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OBLICZANIE WSPOLCZYHHIKOW WIELOMIASU
INTERPOLACYJNEGO

Klaudie. BRATKOWSKA
Whod«Imi*r» OSXALSKI

Fraoe stoiono 16 kwietnia 1963 r.

Podano opis pcogravu dla «aesyny ZAM-2
wylioeajgoago -sapétosynniii widlo<sianu
interpolaoyjnago.

1. Wstep

W czesto i¢y3t,epulagoyra w praktyce zagadnieniu Interpolacji wie-
lomianem wystarcza ozasasl otrzymywania wartosci tego wielomianu,
Jednakze niejednokrotnie konieczne sag wspodczynniki wielomianu in-
terpolacyjnego w postaci:

/1/

Do wyliczenia -artosoi wielomianu interpolujacego tablice podang
w nierownyoh odstepach wygodnie jeat uiywa¢ wzoru interpolaoyjne-
go Newtona, ktérego stosowanie nie nastrecza zadnyoh trudnosol:

/27
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DOx1***n-I]] - F r y -Xn]
EXOx1** xn]

Wzor /2/ Jest jednak niewygodny do obliozania wspdtczynnikow wie-
lomianu interpolaoyjnego w postaci /1/.

2. Opis algorytmu

Jezeli wartosoi yQ, y-,, ---, yn w interpolowanej tablicy poda-
ne sg w punktach xQ, xQtH, xQ+2H, XQ+nH, wzér interpolacyj-
ny Newtona mozna zapisa¢ w postaoi:

gdzie: 4Ay0 - i-te. roznioa w punkcie yQ,
F " xi " xi-1»
S* - liczby Stirlinga pierwszego rodzaju, okreslone

Jak nastepuje:

sk x °» sS “ 1» sj+l " Si “ kSi-1-
Jezeli we waorze /3/ przyjmiemy xOm o, mozemy zapisaC go w po-
staci:

Yy * yo + (~oA~o + A o D1 + e+« + dnyO0Dn -1)x +

+ (42yoDo + 43yoD1l + eee + + ...+ /4/

¢ (N v N
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1
gdzie
kIH*

1
k+1

Poréwnujac wzory /1/ i A/ } otrzymujemy proste wzory na wspok-
czynniki wielomianu Intemolacyjnego;

/5/

Aby méo zastosowa¢ wzory /5/ /przy zakozeniu, ze tablioa zadane
Jest w punktach dowolnych/ nalezy najpierw obliczy¢ roéznice dzie-
lone wystepujace we wzorze /2/, a nastepnie ze wzoru /2/- wartos-
oi wielomianu interpolacyjnego w punktach

X -0, H, 2H, ..., nH.

Dalej wylioza sie réznice w punkcie O oraz liczhy D©

3. Opis programu

Opisany powyzej algorytm zostat zaprogramowany dla maszyny ZAM-2
w arytmetyce statoprzeclnkowej, na liozbaoh podwdjnie diugich
/tzn. 70 bitowyoh, oo odpowiada ok. 21 oyfrom dziesietnym/
Dla H przyjeto warto$¢ poozatkowg 1. Przy H =1 wystepuje
obliczanie wartosoi wielomianu interpolacyjnego dla x =n ,
oo dla duzych n(>10) powoduje powstawanie w trakcie liozenia
bardzo duzyoh liczb, a wieo zwiekszenie skali + zmniejszenie do-

k#adnosci. W zwigzku z tym, wraz z tabliog danyoh wprowadza sie
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liozbe oatkowlta ograniczajgcg z gory akale binarmg. Znaozenle tej
liczby Jest nastepujgaoe: nleoh liczba ograniczajaca skale * c;
Jezeli n trakoae wyliczania wartosoi wielomianu w punkoie 1*H
1-1,2, ..., n wystapi liczba wieksza /00 do modudu/ niz 2°,
woéwczas na miajsoe H zostanie wstawiona wartos¢ ~ 1 powtarza
sie liozenie wartosci wielomianu.

