5 "
T
0 0
i(1 y250-1-fM /33/
bH*' £)m 0 z \. Xy Y ax
0 0 ]
5 g2 +v D) M i (o D) -
-T
0 0
X-1; -1 /34/
L) 0z ay/ At By
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/35/

g4 » - R AT@) =D /36/

gdzie, zgodnie z przyjetg konwenojg 1 oznaoza K + 1 wymiarowy
wektor T 1

1

Powyzszy uktad zawiera jedynie 3k + 1 rownan wigzgoych 3k + 4
funkoje u(t,x,y); v(t,x,y); #(,x,¥); ?2(t,x,y)- Dodatkowo trzy
roéwnania otrzymujemy aproksymujgo w analogiczny sposob oalki w réw-
naniaoh 722/, /23/, /24/.

Zastepujao w rownaniach /33/, /34/, /35/ pierwsze, zawsze roéwne
zeru, wspodrzedne obu stron przez odpowiednie wyrazenia otrzymane
z takiej aproksymaoji roéwnan /22/, /23/ i /24/, otrzymujemy ostatecz-
nie nastepujgoy uktad 3k + 4 roéwnan:

A*[gl + ~«dJ - ad + r Im(*) - s - W T(4-1)]1*— - 0

A*«2 +Vi* _ VIA5 + RIm@) - S Em(x-1) - 1.7(x_1] — - o
ay

gd + Rk f () D =0
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-T -T
1 0 0 0 0 oT
gdzie A : W - ;o vl «
a
r(® ne@E 0 u 0 Vv
A
0 0 1 0
; S a
0 e ) z

tatwo sie przekona¢, ze macierz A jest odwracalna. Stad:

gL + Iy, - A1 U1 A *D + B* =0 /37/
L -1
g2 + W, - A"1 Vi AJ.D+B.M=o0 /387
9y
g3+~ - A1 01 AD"'m /39/
740/

gdzie
B*R A  @-S[MM) _ Tnt@-0Jj

Oznaczmy dodatkowo
h@) =P-A PA ,

gdzie P jest jedng z maoierzy , 8™

Utwérzmy teraz wektor 3k + 4 wymiarowy ~(t,X,Y)
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U (L.X,y)

v(t,X,y)
PCL.X.Y) > 3(t,x,y)

241X, Y)

Po uporzadkowaniu, uk¥ad /37/ - /40/ przyjmie postac:

ml + CIN "I1f* °2A7~8/~+ c3™L,Y)P " w #

gdzie
Ul+H(u) O B 1 V1 HW 0 o
HW w O ¢ i 0 VI+H(v) 8 T
H(J) 0 Ul 0 ' - 0 1O V1 0
R*kf(@) OT OT . 6* oT Lk
0 - fE 0 0
TE 0 0 0

"3(X.y)-
0 0 0 0
3 ol 5T o wog

E - maolerz jednostkowa wymiaru K + 1
0 - maoierz zerowa wymiaru K + 1.

Zauwazmy, ze macierze Cl( 1 C2(p) zaleza w sposéb linio-
wy od rozwigzania. Maoierz C3(X,y) Jest funkojg X, y.

Rozwigzanie e (t,x,y) okresla funkoje u(t,x,y), Vv(t,X,y},
~NBIXmy) , V(t,x,y) ozyli skltadowe predkosci wiatru i temperatu-
re potenoJalng na poziomach €Q, ~ , ..., oraz geopotencjat
na poziomie
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Korzystajac z ~(t,x,y) mozemy wyznaozy¢ przy pomooy wzoru /9/
wektor geopotencjatu  $(t,x,y) , okreslajacy geopotenojat na pozio-
mach ther * W celu przyblizonego wyznaczenia wektora
4>(t,x,y) mozna postuzy¢ sie wzorem podobnym do /30/.

Zdefiniujmy w tym celu podobnie jak poprzednio, dla dowolnej
funkoji F @ zmiennej rzeczywistej z nastepujacy wektor K - 1
wymiarowy:

J'z P(2)dz
} u
i@ N =
J z° P@dz
k-1

gdzie P(z) jest wielomianem interpolacyjnym funkcji ¥ (z), opar-
tym na weztach fq, , ---, Ek.

Sktadowe wektora dJ@; ) stanowia aproksymacje cakki

f@z dz
i

«l

dla 1 =1, ..., k-1. tatwo sprawdzi¢, ze przy zachowaniu ozna-
czen z wzoru /30/ i poprzednioh, otrzymujemy:

J «; F) B K@
rif -i t)
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gdzie:

K@) =

Ostatecznie dla wyznaozenia wektora geopotenojatu na poziomach
N o» £» *e** fKk-1 » otrzymujemy nastepujgoy wzor przyblizony:

"0 (€X.Y)
<Kt,x,¥y) = Y(tt,y) 1 + Rok(h- D =

Zauwazmy, ze wzOr /42/ moze by¢ stosowany niezaleznie od proce-

su rozwigzywania réwnan /41/, dla wybranyoh wartosci zmiennej cza-
sowej t.

Przy wyznaozaniu 5 postugiwa¢ sie mozna oozywiscie takze i in
nymi znanymi metodami obliczania przyblizonego catek. Wydaje sie
jednak celowe zastosowanie jednolitej metody aproksymacji wszyst-
kioh funkcji rozwazanych. Zauwazmy wreszcie, ze wzOr./42/ uwzgled-
nia przebieg funkcji Y na wszystkioh poziomach £o, .

Dla réwnan typu /41/ mozna proébowa¢ stawiac¢ zardwno- warunki po-
czatkowe™ jak tez i1 zagadnienia poczgtkowo-brzegowe typu:

xy) es
LY t3s

oznacza k-1 wymiarowy wektor kolumnowy o wszystkich wspé4rzednych
réwnych 1.
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gdzie 9S oznaoza brzeg obszaru plaskiego S, w ktérym rozwaza
sie zagadnienie, a

20 (*.y) )
9b (*,x.y) funkcje zadane.
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ON A CERTAIN MULTILEVEL MODEL OP. SHORT-RANGE WEATHER FORECAST

Summary

In this paper, the so called primitive equations of weather forecast /1/ -
/5/ have been replaced by a system /41/ of differential equations, still not
involving the so called ’pressure variable t -~

The obtained quasilinear system /41/. being in ’standard form”, seems to be
more convenient for further investigations.

The method applied here is similar to the one described in £7], but the
whole idea of approximation differs in many points.
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GENEROWANIE REALIZACJI PROGESU POISSONA
ZE ZMIENNA INTENSYWNOSCIA

Lidia LUKASZEWSKA
Elzbieta PLESZCZYNSKA

Prace z4ozono 19.7.1966 r.

lIdee generowania realizacji procesu Poissona ze
zmienng intensywnosciag opisano w [2], str. 131-134.
a "tgj podstawie opracowano przedstawiony w niniej-
szym artykule ogd6lna sie¢ dziatan odpowiedniego ge-
neratora oraz szczeg6towe sieci dziatan w przypadku
gdy chwilowa intensywno$¢ procesu jest funkcja prze-

miatami statg oraz funkcja ciggta przedziatami li-
niowa.

Proces Poissona ze zmienng intensywnoscig /patrz fi]J/ jest to
taki proces stoohastyozny X (®), w ktdorym

P(X(E+E) - x(B) » K = e-AC(t,O)[A .4glk ~ /1/

K *0f 2 esey t~0jT>0)?
T

gd™ie A(T,t) - J A(U)du.

L
Funkcja A(®) nosi nazwe chwilowej intensywnosoi prooesu i1 Jest
raeoaywlstg nieujemng funkcjg parametru t.

w teorii obstugi masowej zaktada ALe niekiedy, Ze prooes zgto-
szen /prooes wejsoia/ Jest takim wkasnie procesem. Okazuje sie on
czesto lepszym przyblizeniem rzeozywietosci niz prooes Poissona ze
stalg intensywnoscig.
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Realizacjami prooesu X (® sa krzywe sohodkowe /rys. 1/

()
6

5e —

Rys.1. Realizacja procesu X(t) .

Jak wiadomo, w procesie Poissona przyrosty tego prooesu sa réwna 1.
Tak wieo generowanie realizaoji prooesu X(t) w przedziale (0,7)
sprowadza sie do generowania oiggu wartosci parametru t.,, t2,

e, TN (@< T,tn+l ~T), przy ktoérych nastepuja zmiany stanu pro-
oesu. Gdy X(t) interpretujemy Jako prooes zgloszen, wowczas wiel-
kosci ti oznaczaja chwile czasu, w ktérych nadchodza kolejne zglo-
szenia. W dalszej czesci pracy przyjmujemy taka wkasnie interpreta-
cje. Sposob generowania ciggu (t°j podano w PB]-

W niniejszej praoy opisana jest pewna modyfikacja tego sposobu.
Wykorzystujac odpowiednio generator liozb o rozktadzie wykdadniczym
zamiast generatora liczb o rozkkadzie réwnomiernym udato sie skro-
ci¢ nieco czas generacji ciaggu {t"j. Zbyt skomplikowana postac
funkoji  AQ@ moze bardzo utrudni¢ rozwigzanie zadania I w prak-
tyce moze okaza¢ sie nieoptacalne stosowanie podanego generatora.
Dlatego tez w ozesci szczegotowej podana jest sie¢ dziaktan w przy-
padku, gdy funkcja X(u) jest funkcja przedziatami stalg i1 ogol-
niej, gdy Jest funkcja przedziatami liniowg. W praktyce przypadki
te powinny by¢ wystarczajace.

Ponizej podany jest opis, w jaki sposéb zbudowano generator.

Nieoh oznacza okres czasu, jaki uptywa od ohwill t do mo-
mentu nadejsoia kolejnego zgtoszenia w rozpatrywanym wyzej procesie
X(t). Zatem w ozasie nie ma zadnego zgtoszenia i stad

PUt<u) "1 “PUtru) *1 +u) - x) “0). /2/
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Niech zmienna losowa oznaoza moment k-tego zgtoszenia
(k =1,2, ...). Wobeo tego, na podstawie wzoru /1/ i /2/ dystry-
buanta zmiennej losowe]j ma postac

FG =1 - e~Ay»n /3/
Z kolei niech zmienna losowa Z" m - Tk_1 , (k*=2, 3, ...)

oznaoza czas uptywajacy miedzy K - 1 -szym a k-tym zgloszeniem.
Zatem wartosciami zmiennej losowej Zk sa zc“ "k ~ *k-1* Ze
wzoréw /1/ i /2/ dystrybuanty zmiennej losowej pod warunkiem
ze zgtoszenie o numerze K - 1 nastgpido w chwili " ma pos-
tac

Fk@y Itk-1) - 1 - e"1 ¢ "\-1) , (K » 2, 3f eea)./4/

Na podstawie /3/ i /4/ mozna kolejno generowa¢ t, €2 » 1 + z2,
*3 “ *2 + z34 nie przekroozy sie granioy przedziatu (0,7T),
co jest réwnowazne z zakorniozeniem generacji oiagu

Z wzorow /3/ i1 /4/ wynika, ze zmienne losowe nCr.,,0) oraz
AZ, ,t, ) /dla ustalonego tk 1/ maja rozktady wyktadnicze z
parametrem 1. Wobeo tego mozna generowa¢ oigg wartosci w" zmien-
nej losowej o rozkkadzie wykkadniozym z parametrem 1 i1 znajdowac
- ze zwigzkow

f eooe

Mozna to zapisa¢ inaczej kkadagc t * O

tK
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0g6lng sie¢ dziakan generatora ohwil na odcinku (0, t) przed-
stawia rysunek 2.

( START *)

X
Z >0

© P = X(u)du
0
T
lasowanie l:czby W =z generatora

© liczb losowych o rozktadzie wktad-
niczym z parametrem 1

W CP
©
TAK NIE
STOP ) ©
Wyznaczenie A
ze zwiazku
© A
A(u)du = W
Z=A
o P=P-W

Wykorzystanie informacji
@ o kolejnym momencie
zgtoszenia

Rys.2. 0g6lna sie¢ dziatan generatora realizacji procesu Poissona
ze zmienng intensywnoscig-
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Jezeli bedzie sie wykonywa¢ operaoje wedtug tej sieoi dziatan po-
ozynajgao od skrzynki © , wéwozas przy pierwszym przebiegu na wyjs$-
ciu ze skrzynki © otrzyma sie jako wartos¢ zmiennej Z moment

t. nadejscia pierwszego zgloszenia /jesli tylko t,<T/. Informa-
cje o chwili ® mozna badz wykorzysta¢ od razu do innyoh obli-
ozen, badz tez zaohowa¢ w jakim$ miejscu pamieci maszyny /zalezy
to od rozwigzywanego zadania/. Powracajgc do skrzynki ® 1 pow-
tarzajac przebieg na wyjsoiu ze skrzynki (7) otrzymuje sie wartosc¢
Z odpowiadajaca momentowi 2 /jesli tylko t2< T/. Powtarzajac
przebiegi od skrzynki Q) do skrzynki ® otrzymuje sie kolejno mo-
menty tj, ©, ... . Jesli przy badaniu warunku w skrzynoe © oka-
ze sie, ze nastepny moment zgtoszenia nastgpidby w chwili t 2> T,
wéwozas przerywa sie proces generaoji i przeohodzi do skrzynki 6)
/oznaoza to, ze caty ciag {t"j zostat juz wygenerowany/.

W skrzynoe © oblicza sie pole P. Na rysunku 3 pole to jest
zakreskowane.

Rys. 3. Rys. 3a.

Przy pierwszym losowaniu /skrzynka © / o.trzymuje sie z generatora
liczb losowyoh liczbe W = w”~, ktoéra moze by¢ wieksza lub mniejsza
od P. Jezeli Wbp, oznaoza to, ze zadne zgdoszenie nie nastagpi

w przedziale czasu (0,T) i proces generaoji jest zakonczony /skrzyn-
ka ©/.

W przeciwnym przypadku moment zgtoszenia wyznacza sie na osi ozasu

t w taki sposob, aby odpowiednia czes¢ powierzohni Pz rysunku 3
byda rowna w, /rys. 3a/. Przy ustalaniu nastepnego momentu zgtosze-
nia trzeba wygenerowa¢ liczbe W = w2 i poréwna¢ jg z polem P



54 Lidia LUKASZEWSKA, . Elzbieta PLESZCZYNSKA Prace IMWM

zmniejszonym juz o wielkos¢ w . W tym celu w skrzynce © dokonu-
je sie odpowiednie operacje.

Sie¢ dziatan z rysunku 2. Jest stuszna dla wszelkich postaci funk-
cji  A(u). Nie mniej Jednak, jak juz zaznaozono powyzej, bardziej
ztozona posta¢ tej funkcji moze by¢ powodem zbytniej powolnosci dzia-
+ania tego generatora.

Algorytm generowania ciggu "t~ jest szczegdlnie prosty, gdy A®
jest funkcja przedziatami stala.

Podzielmy przedziat (0,T) na S czesSci za pomoog oiggu liozb

H» &2’ Sgi owght<g2 ..o<gg “ T.
Niech
,ol dla ostigl ,
AD
Aok dla k1A ANOK * (K = 2,3, ..., 9 /&
Funktfja> A(t) Jest wleo zadana za pomoog ciggow , M d

liczby S. Rysunek 4. przedstawia wariant sieci dziatan z rysunku 2,
gdy A Jjest funkcja przedziatami stalg. Zatozenie o funkcji A(t),
ze Jest funkoja przedziatami statg powoduje pewne nieznaozne zmiany
w sieci dziatan na rysunku 4 w poréwnaniu z sieoig dziakan ogdlng z
rysunku 2./np. zbytecznym okazuje sie obliozanie P w skrzynce © /.
Zaktada sie w tym warianoie, ze parametry J"o”, {"K}* oraz S s3a
Jjuz wprowadzone do maszyny; oznaczoho je Jako C® - ¢, O(K) = g
W @) nadaje sie poczatkowe wartosci: zmiennej Z, oznaczajacej mo-
ment nadejscia zgloszenia; zmiennej K, oznaozajacej kolejny numer
przedziatu, na ktére podzielono przedziat (0,T) liczbami g~, g2,

-., gg; zmiennej A, oznaozajacej gorng granice k-tego przedzia-
4u; zmiennej B, oznaczajacej intensywnos¢ w k-tym przedziale.

W ¢ generuje sie liczbe W, bedaca realizacjg zmiennej losowej

o rozktadzie wyktadniczym z parametrem 1. Oznaozenie W m=WYX ®
wzieto z pracy [3], gdzie Jest podany opis generatora takich liozb.
W © sprawdza sie, ozy moment kolejnego zgtoszenia ma nastgpic¢ w
rozpatrywanym przedziale czasu /przed ohwilg A/, to znaozy, czy V
nie przekracza ™A - Z)B. llustracje tego znajdziemy na rysunku 5.
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© Z=0, K=1, A=061),B =Cc@®

W o= WYX @)

A - DB > W
(D TAK NIE

K S
TAK NIE

© ©

WYKORZYSTANIE

£ 1
INFORMACJ I ©C STOP ) © V= W'-(A-2)B

O KOLEJNYM
MOMENCIE
ZGLOSZENIA © 1 Z5. A |
© | K = K+ I~
= GGK
10
B = c(K

Rys, 4# Sie¢ dziatan generatora realizacji procesu Poissona
z intensywnos$cig przedziatami stata.
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a/ b/

Rys.5 llustracja graficzna wyznaczania momentu nadejsScia zgtoszenia
przy intensywnos$ci przedziatami statej.

(A - z2)b jest polem prostokata o podstawie (t*=, gk) /gdyz zmien-
na A ma wartos¢ gk, zmienna Z ma wartos¢ t i wysokosci B,
gdzie zmienia B ma wartos¢ ck. Jezeli pole to Jest wieksze od
W /jak na rysunku 5a/, tow © zmiennej Z nadaje sie wartosc¢
ti+1 takg, ze (t=+1 - t+)B - W czyli t++1 « t+ + g, a stad

Z - Z+g.

Jezeli zas pole (A - z)B Jest mniejsze od W /jak na rysunku 5b/,
tow © sprawdza sie, czy rozpatrywany przedziat nie Jest ostatnim
przedziatem. Jezeli bowiem K»S, oznacza to, ze do chwili T nie
nastgpi nowe zgloszenie; przechodzi sie wtedy do skrzynki ©
11 nastepuje koniec generacji.

Jezeli rozpatrywany przedziakt nie Jest ostatnim, nalezy 'przeniesc¢
sie" do nastepnego przedziatu zmniejszajgo uprzednio w © wielkosc¢
W o pole (A - Z)B oraz nadajac w @) wartos¢ g~ zmiennej Z.
Nowy przedziat ma numer porzadkowy o 1 wiekszy niz poprzedni, zmie-
nia sie tez intensywnos$¢ 1 gorna granioa przedziatu. Trzeba wieo wy-
kona¢ operaoje w (B 1 7o) 1 powréoi¢ do wykonywania operaoji w Q)
i skrzynkach nastepnych.

, o0zy-

Na wyjsolu skrzynki © otrzymuje sie kolejno wartosoi zmiennej
Z odpowiadajgoe momentom t1, t2, ..., th(@n<T)* Po wykorzysta-
niu informaoji o kolejnym momencie zgtoszenia tk, chwile tk+1
generuje sie wykonujac operaoje od skrzynki © . W praktyce wygodnie
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jest ozasami zamiast intensywnosoi ck podawad Srednig ilos¢ zglo-

szen w k-tym przedziale. Pociaga to za sobg jedynie drobne zmiany
sieci dziatan.

Rozpatrzmy z kolei algorytm generowania oiggu w przypadku,
gdy X(® Jjest funkcjg ciagta przedziatami liniowg. Podzielmy prze-
dziat (0,t) na S czesci za pomocg oiggu liczb g.,, g2, --., dg,
0<gi<g2< eee<Sg “ T. Pokdézmy ¢gQ B O.

Niech

AD
f1“ @k-1 " 1) dla gk_,*tsgk

(k «1, 2, 3, ..)) 17/

Tak wiec funkcja A() jest w pedni opisana poprzez liozbe S i
ciggi  [gk], {ok).

Rysunek 6.przedstawia sie¢ dziatan tego wkasnie generatora. Oznaczo-
no GK) =gk 1 CE® = ck.

W © nadaje sie poczatkowe wartosci zmiennej Z, o0znaozajacej mo-
ment nadejscia zgloszenia; zmiennej K, oznaozajacej kolejny numer
przedziatu, na ktore podzielono przedziat (o0,T) liczbami , g2,
--, gs; zmiennym A 1 1, oznaczajacych odpowiednio dolng i gor-
ng granice k-tego przedziatu oraz zmiennym B i J, o0znaczajacych

eodpowiednie intensywnosci w dolnej i gornej granicy k-tego prze-
dziatu.

W @ generuje sie liczbe W /identyoznie jak w wariancie poprzed-
nim/.

W Q) sprawdza sie, czy moment kolejnego zgloszenia ma nastgpic.w
rozpatrywanym przedziale czasu /przed chwilg 1/, to znaczy, ozy W
nie przekracza # i1lustracje tego znajdziemy na rysunku 7.

Jezeli pole trapezu (I-Afj(BtJ) jest wieksze od liczby W /jak
na rysunku 7a/, tow © wyznacza sie moment zgtoszenia Z w spo-
so6b nastepujacy: na osi t znajduje sie taki punkt F, iz pole
trapezu /punkt F jest jednym z jego wierzchotkéw/ jest rowne V.
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Z=0, K=1, A=0, B = C(0)
o i=0G@, i=cd
@ W 0 WYX(R)
a - A)2 B.£IT>W
©
TAK NIE
r nr- —r=
Z=A+F K-s
gdzie F jest roz- CD TAK NIE
wigzaniem ukdadu
réwnan o niewiado-
mych P i D
© P-D_D-B.
1 -A~J-8B ; 1- b +J
o _( a)é D
E-MNO+DH
2
=1
B =1J
© A=7Z © rK =K+l
B =D
1 = G(K)
WYKORZYSTANIE i =c@)
INRCRIVIACII
© 0 KOLEJNYM
MOMENCIE
ZGLOSZENIA

Rys. 6. Sie¢ dziatan generatora realizacji procesu Poissona

z intensywnosSciag przedziatami liniowa .
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Rys.7. Illustracja graficzna wyznaczania momentu nadejscig zgtoszenia
przy intensywnosci przedziatami liniowej.

Taki tok postepowania prowadzi do ukdadu 2 réwnan, w ktdrych niewia-
domymi sg: ohwila zgtoszenia i odpowiadajgca tej obwili intensywnosc¢
/oznaczono ja literg D/. Na wyjsoiu ze skrzynki © otrzymuje sie
wiec kolejny moment zgtoszenia i1 intensywnos¢. Po zarejestrowaniu
tych informacji w skrzynoe_ (D -i wykorzystaniu ioh w skrzynce ©
mozna przejs¢ do generowania nastepnego momentu zgdoszenia, poozyna-
jao od skrzynki © .

Jezeli pole trapezu jest mniejsze od W /Jak na rysunku 7b/, to
w © sprawdza sie, ozy rozpatrywany przedziat nie jest ostatnim,
gdyz wéwczas oznaozaloby to, ze nastepne zgloszenie nastagpitoby po
chwili T, a wiec generowanie nalezy zakonozy¢ w © .

Jezeli rozpatrywany przedziat nie jest ostatnim, wowczas po zmniej
szeniu W w © o pole trapezu obliczonegp 1 '‘przeniesieniu sie" do

nastepnego przedziatu w skrzynkaoh (f0), i nalezy powrdéoic
do skrzynki ©,,

Generowanie oiggu {tJJ pierwszym algorytmem trwa krdéoej niz przy
stosowaniu drugiego algorytmu. Jednakze w niektdryoh przypadkach przy
hlizanie intensywnosoi zgtoszen funkcja oiagha przedziatami liniowg
bardziej zbliza model do rzeczywistosci .

Pierwezy algorytpi znalazt Juz zastosowanie w modelowaniu pewnego
Jednokanatowego prooesu obstugi.
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GENERATING A POISSON-PROCESS WITH A TIME-DEPENDING INTENSITY

Summary

Formula () defines a Poisson-process with a time-depending intensity. Re-
alisation of this process in the interval (0,T) is given by a sequence of mo-
ments {t ], 1in which changes of state occur. The idea of generation of such
a sequence is presented in [2], p- 131-134. On this basis the general flow-
diagram of the generator has been made /Pig. 2/. Two particular cases are treat-
ed in detail: when intensity A(t) is piece-wise constant /flow-diagram on

Fig. 4/ and when A(Y) is continous and piece-wise linear /flow-diagram on
Pig. 6/.

In practice any function A(t) can be approximated by functions of that
kind. The described method was applied to generating an arrival process in a
queueing model.



Instytut Maszyn Matematycznych 519.28:312.1.2
Algorytmy N 7
© 1967.5

ON CERTAIN BIRTH AND DEATH PROCESSES
AND THEIR SIMULATION

by Jézef WINKOWSKI
Received May 24-th, 1966

A method of the description of some birth and death
processes is given, destined for these processes run
simulation on computers. Such birth and death pro-
cesses are considered the runs of whioh are deter-
mined by lifetimes of certain individuals only. A
certain simulation method is described.

The paper aims at:

Presenting a sufficiently general description of the development
of population composed of individuals, the lifetimes of whioh
are arbitrary random variables, and the motivation of the above
mentioned description,

Presenting the method of simulation of these processes whioh is
to be realized on computers.

It is endeavoured to reach such a degree of generality whioh
would permit to insert iIn a proposed scheme processes, the runs
of whioh are determined by the lifetimes of certain individuals.
It seems that, besides some biologioal processes, this is the pro-
perty of many other ones appearing in a mass servioe or in pro-
duction /compare examples given in the paper/. This speaks for
their uniform treating.

1. THE PROCESS SCHEME

Speaking about the process we shall keep In mind a stochastic
process which is a family of random variables on a certain proba-
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billty space (ft, T, ?). To describe the discussed process we
shall oonsider a system with a finite or countable set S of
states. Let A be the finite set which is the union of not empty
pairwise disjoint sets Aj, ..., NIT«

As considered schemes of birth and death processes we shall
understand ordered sets < S,Al, ...,Am,JdT,a.,, --..,<xm, p-,,
-.-.jJPm > suoh that:

/V/ to every s € S corresponds the set r(s)cS /which
may be empty/; all states to which the system can pass
directly from the state s, belongs to T() ,

/11/ to every pair of states s, s™ el(3) corresponds ex-
actly one element Ji(s, sD)e A ; the set of the value
of the funotion T is, identical with A ,

/111/ for every 1 =1, ..., m and for the state s there ex-
ist at most one state s,e () suoh that TV, s-j)eAr,

VA4 for every 1 =1, ..., m and for s e S a non negative
entire number (© is determined j Tis, s~eAj if
and only if 0OCN3) > O0;

N/ for every j =1, m and Ae A a non negative en-
tire number PuM is determined; if N = 3T(s, s-"e
for slel@®@ then O\ (sl) = G + BUD when jNi

and ci(sl) =ax(®B) +(31(A) - 1~

Such a scheme is a mathematical description of the event con-
sisting in the perishing of single individuals and their being
replaced by others. 0™ (s) represents the number of individuals
of the type 1 1in the state s. Ji(s, ™) characterizes the act
of replaoing one individual by another while passing from state
S to state sl1l, indicating, among others, the set A it 1i.e.
the type of the perishing individual, PO, sV) constitutes
the number of new individuals of the type Jj, which appear in
this act. It only depends on JI(S, s-,)-

Example 1

Let us consider the system oomposed of three machines and two
workers. First, the machines are working alone but they may under-
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go to damages. The workers” task is to repair the damages and re-
store the machines to work. Every damaged maohine is being repair-
ed by one worker said while doing this he can’t possibly repair
another one. Let A, denote the working maohine, A2 - the as-
sembly the damaged maohine and the repairing worker, A™ - the
damaged but not repaired maohine, and A~ - the idle worker.
States that can be written as given bellow belong to the set S.

3A1 + 2A4

2A, + A2 + AMd
+ 2A2

2A2 + AN -

We determine A * UuA where A., X AN A2 m
*{A2,A"2} Al denotes the damage of the maohine and the begin-
ning of its repair, A - the damage only, A2 - the repair of
the machine and thetbeginning of a new reparation, and A2 - the
repairing of the machine only. Funotions jt, [ can be des-

cribed by means of a graphio representation of the process scheme.
For this purpose the pass from one state to another is denoted by
a directed line described by a proper value of the funotlon JTe

Pig. 1.

Example 2

Let us take iInto account a system oomposed of the source of
certain units, an unlimited waiting room and two servers that
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serve the units. Each unit is served by one server and he oan’t
serve another one at the same time. Let denote the source of
units , A2 - the set: server - unit whioh is served, A" - the

unit waiting to be served, and A™ — the idle server. States writ-
ten as

Al + 2A4
Al + A2 + Ad

+ 2A2

+ 2/ AN
AN+ 2A2 + 2AN

belong to set S.

Let us assume A «AluA2, where AN m[Aj, ™M} » A2 n
m [N2, ~2n~=* denote the producing of a unit by the source
and the starting of its serving - the producing only, A2
the end of serving and starting a new one, and Xl the end of
serving only. The scheme of the prooess of serving may be pre-
sented as follows:

fig. 2.

2. THE HISTORY OF THE PROCESS

In a general case the future run of the prooess may depend on
the previous one, i.e. on the history of the process. It consists
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of the information about all changes concerning the states of the
system, those of the population itself, as well as of the moments
at which the changes occurred. At this point we shall limit our-
selves to the description of the order and the kind of changes on-
ly . We shall permanently assume that at the beginning the system
is in the state sQe S.

Every Individual a appearing in the run of the prooess will
have an index - a pair of numbers and will be identified with
this assigned index. The first number of the index, further denot-
ed by 1 (a), is one of the numbers 1, m, and It character-
izes the type of the individual. The second number J(a) deter-
mines which individual of the given type in the considered run
is a. Therefore, if after the Individual a appears in the pro-
oess run the first individual b of the same type as a, then
job) = j@ + 1. If at the same time several individuals of the
same type appears then they are arbitrarily numbered in turn by
numbers j@ +1, j@ +2, ... .

Fori 1, ..., m let n™ be the number of this individual
of the type 1, which appeared last. Let n » (h.,, --., nm).
Then

H(LA) = <[+, ..., (1,n1HAL@) ===, (n,nm+l) , > .»(T, T+PT (34

is the set of individuals that appear during this change from
the aotual state s to sl £ T(s) » for whioh A= JI(, s.,)-
In view of /I111/ for a fixed s and 1 =1, ..., m there
exists only one pass for whioh AeA”~. Thus, the pair (s, D)
determines A, 1i.e. N1 * A(s, i). To various passes oorrespond
various s, but In view of /V/ all pj depend only on the
act A . Direotly after this aot, every coordinate of veotor 5
inoreases by an appropriate A. It is not difficult to no-
tioe that jij OQ *8 the number of individuals of the type J
in the set H(n,A) . But the entire number j H(ii,A) | of ele-
ments of this set is

tftw-
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All these numbers do not depend on H.

Further we shall use the following denotations
as) « (Vj GOt «esramsj

P(AY« PN @,

In the system being Initially in the state sq - live oy (sQ)
individuals of the type 1, ..., ©--a(s0) individuals of the type
m. We shall assume that they are individuals (1,1, ...,

0, «1 G0))..... ¢* D» (Mm>am(3cD =« Let 1(°) denote 3et
of these individuals, i.e. the initial population, and let n (© -
-a(s"). The only ohanges that ooour are the result of the indi-
viduals” death. Let a™ be the very individual who perishes as
the k-th in turn, and let S\ be the state to which then the
system passes. If [1(k) denotes the population composed of indi-
viduals living directly after this and n(k) the veotor of the
greatest numbers of Individuals of all types that have lived or
are living, then the following reourrenoe relations take place.

8k e r@k-1) /Y
\ £ K*"D /2/
~A@Bk-17 3K) " ACsk-1» i (@K)) 13/
I - (k-1) -{ak})U H(S(k-1), A(sk_1t i(ak))) A/
/5/

under the initial conditions
/e/

an» “m (-0))]

SC) ““ @0)e- 77/
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These relations result directly from properties /1/ - /N/ of
the prooess. They permit to reproduce its history with the given
sequence al, a2, an. Indeed, al determines sl in view
of the property /Zill/ and /3/. But the population 1(1) Is deter-
mined according to /3/ and /4/. Generally, if the state Sjj-1»
population 1I(k-1) and 5(k-1) , are given, then a” determines
8, 1(K, nk). In virtue of the above one may identify the his-
tory of the process with the sequenoe q = a, ..., a“ which sa-
tisfies conditions /1/ - /7/. Further on we shall do it. Q will
denote the set of all suoh histories together with the "empty'" O
history, i.e. with the sequence not including any element. A will
denote the set of all individuals which might appear in histories
belonging to Q.

In the set Q the relation of sucoesisiveness can be introduc-
ed. We shall say *hat the history q° follows after q and we
shall write ¢ q, if g/= qa for a certain aeA. The rela-
tion of successiveness permits to introduoe a partial order to
Q- We shall say that q precedes ¢, or is the segment of q,
if there exists a sequence of the histories q - ql_«.q2_».

-..—q*. >q° The reoord q < q" will signify that q pre-
cedes g, and g~ qj that g<qg"or gmqg". fD will de-
note the last element of q and g(.q) will denote the segment
of q having,as the last, such an element of g after the death
of which appears ¥ (q). Especially g(q) m 0 if f(q appears
in the initial population. Th™ segment g(q) will be called the
generator of the history (-

Every history al, ..., Is the Initial segment of the in-
finite sequenoe al, ..., a~ a™1l, ... satisfying relations 71/
- /7/. Such sequences will be called the prooess run.

Example 3
Let us consider the system from Example 1, p. 1, the states

of which are:

o 3A1 + 2An
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sN X 2A) + A2 +

s® * Al + 2A2

sh 2A2 + A3

3" being initial. Then

I(O) - (011)1 012)1 013')}
n@©@ * 0,0) .
Sequence T =CD &.D @YH 2.2 0,5 ... @K 0,k+3)...

is the process run, and each of its initial segment is a history.
Indeed. Let us oonsider the sequence of states s s s

s@ s 3@ ... . of course, sStel3™) - 18 easy to see
that sets

1M = {@.2, @.3, @D}
1 * 1d.9. &3, .9}

1k+1) = (0,2), (1.3), @, k+1)}
12k+2) - {1, , (1.3), @, 3+k+D]

X X3

are successive populations of the run. For k = 0,1,

n@kl) « (3+k, k+l1)
n(k+2) * (B+k+1, kD) .
thus
1Ck+D) « CI @Y - {I1.,3+kj) U { @, k+1)]
1C2k+2) = (1 (k1) - {2,k+IPH U { @.,3+k+D}
with
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{@.k+ )] » H((B+k,K), X(s2k, D)
{(1,3+k+D} * H(G+k, k1) , X(s2k+1, 2)) ,

and

~N(s2k> = 9 @2k» S2k+1N L

*(s2k+l» 2) B TTG2K+1 » 82k+2» = JR *

The property of the run is that the individuals (I, 2) and
0 , 3 belong to all populations 1(k), 1i.e. - they do not perish.
It also results from the scheme property that the prooess has no
finite runs, and the set of individuals which may appear /Zi.e. A/
is identioal with the set of all pairs of the form (1,k), @,k >
where k * 1,2, ...

3. PROCESS REALIZATIONS

Let {fa}a £ be the family of the lifetimes of all indivi-
duals who may appear in the process run. Assume that these times
are arbitrary random variables with not negative real values de-
termined on the probability space (2, T, P). We accept that the
prooess always starts at the moment t m O.

For the set Be A and for numbers 1la>0(aeB), we determine
ind(B, 1a) as the element from B, Tfor whloh 1q is the smal-
lest. If there are several such elements then ind(B, 1 ) should
have the smallest 1(a), and in the area of these, the smallest
J@ - From the definition we have for alj. aeB

1ind(B, la) < Xa =

To every @e Si the run r (w) oan be uniquely ascribed. For
this purpose we determine its succeeding elements a”ml),
and numbers . For individuals of the population of the run
r (w) as follows:
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if ael(® then X&®) = £&W) ,

a,@W = Iind@@®»*a@py ,

if ak-1(&d» 8-1» *5k-D) and Tan

for ael(k-1) are determined, then ,

ak(u) = ind (i (k- , Ta(w)) ,
sk e N?k.,) ,

Trcsk_i» 3k) = K*k=1. 1 (ajjm))

1) = (KD -fajrco)]) U h(S D ,X(3k-1, i@k ,

n(k) nk-n +p(A(sk_1, ita™)))) ,

Ta(Ww) = Ta”™w) + fa(w) for af H(n k-1 , X( , 1(ak@))

It should be noticed that the states, population and n also
depend on u, It is easy to see that the number Is the
moment at which the death of the individual a occurs, and
~a (W) iS tbe moment of its appearanoe.

Let R+ be the set of all not negative real numbers. We ex-
tend the history set by adding the element ~ , oalled improper
history. Q will further denote the extended set. Physioal sense
of the notion of improper history will be oleared up below. Now,
we acoept that every history is the segment of ~ .

TO every pair (w, ) e W xR+ one oan unequally asoribe the
history q(«, t)e 0. Namely, we put:
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< = a,@ ... aw) , if wk@E) < 1< Tak+Ajfw) /8/

X iaf t for ke i *2» e

For a fixed U we thus get the funotion q(u,.) of the variable
t. We shall oall it the realization of the process. In turn, with
a fixed t, q(,t) is the funotion of w . In view of the oount-
ability of the set Q all histories ocan be numbered and treated
as natural numbers. Then, q(.,t) oan be treated as a real funo-
tion. If It is T- measurable, it is a random variable. Then the
fajnily {"(*»*)]ter+ is a stoohastio p*ooess whioh is going to
be proved. For this purpose it is suffioient to prove the follow-
ing,

Theorem

For every teR+ and qeQ the set ~udeSt: q(w, ) <=qj
iIs 7 - measurable.

Proof

First assume that 0/ g (. Then g » a,, ---, ar.  For eve-
ry history gt Q, o g/~ we determine the set U(q) as fol-
lows :

a/ if g(@ -0, then u@ - {fr@]1 >
b/ IT g(@ 40, then U@ - (ail» ===» ail] * wbere

O T @D, s> al n (Y>> w2(0)

yur - g(q), .>» YUYX - e(4i+i)» ooy, () “
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Its elements are individuals ai , . , @ = 1f(0)

such that at the moment of death of the current one, starts the
life of the next one. Therefore, If we determine t~

then
T(q) MX k = /9
7 aelU@©
Let [d] he the set of mBe to whioh corresponds the his-
tory ) =q for a certain teR+. It is 7 - measurable?
Indeed

n m (ufEa: "u)< £alp) or ~*an “1I
/10/
i@>i@,) o 1@ -i@), and J@E > j@E,)

for ae 1(0)]

is an [ - measurable set. But if oy, ..., i3 [- meas-
urable , then

[a1**,ak] = [a]===ak-1]°{we N :TRl"eeak-lak)< r @l**,ak-1a) 1

or T(al...ak lak) - r(al...aj la) and 1(a) > i(ak)/711/

or 1@ =i ad jJ@>jJ@&H for aelk-1)-{aE}]

Is also T- measurable, as Ik - D - {&J is Ffinite, and funo-

tions X@j --- an), Tha® === a™i a) are J - measurable
in view of /9/.
7 - measurability of the set qw, ©® - a, ... an

results from the following equality
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Juel2 :qg(w, ©® * al ...
/12/
“ [al *<& ®K]nN 1A gL t< Txn 7=\ ap*

The truth of the theorem for q * 0 results from the fact
that the set

Jueffi - glw, ©® «0™ » “weft : "Ya@)> t for at i (@]|/13/

is Y - measurable.

If 47X » then

©JeQ-: o), b « WJ “n (I)] PljweS :T@ 4 t , /14/
o]
o+ g +\

therefore the theorem holds too QBD.

«
Usually the stoohastio birth and death process is defined in a

different way than we did here. Namely, let |BJ* denote the num-
ber of individuals of the type 1 in the set BcA. Then, the
veo™or CIBJi, ---," [BJm) represents the amount of individuals
of all types in the set B. As a birth and death process one un-
derstands usually the stoohastio process { N(e»)"te R+ where

NGci, ) « QI(K)] 1» e==» 11001m ) »

and I(k) is the population corresponding to the history qE@,)*

«@., ... a For q(o,t » ™ onemay put e.g. Ng» 1D n @,=..
Having the process {q(-» ®JteR+ one oan determlne
{"C- teR+* However, the consideration of the first one is

advantageous because this first oontains the description of the
fates of separate individuals.
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4. ALGORITHM OF SIMULATION

Assume the possibility of ohosing at random the elements of
the set SI , according to the probability measure P, determined
on S-field 7 of subsets of £ . Then, the process {q (. ,9} teR+
can be simulated as follows.

We chose at random & . Then we determine the lifetime of
all individuals of the initial population 1(0). These are the
values of random variables ~ "a e 1(0) corresponding to the
chosen ueffl , i.e. the numbers £all * We determine the mo-
ments of death "G = (ae[f?))* We ohoose the individ-
ual al = Ind*1(0), » we determine its type i(ad) and
put gGv ») 0 for t< x& (). Having sQ and 1@E&Y we
determine A(so 1@1) andl sle '(@0) such that 7r(sQ s1) »
A@Bo, 1@aDhx ~ 7~ appears that such sl does not exist) we put
qp>, © *ar for t ta(® and we finish the simulation. In

an opposite case canlbe determined uniquely. This results
from the process property. We determine n(l) and the set
H(M(0), "(sO » determine the life times for

its elements and next the moments of death "WCl)=ta@) +

+ fa(u). We eliminate the Individual & from the population
1(©), and add to it all individuals from the set H(i(0),

AGsq, = In such a way we obtain the population [I(l).

We chose from among it the individual a2 = ind(I(l), ,
we put qglw, P =al a2z for 4 ,0) « t <Ta2z(w) and we pro-
ceed like in the oase of the initial population 1(0). Continu-
ing this procedure, we determine the realization q(w,,) of the
prooess on a still bigger segment of time.

The described proceeding is just the simulation of the birth
and death prooess. It is not difficult to imagine the ways of
its realization on computers.
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The paper deals with a method of storage allocation
for ALGOL implemented on the ZAM  computer. Stol
allocation is carried out automatically by the ALGOL
compiler. It is a socalled ''static - dynamic** al-
location_ since it is carried aut partly during the
translation and partly during the run time.

1. INTRODUCTION

Some basic storage allocation problems arise beoause of the
existence of several kinds of storages in the computer, the ca-
pacity and acoess time of which are different. Generally speak-
ing suoh an allocation in storages of a program and its variables
whioh ensures the shortest run time should be introduced. This
oan be done by organizing a moderate number of storage transfers
and also keeping the most frequently used information in high-
speed store. The problem formed in the above way can be solved
only for every oomputer separately, a more general solution be-
ing unknown beoause of its strong dependence on oomputer charac-
teristics.

It appears that the method of compiling object programs de-
pends to a great extent on storage allocation. The system of exe-
cuting programs translated from ALGOL /as described in [6] /whioh
enriohes the "pure™ ZAM computer and provides facilities to con-
struct such programs, is the consequence of the described method
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of storage allocation. In particular this method requires a sepa-
rate facility of entry and exit from blocks and procedures.

To avoid complicating the description, the existence of so-
oalled external array will not be considered, i.e. we assume all
the variables to be allooated in the high-speed store. We also as-
sume that there are only two stores: high-speed store and the ex-
ternal one. The method of allocating information in the computer
storage will be called the storage allocation.

2. GRAPHIC REPRESENTATION OF THE ALLOCATION FOR TWO STORAGES

It is convenient to present the storage allocation in a rec-
tangular set of coordinates. The x-axis stands for the external
store and the y-axis stands for the high-speed store. The point
on the axis indicates the address. The fact that the storage al-
location is discrete is of no importance for the allocation pro-
blems. Transfers from the external store to the high-speed store
can be treated as projections of a fragment of the external store
on to the fragment of the high-speed store. It is, therefore, a
line on the plane Xx, y. We are naturally interested only in
segments forming a 45° angle with the axis. It is particularly
easy to draw a border line between the high-speed store area re-
served for variables and the area reserved for the program; the
border line is usually varying in time. For instance, for the

program having the block structure ((QO0O)(OQO)(Q) and stored in
the external store the border line can be presented as follows:
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I ¢-—--1% =U 1%-—-—-" 11 I 1

Pig. 1.

The area under the double line is for variables /whioli are ad-
dressed acoording to the mutual localization of the blooks/,
while the area above the double line is for the program. The bor-
der line treated as a funotion of x /more precisely - its hori-
zontal segments only/ represents the number of variables avail-
able from x, and is called the level of variables in x.

3. ALLOCATION OF VAHIABLTS8

Among several known allocations mentioned in ~7j the one call-
ed "statio-dynamic" variable allocation is chosen. It consists
in place allocation in high-speed store of simple variables dur-
ing the compiling time, while to arrays and recursive procedures”
fields the place is allooated during the program execution. To
all variables real addresses are assigned in the high-speed store,
the mutual localization of the blocks being considered. All the
above being done in the ALGOL-optimum way.
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3.1. The oase of a program without procedures

3.1.1. The statio area

Storage allocation for simple variables is realized by means
of a variable counter L and the stack P . To be more accurate,
¥ denotes an "indicator” or the top of the stack. The content of
the top of the stack is denoted by () . A set of static vari-
ables local to this blook, formed by removing internal block
fields from the set of all local variables of this blook, will
be called the field of this blook. The length of this field is
the number of its elements. The allocation of the block fields
i.e. construction of the upper border of the statio area /fig. 2/
can be characterized as follows:

entry to the blook: =<+ 1,
L ==L + length of the block field,
M = L;
exit from the blook N o= 1»
L -.(<hH .

It is obvious that this algorithm realizes the ALGOL locality
rule in the optimum way i.e. for each x the level of statio
variables in X, constructed by this algorithm, is the smallest
of all the acceptable ones /i.e. those ensuring the oorrect pro-
gram execution/.

It is also obvious that the level of statio variables is the
same in eaoh place of the given simple block called the blook
level.

Example

The program having the following blook structure ((Q(O)0OW))
lies on the drum and has the following levels of the static vari-
ables af the suooessive blooks: S~, Sg, S, &, S, Sg, S, Sg-
The allocation of its statio variables is presented in the graph-
ic form:

* The static variable is a simple variable or an auxiliary variable
introduced by the compiler /cf \J\Ve

**The simple block is built up by removing all the internal blocks.
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s6
S8

3.1.2. Dynamical area /for arrays/

The dynamical area is limited by two bounds and its structure
is the structure of these bounds.

The lower bound is defined during the translation time and is
constant during the run time; it is the highest level of static
variables.

The upper bound is defined during the run time in the way sim-
ilar to the one desoribed in section 3.1.1., exoept that the ac-
tual values of L /which is now oalled the L register/ i.e.
the actual level of dynamic variables are taken down for eaoh
block not in the stack but in a special oell /the auxiliary
variable/ lying within the block. The detailed description oan
be found in [6]. Definition of the upper bound during the trans-
lation process is not possible, because of tha existence of dy-
namio arrays.

Above the upper bound of the dymafliic area there is the area
designed for the program.
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3.2. The oase of a program with prooedures /a general case/

A set of all x rmal and looal - simplem variables is oalled
the working field of the procedure. In faot the struoture of
the procedure field is much more oomplex /as described in [6])/,
however, for the purpose of describing the allocation of the
procedure working fields, the above given definition is suffi-
cient.

Let us take the two basio rules:

a. the working field of a prooedure is treated as one of the lo-
oal variables of the blook in whioh this procedure is declar-
ed and placed among these variables /Zi.e. in the blook field/,

b. if it is possible /on account of the locality rule/ to call
for prooedure G from procedure F and if the prooedures
are not declared one within the other, then, their fields are
disjointed.

While the rule b is connected with the correot program exe-
cution, the realization of the rule a 1is convenient as it giv-
es a clear picture of the static area structure and the optimum
use of the storage, however, it is not the only one acceptable.
When treating the entire prooedure field as one variable, our
considerations become much simpler.

The allocation of simple variables in a general case is real-
ized by means of two parameters L and M, the stack V and the
two translator states’being in the procedure’ and ’not being in
the procedure’. The parameter M denotes the maximum level of
static variables in the procedure. L and T have the previously
given meaning.

The upper bound of the static area in a general case will be
formed in the following way:

*As distinguished from the blook field, the working field of a procedure
consists of all The blook fields which it contains as well as of all
the working fields of the internal procedures.
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B - the looal variable introduoed for each hlook and containing
the value of L after passing through the declaration of this
hlook.

Actions exeouted at the entry to the hlook are illustrated by
the following example

begln
real array a,b,o, @1 :, 0] ;
M, N[k +2 -n - 1];

1. Evaluating the dope vector for the first array of the segment;
it should be notioed that the number of dope veotors is equal
to the number of array segments but not to that of the arrays.

DviQl ] =2
DVI\zj = n-1+1
DV1 & m-0+1

DT} £479 :» 1xDV1 [3] +0 .

2. Reservation of looation determination of the array addresses

and storing the pairs /the dope vector address, the array ad-
dress/

L = L+DVvl 21 xbvl 31

and then in an analogous way:
Dv2.C1] =1

DV2 [2] :=n-1;- (k+2) +1
DY2 [3] :== k+2


bcpw
Notatka
Uwaga. W skanowanym oryginale brak stron 83-94
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M :=(<D?2>,1)
L :=L+DV2 [2]

N ::=(<DbV2>,1)
L = L+DV2 [2] .

3. After performing all these activities for all array declara-
tions of a given blook, we store the level of the dynamio stor-
age inside this blook, i.e. the assignment B := L is executed.

Exit from the blook through end or through go to a non-local
label must regenerate the register L to the state in whioh It was
at the moment of passing through the blook declaration. To do that
it Is neoessary only to perform the formula L m» B, where B 1is
always looal in the blook whioh was entered. Thus, we plaoe suoh a
formula after end of eaoh blook and after each label.

Due to the above—desoribed meohanism of blook exit and entry,
the level of dynamio store oan be regenerated while returning to
the given level OF the program block struoture. This dynamically
realizes the system similarily to the described for the static
storage [4J .

I1. IMPLEMENTATION OP THE PROGRAM WITH RECURSIVE PROCEDURES
AND SWITCHES

The system of allooatlon as desoribed in paper £4J permits us
to realize programs having no recursive prooedures and switches,
without any additional meohani3ms. It results from the faot that
fields of eaoh of the two prooedures or switohes which can work
simultaneously, are disjointed. To realize full ALGOL /with re-
cursive prooedures and ewltohes/ a system of programs, so-oalled
"running system” was written. We usually refer to it by extra-oodes
when using prooedures. The system works in the following way.

Definitions

Let us consider the dynamic sequenoes of steps
. —»H which begin with the main program and end
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with, the actually executed procedure. These sequences are form-
ed according to the following rules:

a. each entry to the procedure causes adding its name to the dy-
namic sequence of steps,

b. eaoh end of the procedure exeoution through end or go to lead-
ing outside the prooedure, oauses eliminating the end of the
sequence up to the name of the procedure to which we pass, iIf
passing through end only the last element is eliminated; if
through go to several elements of the sequenoe may be elimi-
nated. .

The prooedure will be oalled:

1. activated - if Its name ocours In DSP /dynaraio sequenoe of
steps/,
2. reoursive - If earlier elements of the same name ooour in DSP,

3. aotlve — if no later elements of the same name ocour In DSP.
"2 will also use the notions non-aotivated, non-reoursive, non-
aotive procedures, which are negations of the original oon-
cepts.

The element direotly preceding the procedure in DSP Is oalled
dynamic predecessor of the procedure.

These definitions make it obvious iIf the same prooedure name
oocurs many times in DSP, it is-treated as several various proce-
dures.

?he structure of the prooedure vector and of the prooedure
field

According to the first part of this paper, a veotor of prooe-
dure and of switches /P.S.V./ is being formed during the transla-
tion. This veotor contains the following information for eaoh
declared prooedure and switoh:

1. the address of the field,
2. the address of the program /procedure body/,
3. the size of tht field,
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4. the number of formal parameters of the prooedure or the num-
ber of elements of the swltoh list.

5. Aotivatlon /this is a dynamic two state information, the ini-
tial state for eaoh prooedure is non-aotivated/.

One group of this information takes two words in the ZAM-21
oomputer.

The field of the prooedure consists of:
1. Cells of prooedure and running system cooperation:

- the address of the field of the recursive predeoessor,
- the dynamlo shift of the field,

- the name of the dynamlo predeoessor,

- the address of the field of aotual parameters,

- the drum address of return.

- 0 =z O m

2. The fields of formal parameters of the prooedure.
3. The fields of local quantities of.Vthe prooedure body.

The cells of the procedure and running system oooperation, as
well as the field of formal parameters of the prooedure, are load-"
ed at the entry to the procedure.

Entry and exit from the prooedures

There are two registers whloh are of importance during the run
of the objeot program, namely: *

1. Register L - the aotual level of the dynamic storage.

2. Register P - the name of the prooedure being exeouted, and
represented by VP /n/, where VP /n/ denotes the address of
this procedure iIn the prooedure veotor. The register P has
the initial value 0 /the name of the main program/.

Before entering the prooedure it must be made sure whether it
is a prooedure of the language /e.g. INPUT or SINUS/, or a proce-
dure deolared in the program. In the oase of a standard procedure,
we oommunlcate with it by means of the program evaluating its ao-
tual parameters and storing the results in a speoia], buffer. The
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program then goes to execute the proper language procedure with-
out oheoklng reourslveness, sinoe language prooedures are not re-
oursive.

Entering the ALGOL procedure, we oheck whether it is aotivit-
ed according to the information oontained in the prooedure vec-
tor. If it is not activated, we move its fields to the free place
in the dynamio storage acoording to L, thus releasing the field
for the prooedure whioh is to be executed.

At the same time, in the N-th cell of the prooedure we store
the name of the prooedure whioh we enter to. Owing to that, it is
Possible, on exit from the prooedure, the name of which 1is in the
register P /i.e. the prooedure being exeouted/, to reproduoe the
sequenoe reverse to DSP, leading from the oontent of P to 4
through successively indioated dynamic predecessors.

The seoond ohain formed for the exit from the prooedure is the
chain of recursive predecessors stored in the cells E of partic-
ular prooedures. Entering a non-aotivated procedure, we write into
this prooedure E the own prooedure address, while entering an ac-
tivated one, we write the actual value of L, 1i.e. the address of
the looation of the recursive predecessor. Let us notioe that:

1. The oontent of the cells E end N for non-activated proce-
dures /Zi.e. not belonging to DSP/ is inessential.

2. Sinoe at no time of the program run there can be two Identloal
values of the oells E, the oontent of the oell E of the pro-
cedure can be oonsidered as the dynamioal name of this prooedure,
distinguishing 1t from all other elements of the sequenoe BSP.
The exit from the prooedure through end reproduoes the state
from before activating the prooedure, therefore the name of the
dynamic predeoessor is written into P. And depending on wheth-
er we go out from the recursive procedure or not, we remove the
field of its recursive predeoessor or make it Don-aotlvated.
After oompleting all these aotivities, we execute the return
Jimp instruction. The return address whioh Is sent to the prooe-
dure while it is being oalled for, is stored in its field in the
oell T.
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iixit from the procedure through go to is slightly more com-
plicated as go to can pass through several elements of DSP /in
case of go to to the formal label/ the DSP elements oan be the
same.

Therefore, the labels are represented by the address and by
the dynamio name of the procedure to which this label belongs.
Wit'h this kind of procedure representation it is enough to act as
in the case of end /obviously except the return jump/ until the
required procedure appears, and then to jump to the indicated ad-
dress. The lowering of the level of the dynamio storage, which is
generally necessary after the exit from the procedure, is realiz-

ed by the mechanism of assignments L := B, as desoribed in the
first part of this paper. The assignments are nade next to the la-
bels.

Evaluation and substitution of actual arguments in the procedure

Because of the substituting of expressions by name and because
of side—effects, It is necessary in ALGOL to enclose actual para-
meters of procedures in subroutines and send the subroutine ad-
dresses to the procedure; the moment of their execution is determ-
ined by the procedure Itself. As Input-Output procedures have no-
speoifleld formal parameters, it was necessary to transmit infor-
mation on the kind of the substituted parameter.

The following were then distinguished as being of various kinds!
a simple variable, an indexed varia&le, expressions /Zarithmetic or
logic/, an array, a ,designational expression and a string. Distin-
guishing between arithmetic expressions and variables is made for
time - optimalizatlon of the object program, as in the oase of
calling by name, It is enough to call once only for the subroutine
which substitutes the simple variable, while in the oase of the
subroutine substituting expression we oall for the subroutine on
eaoh passing through the corresponding formal variable.

At the exit from the prooedure, besides the above desoribed
oells E and N, the procedure cells D and R are used to eva-
luate the actual argument subroutine.
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D - /dynamic shift of field/ contains zero if the field of
this prooedure is in the static storage as a result of the pre-
viously desoribed operations. In the opposite case D contains
its shift /the difference between the dybamic address and the
statio one of the Field of this procedure/.

If x 1is a looal variable of the procedure F /aotlve or
non-aotive/, then by adding the oontent of cell D of procedure
Y to the statio address x, one obtains its dynamio address,
whioh s or is not equal to the statio one. This Iis essential
when substitutiong suoh variables where just the address /es-
pecially the dynamio one/ and not the value should be substitu-

ted, sinoe the formal parameter oan be the left side of the as-
signment statement.

"te aotual parameter programs should be treated as subroutines:
one has to get baok from them. It is therefore neoessary to store
the return labels /i.e. the drum address and the prooedure name/
in their working field. Sinoe it is done by the programmed in-
struction oalling for the argument, the address of this working
field has to be sent to the called prooedure and stored in a
fixed looation in its field and this location is denoted by R.
Thus, R oontains the address of the working field of the aotual
parameter programs substituted in this prooedure. This is the ad-
dress from the statio field of the dynamio prodeoessor of this
prooedure. The oan be proved that during the exeoution of the
subroutine of the aotual argument of the prooedure DSP should
be the same as before the entry to. ObviousJjr, after oalling for
the argument it must be possible to reproduo« the situation whioh
distinguishes suoh a transfer from an ordinary ending of the pro-
oedure exeoution and from the eliminating of the element DSP.

Let F->»G be the last element of DSP, /usually it is not im-
portant whether F is & and whether G is F/. |In the oase

of oalling for the argument from G to F only two possibilities
oan be oonsidered:

1. G non-reoursive:
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a. let us write the return label Iinto G in the field indi-
cated in R,

b . exeoute all exit activities of G 1i.e. activating it and
placing F 1in register P.

2. G - reoursive:

&, let us store the values R and N of field G,

b,, exchange field G with its reoursive predecessor,

0. write the return label into G 1in the field indioated in
the stored value R,

d,, place the stored value N /it being P/ in the register P.

The return from the actual argument subroutine reproduces the
state from before calling for the argument, ohanging again the reg-
ister P and exchanging the fields in the case of return to the
reoursive procedure. The content of cell D determines wheter we
go back to the reoursive procedure; if it differs from O It means
the return to the reoursive prooedure. Only the exohange of fields
when calling for the argument oould ocause the existence of. the ac-
tive prooedure with D different from O.

Final notes

The above-desoribed system realizing procedures in ALGOL has
some drawbacks, of whioh the main is its logical complexity partic-
ularly in evaluating the aotual arguments of reoursive procedures.

A Tixed reservation of place for working fields of procedures is
also an important drawback of the system. The advantage of the
system Is a greater speed of the exeoution of objeot programs ha-
ving no recursive procedures.

Another advantage of the aocepted system is also an easy trans-
fer to simpllfield and considerably faster system whioh realizes
ALGOL without reoursive procedures, even by means of optimising
comments informing about the non-recursiveness of the program.

The final estimation of the described system might be made after
its longer exploitation and after the comparison of times of pro-
gram exeoution in this and other systems of implementation of ALGOL
for the same computer.
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111. FLOWCHARTS OF THE RUNNING SYSTEM PROGRAM

The RUNNING SYSTEM program oonsists of several separate sub-
routines which enrich the hardware of the ZAM oomputer. Thus a
new maohine is obtained, the instruction list od which contains
several instructions of the ZAM hardware as well as several in-
structions of the extra-code.

The flowcharts given in this section, define the extra-code
instructions. The ALGOL compiler for ZAM produces the object pro-
gram written in the instructions of the enriohed maohine.

ACTIVATING THE PROCEDURE

ACT-PO4

The sequence: Po 4 WP(K) WP(k) - the representa-
STS R tive in the prooedure
SEG +2(n+1) veotor of the prooedure
“STS A, being activated
-Kind (11)
"STS A2
-Kind (A2)
[STS X«

[Kind (Aj
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The subroutines:
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GOING FOR TH3 ARGUMENT
ARG - P06

The sequencer P06 a
SiIG + 1

The subré&utine:
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RETURN sFROI/1 THE ARSUM3NT
WAR - PO7

The sequenoe: P07 R™

The subroutine:

( Return )

Eraoe Ll
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3X1T FROM THE PROCEDURE THROUGH GO TO

The sequenoe: UBA X 1 - the label
UAK V/p(K) WP(k) - the representative
SKO o in the procedure vector of
the prooedure to whioh A
The subroutine: belongs
@

The procedure wp(k) 1is identical with the procedure which is in P
YES NO

e ] |
€ Entry into X n R"™ (P)

EXIT FROM THE PROCEDURE THROUGH RETURN

The sequenoe : SKO <F

"The subroutine:

Return
Return jump
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SUBROUTINE  R~(p)

The subroutine is carried out using the register P.

( RETURN )
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IHCKSASINE R1361.4T3il L
2L - P22

The sequence; P22 p p - the address containing the num-
ber of the increase of L

The subroutine:

L =L+ (p

The extending of the dynamic area necessitates decreasing the number
of segments in action
NO YES

Marking the removal from the high-
speed storage of those segments
whioh occurred in the extended
dynamic area

Is there a place in the high-speed
storage for, at least, one segment

YES NO®

Signalizing the
Cstorage overflow J

C RETURN
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SBGUSNT JUMP /SEGMENTS EXCHANGE SUBROUTINE/
SSG - P08

The sequenoe; POB(n, W) n — the segment number
m - the address towards the be-
ginning of the segment of
the place being entered

The subroutine:

The segment being entered is in the high speed storage

A segment need not be removed from
the high-speed storage in order to
make place for the segment being
entered. In other words: is there
enough room for one more segment?

Among the numbers of the segments The segment being en-
being in the high-speed storage tered is activated in
/i_e. active ones/, draw a number the segment list

of the segment to be removed

The segment being .en-
The segment being removed is tered is taken from
made non-activated the drum

The relative address
are replaced by the
effective ones in
the segment
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The paper gives a description of structures of pro-
cedures, adjoined to the ALGOL system for ZAIJ comput-
ers. Given: The organization of adjoined procedures.
The cooperation of adjoined procedures with the ALGOL
system and the proposed equipment of the translator
system with declarations facilitating this coopera-
tion. Principles of using the adjoined procedures.

1. INTRODUCTORY NOTES

Adjoined procedures are those which are not written in the auto-
code, but adapted to be adjoined by means of a translator to a
program written in ALGOL. The adjoined procedures should satisfy
the following conditions:

= The use of the adjoined program does not necessarily require its
recording in the main program, i.e. tapes comprising adjoined
procedures must not be written every time in the program.

» The use of the adjoined procedure ought to be possible after get-
ting acquainted with the formal description of parameters and re-
sults, its internal struoture being of no interest.

e Adjoined procedures should be more optimal, as regards the oper-
ation time and the number of places in the storage than analog-
ous procedures written in autocode.

= The time of program translation comprising adjoined procedures
should be shorter that the time of program translation fully
written in ALGOL.
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Two possibilities are foreseen:

For oomputers with magnetic tapes the library of adjoined pro-
cedures should be recorded on magnetic tapes.

For oomputers not equipped with magnetio tapes separate proce-
dures should be prepared in the form of separate paper tapes
with catalogue numbers.

In both cases a certain system of checking should be fore-
seen, operating during the procedure input to the storage e.g-
by means of control sums.

2. THE USE OF ADJOINED PROCEDURES

At the beginning of the blook whioh usee the prooedure, a
declaration should be placed as follows:

- prooedure name of procedure /parameters/;
value part specification of arguments; library /' catalogue
number"/.

The name is every time given by the programmer who uses the
prooedure. The oatalogue number of the adjoined prooedure is
being established. The value part, specification and the num-
bers of parameters as well as theilr suocessiveness, are imposed
by the description. The oall to a so-deolared procedure is the
same as to the ALGOL prooedure.

y

3. GENERAL CONSTRUCTION OF ADJOINED PROCEDURES

The adjoined prooedure oonsists of:

« content of the procedure,
e field of the prooedure.

The content of the procedure comprises instructions and it
must agree with segmentation rules.

IMM
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The field of the prooedure serves for storing:

= parameters needed for oooperating with the ALGOL system,
» Information about the prooedure parameters,

= separate working places,

< information about working arrays,

= prooedure constants.

The oontent of the prooedure is being written on the drum by
the operational system. If constant procedures appear, they must
by placed direotly behind the oontent /on the drun/.

The oontent of the prooedure is the following:

ML

M2
3NTRY SEG + 2

M3
prooedure instructions

M1, M2 and M3 comprise the following information:

9 15
field length®
w w I w w w w "
iL 15 - 8

Ve number of the procedure

*Mrp b " w 4 A parameters

« 15 r
M3 not used

L wowowowowowow.

The hatched places are filled up by the translator or by the
operational system, and those that are not hatohed - by the one
who writes the prooedure. The zero-bit of the word M2 is destin-
ed for information about the prooedure activation [1] .

"The field length is counted in long words /48 bits/.



116 Krzysztof MOSZYNSKI, Ryszard POGORZELSKI Prace IMM

The field of the prooedure is the following:

E
D Information needed to oooperate
N >
R with the ALGOL system
f >
N.
Sector A Information about prooedure
° parameters
Sector B Separate working places, informa
tion about internal arrays and
subroutine oonstants .
where: .
H - the address of the field of A - prooedures, allocat-
ed in the field of the superior program,
T - the return to oalling out a program,

N, D, E - other information used by the translator.

Each plaoe of the field should be aocassible from eaoh place
of the prooedure oontent. All plaoces of the field are addressed
to the beginning of the field PQ.

Sector B of the field of prooedure is being organized /appro-
priate information being sent/ by the one who writes the prooedure
but the remaining parts of the field are filled up by the trans-
lator. The translator sends Information to seotor A about actual-
ly given parameters suooessively as they appear in the prooedure
declaration. Two words ~ and 1n are destined for every para-
meter. If the prooedure uses its own oontants, the oontent of the
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prooedure is being oalled every time, using information compris-
ed in M3 and M1, and it should rewrite the oonstants from
the drum to sector B of the subroutine field.

The cooperation with the drum storage, treated as an auxilia-
ry storage, is organized internally by the adjoined prooedure.
Therefore, an information is needed, aooessible from the proce-
dure oontent, about the not oooupied part of the drum.

The return from the adjoined prooedure to the program whioh
calls out the above prooedure is made by means of the instruc-
tion *

SKO ""RETURN"

where "RETURN" is a oertain fixed absolute address.

4_ COOPERATION WITH THE OPERATIONAL SYSTEM

The operational system should:

* fill out words M1, M2 and M3 of the prooedure oontent,

« put the oontent of words M1 and M2 to the prooeclure veotor

a introduoe the oontent and the oonstants /if any / of the pro-
cedure to the drum storage,

0 oarry out the oontrol of the oorreotness of prooedure adjoin-
ing /e.g. by means of oontrol sums/,

whereas:

if the library of adjoined prooedures is written on a magnetio
tape, the operational system ldentifies the prooedure on the
basis of its catalogue number,

but in the oase of prooedures on paper tapes, separately adjoin-
ed to every program, the operational system oheoks whether the

*En connection with this it seems to be neoessary to complete the opera-
tional system with declarations signalizing the oontent and the oonstants
of the adjoined prooedures.
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number on the tape agrees with the number in the declaration®

and it possibly signalizes the error.

5. THE USE OF PARAMETERS IN AN ADJOINED PROCEDURE

The following may appear as an actual adjoined prooedure:
1. expression,
2,, array /by name/,
3. procedure.

At the moment of calling out the procedure, the translator
sends information about actually given parameters to places 10
and 1™ of sector A iIn the prooedure field. This information *
is being reoorded in a successiveness concordant with the suc-
cessiveness of appearing of the parameters in the prooedure
declaration.

Let us consider the form of the information and Its use to
an adjoined procedure.

ad 1. The use of a parameter depends on its appearance in a set
of values. According to this let us consider two cases:

= When the expression is substituted by value then the
value of this expression is in 1 and 1™ plaoces.
The way of using is evident.

e When the expression is substituted by name then the ad-
dress of A- prooedure is sent to place 1~ correspond-
ing to the given parameter, but the information about the
kind of parameter is sent to place 1#, according to the
table.

/The successiveness of the entered tapes should agree, with the successive-
ness of declarations of procedures adjoined in .the program.

**NSee point 6.
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Table of the kind of parameters

- simple variable,
- indioed variable,
expression, number, procedure,

w N P O
!

- array.
In the given case number O or number 2 1is being sent to
4"
The value of the expression is obtained by means of the follow
ing sequence of instructions

ARG 1%
SEG + 1

The results of these instructions are the following:
In registers A and M - the expression value is written in a float
ing point . In register B - the address of the above given expres
sion value**” in the field of a superior program /calling out the
given procedure/.

ad 2. The address of the beginning of the array is being sent to
place 1~, and the address of the so-called dope veotor

£ - to place 1. The element a”~l, ..., il is taken
according to the following instructions: %

HOR 1

r2

rn
where r”, ..., rn are addresses of indices 1il, ..., In«

)

A - accumulator, bl - multiplier, B - modification register.

The variable is treated as a special case of an. expression.
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As a result we obtain:

a the value aluy> eee> 7] In registers A and M,
B the address ees» INJ 1IN register 3.

The construction of the dope vector of the array in the form
e.g-

<l: @, «,: p2

is the following:

number o f indioes
Pi-<4+D
h - o0c2 o+ 1

To

where:
To =CH " «2 + 1) K1 + «2

The address x of the element a]jl, j] counting from the be-
ginning of the array, is obtained from the formula:

Xx =(P2 " d2+9D 1+ 3~fo

When using the above given information about the construction
of the dope vector the programmer is not obliged to use standard
instruction order for element afu , i2Je Thus, computations in
separate procedures can be significantly accelerated.

ad 3. The address in the procedure veotor, corresponding to the
substituted procedure, is sent to place 1#, and number 3
/see table/ - to place if.

In order to call out the substituted procedure, the following
order of instructions should be used:
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SEG A,
A2 :
V
V  AKT
STS RAN

G- +2n + 1
SEG A1
sTs kind @,)

SEG An
sTs kind (A)

where kind(Ai) is the information about the kind of parameter
At /see table/.

Fragments of the above sequenoe denoted by labels A”» /12, eee
---, Jlmare A - procedures. These procedures serve to compute the
parameters substituted to the oalled out procedure. The oonstruo-
tion of J1- procedures is desoribed below. Instructions start-
ing with label AO activate the oalled out prooedure, and they
simultaneously transfer to it the information about X- procedures,
R~ denotes the address of /1 -_prooedure working places. Two sub-
sequent short words be reserve"d for these working plaoes in seo-
tor B of the field of the adjoined prooedure. 1~ denotes, as
usual, the address of the first word In seotor A, corresponding
to the considered parameter /whloh is, in this oase, a prooedure/.
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6. CONSTRUCTION OFJ1 -PROCEDURES

*A-procedures serve to oompute the values of substituted para-
meters, or to transfer information about parameters to the ac-
tivated procedure. Substituted parameters are divided into four
groups:

1. Sample variables
2. Expressions

3. Arrays /by name/
4. Procedures.

Appropriate J1 -prooedures, for eaoh of the above group are
the following:

ad 1. UMB - the name of the prooedure to whioh belongs X
UvB 1 +
UAA X +
WRO 1.

where X is the address of the variable.

ad 2.

Instructions calculating
the expression value

WAR RA

In the oase when the expression oontains a parameter which was
previously substituted by name the sequence preceding the instruc-
tion WAR R”™ taust inolude the instructions:

ARG 1+
SEG + 1

where 1n is the address, corresponding to this argument in sec-
tor A. These instructions cause a call to the proper A -prooedure,
whioh s beyoncr*iré" adjoined prooedure, in order to caloulate val-
ues of the substituted argument. Similarly, if the substituted ex-
pression oontains the array element, the sequenoe preoeding the
instruction WAR R”™ should oomprise
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HOR 1.

whare 17 1is the address subordinated to the above array in sec-

te* A, are addresses of indioes.
ad; 3.

UAM 1i

WAR

where 1A - appropriate address in sector A,

R~ - working plaoe for N -prooedure in sector A.

ad 4.
AKT 1+
SEG + 2
STS 50.
WAR Ri

where 1n - appropriate address In sector A,

R~ - working place for /1 -prooedures in sector B.

7. OWN ARRAYS

An area in the internal storage is reserved for arrays. The
size of this area changes dynamically. The highest level of ar-
rays, aotually stored, is In the register /a fixed storage place/
and is denoted by symbol T [V]. In the case of calling from an
adjoined prooedure to other ones, the oontent of register L may
be augmented. Therefore, before calling out another prooedure,

Orhe address of register L is commonly accessible.
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but after having built up all arrays, the content of register L
should be stored in the working place L" in sector B of the field,
and after having returned from the called out procedure, the con-
tent of register L should be restored, by means of transforming
L* to L.

The adjoined procedure oan form its own arrays, so-called in-
ternal arrays. They do not appear as parameters. The address com-
prised in L should be aooepted as the beginning of the formed in-
ternal arrays. Let us consider two cases:

® when the formed array is not be substituted to another proce-
dure ,
« when the internal array is the argument of another procedure.

In the first case, the way of using these arrays is the same
as the one of using simple working places, and it depends exclu-
sively on the one who writes the prooedure. In the second case,
the arrays should be formed according to the ALGOL struoture.
One should then make the dope vector for the internal array in
sector B, and subordinate to this array two subsequent words in
sector B. These words will oomprise:

e the address of the beginning of the array,
» the address of the dope vector.

In both cases, when the adjoined procedure makes its own ar-
rays, the oontent L should be-increased by the global number of
places occupied by these arrays. This is made by means of the in-
struction

20 p

where p is the address of the number by which L should be aug-
mented.

8. REMARKS ON THE LANGUAGE OF ADJOINED PROCEDURES

A possibility od preparing adjoined procedures would be de-
sirable :
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= in a language resembling the oomputer oode /e.g. SAS/,
e In ALGOL, with a possibility of translating it to a form that
meets the demands for adjoined subroutines /see point 1/.

Let us consider the first case only.

Procedures written in a language resembling the oomputer code
must be subjected to the segmentation rule . The prooedure
segmentation must be relative, i.e™ the programmer subordinates
subsequent numbers, starting with zero, to the segment, and if
using suoh a prooedure, the translator assigns appropriate num-
bers to its segments. The procedure segment is of the following

struoture whioh is imposed the translator of the ALGOL system
for ZAM computers:

7,1

n m

words of the 128 words
segments

when n - the number of the first instruction in the segment to
be readdressed

m — the number of the segment.

The communication among segments ocours only by "segment jump™.
SSG (m, n)

where m - the relative number of segment, n - the plaoe in the
segment.

It would be desirable to equip the system with segment condi-
tional jumps. Beoause of the neoessity of using two reference
points /the beginning of the segment and the beginning of the

field/ it is necessary to distinguish the instructions addressed
to the segment and those addressed to the beginning of the field.
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At the same time only addresses to the beginning of the segment
and to the beginning of the field are claimed, without giving in-
formation about the position of the next instruotion being read-
dressed.

The present paper is based on an actual stage of realization
of the design of ALGOL"translator for ZAM computers. Therefore,,
some changes are possible resulting from optional changes in-
troduced to the ALGOL system.

The authors wish to express their great thankfulness to Mr L.
Czaja for his contribution to the elaboration of the present pa-
per. His valuable remarks and explanations of details of the
ALGOL system realization for ZAM oomputers were of essential help
to the authors.

References

M) L. CZAJA, P. SZORC: Implementation of ALGOL for ZAM Computers, ALGORYT-
MY No 7, 1967.

[2] L. CZAJA, P. SZORC: Storage Allocation for ALGOL, ALGORYTMY No 7, 1967.



Instytut Maszyn Matematycznych 681.3.06
Algorytmy N 7

© 1967. 5

C/ICTEMA ABTOMATUYECKOIO TMPOIPAM-
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.B6bIPHEB
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P . KATTUHCKA
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(Copvsr)
Cratba noctynwia B pegakumo 14.05.1966

B ctatbe noga»a OCHOBHas VH(popmaums
Mo cucTeme aBTOMaTUYECKOro Mporpam-
MUPOBAHMA 3/IEKTPOHHON  L(POBOIA Bbl-
UNC/UTESIbHON MalmHbl  MuHCK-2  (cuc-
Tema G/m3ka K aBTOKOgy MAPK-11).

Cucteva aBTOMATUHECKOrO nporpavMvmpoBanms MAKOL, 6buia co3gaHa B
1965 r. B Martemaruyeckom WHCTUTyTE C BhumcrmTenbHsM LeHTpoMm BAH.
OHa npegHa3HayeHa /11 aBTOMATM3aUMW MPOrpavMMMpPOBaHMA Ha MawmHe
MAHCK-2.

CucTtema COCTOUT M3 BXOOHOIO SA3bika, TpaHcnsaTopa, 6ubrmoTtekn Ch
N psiga pabounx Nporpamm.

ANropUTMbI OMMCHIBAIOTCA CUMBO/IMYECKN HA BXOOHOM A3blKE KaK Mocre-
[0BaTeNbHOCTbL OMNeparopoB. B Hauane nosydeHHo Takym obpa3oM Mnpor-
pamvbl CTaBSITCSl OMUCaHUS FPaHUL, U3MEHEHWIA MHAEKCOB MHAEKCUMPOBAHHbIX
nepemMeHHbiX. [Mporpavva, HanvMcaHHasi Ha BXOAHOM s3blke, nepdopupyeTcs
BO 2-OM MeXOyHapoaHOM TernerpapHoM Koge M BBOAUTCA B MsWMHY. TpaH-
CNATOP MpocMaTpvBaeT NporpavMy W BbiBOAMT Ha MeyaTb BCE 3aMe4eHHbie
(opvavibHble ouwmbkn. Ecnm HeT owvbok, mMporpavva nepe3o/mMTcsa Ha Ma-
WAHHbIA $3bIK, BbIBOAUTCS M3 MalMHbl BMECTE C HEKOTOPLIMA Tabimuami Y-
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cen 1 BE/MHYVMH U MO XeSaHuio MPOrpaMMMCTa MOXET 6biTb Cpasy BbINO/HE—
Ha. [n8 3TOro, KOHEUHO, [O0/DKHbl GblTb MOAFOTOB/EHH HA BBOAE BCe

BXOfHble [JaHHbE. y

Cuctema WKO/[ npepHa3HayeHa 4719 NPOrpaMMUpPOBaHNA HayUYHO-TEXHU-
YeCcKMX 330a4, /11 KOTOPbIX BbMUCIIEHVSA MPOBOOATCA Ha 4Mc/ax C riasa-
towen 3ansaToii./icnonb30oBaHne CUCTEMbI O/ JIOTMMECKUX 3adad, B KOTO-
PbX OCHOBHbIMW 3MIEMEHTaMN SABMSNTCA YaCTU sveeK Mamstv, HeyaobHo,
XOTA HEKOTOopas BO3MOXHOCTb MpefyCMOTpeHa /19 3Toro.

MepemeHHble 03HaYalTCA MOCpeacTBoM OyKB U Lygp, uYMC/ia 3anvchiBa-
I0TCA B AECATWYHON cucTeme B (opMe G/IM3KOM K OBWEnpUHSITON:
BO3MOXHO WCMO/b30BaHNE UesbiX umces. [lonyCKalwTCsA nepeMeHHbie b
C OfHUM VHOEKCOM. Bosblioe KOMYECTBO MHAEKCOB MOXHO peaM3oBaTb
TO/IbKO KOCBEHHbIM OBpa30oM.-

ApugveTryeckme (opMmyribl HaooO pas/iaratb Ha OfHO — W AByaprymeH-
THble orepauyn.

Cuctema [orMyCcKaeT WCMONb30BaHMe CTaHAaPTHLIX MporpavM, Hanvca-
HbIX B MAWWMHHOM KOAE W BK/WYEHHLIX B 6M6/MoTeky CIl MawvHbl, TOYHEe
B cuctemy MbIC (WHTepnpeTvpyrwasa cuctema mawmHsl MAHCK-2) .

PacripenenieHne OMepaTviBHOM MamsTU MPOU3BOAUTCS TPAHC/IATOPOM aBTO-
MaTV4ecKn. PacnpeneneHve BHEWHEW MamsTV MpefoCcTaB/seTCsl MporpaMMMc—
Ty. Mpn nepeBoge, TPAHCAATOP MPOBOAWT MOYTW MOMHY0 ONTUMM3ALVI B
CMbIC/IE KOMaHf, WHAEKCHBIX SUEEK W pacrpenenieHnst navsimi.

LMKrbl OCywecTBSTCA MaA. MOMOWM MHAEKCHbIX siHeeK. [ napainernb-
HbIX LWIKOB OAWHAKOBO YPOBHSI MCMOMBb3YWTCA OAHM WU Te Xe WHOEKC-
Hble sauelikn.

na cuctemsl WKO/J cospaHa cneuvaribHas BXofgHasd cucTema 419 BBOgA

JlaHHbIX C KOHTPOSIEM U UCMPaB/MeHNEM OILMBOK Mepdopauyn 1 MporpaMMmMc—
Ta.

TpaHCNATOP COCTOUT U3 TPEX OCHOBHbIX 6/10KOB: 610K MacCVBOB,
610K UMKMOB M 610K NporpavMvmpoBaHus. OHW paboTalT COBMECTHO, ucnans'
3y HECKO/IbKO BCMOMOIraTe/IbHbIX OG/IOKOB.

Mocrne BBOZA TEKCTa MOCPEACTBOM BXOAHOW CUCTEMbI, paboTa TpaH-

CNsATopa MPOUCXOaUT B TpEX 3Tanax. Ha nepBoMm 3Tane 670K MaccuBOB
NnpocvMaTprBaEeT OrnMcaHWe MacCuBOB, OOHapyXMBaeT B HUX OWMOKM U pac-



SISTEMA AVTOUATi SbSKOQO PROtFFIAMMIROVAHIJA M 1 K O D 129

npefensieT MaccyiBbl B OMepaTUBHOM MamsTW. Ha BTOpom 3Tane G/oK UyK-
IOB NpOCMaTpUBaET BCH OCTa/lbHyW (OMNepaTopHy0) 4acTb MHbopmalmm,
BbISIB/IIET CTPYKTYPY UMK/IOB M pacnpefenseT B navsaty uicra. OpHoBpe-
MEHHO 670K LWK/MOB BbIMOMHAET (hYHKLMI0 CUHTAKCUUYECKOIO KOHTPOsS U
06HapyXKMBaeT Bce (hOpMasibHble OWMOKA. ECnM oMbk He OBHapyweHbl, Tor—
[a Ha TpeTbem 3Tane O/I0K MporpaMMMpoBaHMsl CO34aéT pabouyl nporpam-—
My. Takuvm 06pa3oM, TPaHCNSAUMS MPOUCXOAUT B TeueHne OBYX MpPOCMOT-

POB VHhopMaLAM -
Cucrema MVKO[ 3aHMMaeT npuMepHO AYeek MnavsT.
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KOMIWIMPYIOWAA CUCTEMA MNKC
01 UCMNONb30BAHAA  BUBIMOTEKA
CTAHOAPTHBIX MPOrPAMM  NA MALMHBI
MWUHCK - 2.

M.X.B6bIPHEB
[0./_TOWKOB

(Codms1)
Cratba noctynwia B pefaxkumio 14.05.1966

VI3n0oxeHO ornvcaHve Komnumpyioue-
VHTEPMNPETMPYIOLEli CUCTEMbI, Npef-
Ha3Ha4YeHHOW /A UCMO/b30BaHKA
OMONMOTEKN CTaHAAPTHLIX MOAMAPOr-

pavM..

CylwecTBYWT [ABe CUCTEMbl MCMOMb30BaHMSA OUOIMOTEKN CTaHOAPTHbIX Mpor-
pavm g mMawmHel MMHCK-2: PacctaHoBouyHass mporpavva (P [I] n MAC
[2] ., nepBas-koMOWMpywWEro Tua, a BTopas-WMHTeprpeTvpywllero. 06e
CUCTEMbl B HEKOTOPOM CMbiC/Ie [JOMOMHST Apyr gpyra. OfoHako (yHKUmm
cvcTevHsl P HemMHOro npowe qgyHkumm MAC, 4To co3paeT psf HeynooCcTs
npy pabote c P. B cavmom pgene, pabota Pl cBOAMTCA K BbI3OBY M HACTPO-
Ke cTaHgapTHbX nporpamm (CIT) Mo BHYTPEHHMM agpecam. [lporpamMmbl Bbi3bi-
BaliTCA Ha orpeaenéHHbie NporpaMMMCTOM MecTa B OnepaTuBHYH MaMsaTb Wi
nocriegoBaTenibHO ofaHa 3a Apyroi. ObpaweHus K Cl peam3ywTcs 6e3yc-
JIOBHOW nepepadqeli ynpasneHus ¢ Bo3epatoMm (kovanga - 31). 310 npyBoguT
K HEKOTOpbIM BbMMC/IEHMSAM CO CTOPOHbI MPOrpavMMMcTa B CBA3M C pasvelle-
Hem CMN B ON. HacTtpoiika Cl cornacHo napaveTpam ObpaleHUss U COXpPaHeHue
cogepxMoro pabounx siveek npegoctasnsetcs (. MmewTca HeygobcTBa Mmpn
ucnonb3osaHum CM B gpyrux C» HepauyoHanbHO OpraHvM3oBaHHas pabota
C MarHATHbIMW flEHTaMn MPUBOAMT K JIMWHUM 3aTparaM MaWMHHOIO BpeMeHW.
Heynob6cTBOM Tawke SBMSETCA ABYKpAaTHOE MepepbiBaHve aBToMaTU4ecKol
paboThl MalVHbI -
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E nepegnaraemoin cucteme MAKC cpaenaHa morbimka M36exaTb Bbllernpu—
BEEHHble HeNOCTaTKU M BBECTV HEKOTOpPbe [OMOMHWTE/BHbIE YCOBEPLIEHCT
BOBaHVsi. C Apyroil CTOpOHbl, C UE/bl0 YNPOCTUThL UCMOMb30BaHWE CUCTe-
Mbl, BBOOSTCS HEKOTOPLE HE3HAYUTESIbHbIE OrpaHNYeHUst -

Cuctema 31KC coctouT 13 Kommwmpywwein nporpavvel (K, kaTaiora
cn (KAm, 6ubrmotekn C (BCT), abyx paboumx nporpavvm (41 BKoqe-
H1s HoebiX CIM B BCTM 1 /19 KOHTPOMA CUCTEMbI) U HEKOTOPbLIX Crieuyasib—
HbiX CI1, HermocpeacTBEHHO CBA3aHHLIX C KCrofib3oBaHWeM cuctemst (C gna
(ukcaumm cogepxmoro pabounx sueek, CIl i HACTPOWKWM M0 BHYTPEHHUM
1 ycnoBHsM agpecam, CI1 gna u3BfeyeHVs MnapavMeTpoB M3 obpaweHns B CIT).
Kpome TOro, npedycmoTpeHa rpyrra KOHCTaHT, KOTopas MOXeT ObTb 3anv-
caHa B koHue O no xenaHwo nporpamvmcTa. KCI cogepxuT Mo OfHOM sqeli-
ke gna kaxgoii CM 3 BCM. B MAKC, kak u B Pl, cuitaetcsa, 4to BCM un
BCE HeobOxomumbie pabouvie NporpaMvibl 3anvcaHbl Ha MarHUTHOW JieHTe.

HepocTaTKoM CUCTEM KOMIWWPYHWEro TWna, B KOTOPbIX HacTpolika Mo
napaveTpam BbiNofHAeTcs K1, sBASeTCH HEOGXOAMMOCTb pasMelaTb OfHY U
Ty xe C Heckonbko pa3 B O, ec/mM napaveTpsl B pasHbiX O6paleHnsiX He-
OfVHakoBbl. B cBsi3n ¢ 3tvM, B HKC NpUHATH HEKOTOPbIE MEpsl A1 MAHU-
MM3aLMM  AyivHel yyacTka O, B KOTopom GyayT MnoMewaTbcsi Heobxoavmvbie Crl.

b MC nverwTca Tpu Biga MapaveTpoB e obpaweHusx K (1, ob6o3Haua-
emMble COOTBETCTBEHHO /1 ,W1 1 v . HacTpoiika Cl no /1 - napameTpam Bbi-
nonHseTca K, rno /i - napaveTpam BbINOSHAETCA cooTBeTcTBytwen Cll, a
‘HacTpoiika Mo Bcem V — MapavMeTpam BbINO/HAETCA OAHOBPEMEHHO MO Xesia-
HuO nporpavmvmcTta wm K, wwm C1, B 3aBUCMMOCTV OT Npu3Haka Ji0 , gaH-
HOro B ObpaweHuM. [losTomy, Mpy cocTasfneHn pgaHHoli (T, B HE& [o/DkeH
ObMb BK/MOYEH OIOK /X U V — HacTpoikun (ec/m 6 obpaueH UMEKTCA napa-—
METPLI /1 NV . Mpn 3Tom, 610K V - HacTpoiikn BeBoguTca B O B cnydae,
ecnm mvelTca obpaweHuss K gaHHoli CIT ¢ nmpu3HakoMm .V - HaCTPOWKW.
TakMm 0OOpa3oM MOXHO C3KOHOMUTBL MecTo B O 3a CYET G/IOKOB HaCTPOVKU
orgenbibix- O, a C Apyro CTOpOHbl, MOXHO Bbi3BaTb JaHHyo C1 BvecTte
Cc 6noKaMM p. U V — HacTPOMK/ TObKO OgyH pa3, ec/m K 3atoi CI 6yaoyT
obpalleHst ¢ pas3MdHEMA B U vV - MapaveTpavm. [pu pasnmum B A -
napamveTpax npuxogutcs Bbi3biBaTb Cl1 B O HECKOMbKO pa3. 3TO Ocyuec-
TBMISETCA ChneumasbHbiM NapaveTpoM K B obpaleHui. Tun napaveTpoB Bbiov-
paetca cocrtasutenem (1.
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Kak 6bri0 ckazaHO Bole,, HacTpoiika Cll no /1- (U v-) napaveTpam
npoussoanTcs K. B gaHHOM afpece WM B OMepaTviBHOM YacTu Kaaoi
komaHzel ClN gonyckaeTcss (hopMMpoBaHUe 000V NIMHERHOM (yHKumn apltb
napaMeTpa p C HEKOTOPLIMA OFpaHUYEHUsMA [ LerbiX YMcen a M b .

WHdopMaupst gna 3Toid yHKUMM KOAMPYETCS Kak YC/IOBHbIA afpec Ha COooT-
BeTCTBYlWem mecte B (Tl

PaccvatpuBarTca [Ea suga O1: npoctsie CI1 ((ICT) un cnoxHbie CM (CCT).
MC He vMelT MapameTpoB N He ucnonb3ylT Apyrux Cr. OHM BbINOMHAKT
npeobpasoBaHVsA OOHONO aprymvMeHTa, 3aJaHHOro B CymvaTope, W MoChUiaoT
pe3ynbTar onsTb B cymvatop. 1A m3bexaHvsi, B GO/bLHCTBE CrlyuaeB,
Heo6GXOoAMMOCTU (MKCaLW COAEPKMMOIrO paboumx sHeeK, NpeayCcMOTPEHsl OT-
JenbHble rpynbl pabounx sdeek g MNCM m CON. Takum 06pa3oM MpUXOauT—
CA (MKCMpOBaTb COAEPKMMOE pPadouMx SUYeeK TOMbKO MpY MUCMOoMb30BaHUN
CCM B HecTaHgapTHbIX Onokax gpyroi CCM, a 3TO MOXHO JIerkO caenatb npu
novowy cnewansHoi Cl ana gukcaun.

O6paweHre K MCMN nveeT ByA:
-00 00 0000 Wbﬂ

a Kk CJI:
-00 K 0000 U

Dopo M pr

Pon Pintl P3ny-2

Heobxoaymasn wHhopmauya ana pabotsl MAKC 3a0aéTca B ogHOM (MKCMPO-
BaHHOM suelike. CI1 pa3mvewanTcs ogHa 3a Apyroid HadvHasi ¢ KoHua Ol
KN Boi3siBaeTcAa Bvecte € KCIM B Havasie O m gBa pa3a npocMarpvBaeT
YKa3aHHbI MporpaMMmMcToM ydactok O. [Mpu obpaueHnn K gaHHoin O,
NPOCXOOUT Bbi30B U HacTpoiika 3Toii Cll ¢ 3ameHoil nepBoit  (YC/IOBHOI)
CTPOKM O6palleHVs1 B AeNCTBUTENBHY0. [1py MEpPBOM MPOCMOTPE Bbi3blBaIT—
ca Tonbko CCM m oTtHocAwnecsa K Huv [T, Tpy BTOPOM MPOCMOTPE  BbI3bl-
BalOTCA OCTa/lbHble Heobxoaumbie MCI, KoTopble ewé He Boi3BaHbl B (M.
Mocne okoHuYaHusA paboTsl K nepesgeT ynpasneHve B yKa3aHHYyH
NPOrpavMMMCTOM SHEVKY -
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Mpn paboTe K umcno obpaweHWin K MarHUTHbIM JfIeHTam MpUMEPHO B Asa
pasa MeHblle yem B Prl.

KN 3aHuvaeT 350(g) sueek ON. Crnegywoumii 3a Heid KC 3aHMvaeT
He Gonee 477(8) sueek.

JinTeparypa

til BubnmoTeka cTaHaapTHLIX fiporpamm ana LBM MHXK-2-,~Mocksa, 1963.

[Z] HetweppeBa, /1.C. n AH-Oy-LWH: CI/ICTeMa VIHTGBMBQT |/| |/| 6VI6I'II/IOTe—
Ka CTaHOapTHbIX nporpavM i 9BM MAHCK-2
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