Program realizujacy podany wyzej sohemat zostat napisany przez
K. Bratkowskg dla wielomianéw stopnia nie wiekszego niz 30.
Z przeprowadzonych préb wynika, ze dla wieloriandéw stopnia niz-
szego niz 12 otrzymuje sie na ogot wyniki z zadowalajgoa dokta-
dnoscia.

4. Opis wynikow

Przy pormosy tego programu dokonano obliozefi dla kilkunastu ta-
blio zawierajacych od 3 do 20 punktéw. Otrzymane wielomiany spraw-
dzono przez wyliczenie ioh wartosci w wezdach.

Jak wida¢ z przyktadéw, interpolowane tablioe miaty bardzo roéz-
ny charakter.

Z przytoozonyoh przykdadéw mozna wyciagna¢ nastepujgce wnioski:

1. Mimo liczenia na liczbaon 70-bitoiFyoh /0O odpowiada okodo 21
cyfrom dziesietnyn/, b#ad zaokraglania Jest duzy. Bardeo do-
ktadne wyniki otrzymuje sie Jedynie dla wielomianéw niskiego
stopnia. /Przyktady oznaczone literami A, 6, H, J, P/,

2. ’Regularnos¢” tablicy ma duzy wpdyw na wyniki. DIla tablicy o
duzyoh 1 gestyoh wahaniach otrzymuje sie wielomian dajaoy bar-
dzo mata zgodnos¢ /przykdad 1./. Jednakie dla tabllo takioh Jak
w przyktadzie /K/, mimo ioh regularnosol, otrzymujemy wielo-
miaD dobrze zgcdny z tabllog tylko dla argumentow bliskioh ze-
ra.
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3. W Jednym przypadku /przykdad J/, po otrzymaniu wielomianu do-
brze zgodnego z tabliog, wyliczono wartosci tego wielomianu,
tak Zze otrzymano 2 nowe tablioe:

jedna mieszczgca sie w prze-
dziale tablioy pierwotnej,

druga - w przedziale szerszym- Dla
pierwszej otrzymano wspodczynniki wielomianu identyczne do 13
cyfr dziesietnyoh po kropoe ze wspodczynnikami dla tablicy pier-
wotnej /przykdad J°/» dla drugiej 11 oyfr dziesietnyoh
/przyktad J3” /.

4. Zmiana ograniczenia skali /a w wyaiku zmiana H/ powoduje

zmiany we wspodczynnikach niewielkie, o Ile nie przekracza ona

pewnej granicy /przykkady C i C’/. Ogranlozenle bliskie maksy-

malnej skali liozenia /np. wieksze niz 50/ moze spowodowac
btedy w wynikaoh.

Literatura

1. LUKASZEWICZ J. , WARMUS M.: Metody numeryczne i graficzne,
1956.

PWN, Warszawa

COMPUTING OP COEFFICIENTS OP INTERPOLATING POLYNOMIAL

The paper presents an algorithm and the general description of a program
by means of which coefficients of an interpolating polynomial are computed.
The program is prepared for ZAM-2 digital computer and it operates on
seventy-bit numbers. This pormits to oompute coefficienta of an interpolat-
ing polynomial for a table containing up to 30 values. Examples prove the

effioienoy of the program containing up to 12 values. However, in case of a

very irregular diagram of the interpolated function the result will be
unsatisfactory, even if the number of values is small.
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INTERPOLACJA WIELOMIANEM

Algorytm w ALGOL

begin Integer N, 1, 1, j, k, p, w, Aj

read N, A}

real array X [0s30] t F [0:30] , R [0;30] , 1 [0:30] , D [0s30] }

1 5-9-1}

for 1:-0 atep 1 until i do read X[i] f

for 4:-0 atep 1 until i do read F 1] ;

for ks»1 atep 1 iintll i1 do

begin for Is«i atep -1 until Kk do

begin F[1] :-CF[11 - F [HID 7/(x[1]

DEI «a
end 1}

end -Y
H xa1lj

LLs for 1:*0 atap 1 until
begin Y[I] s--x[1]}
for j;»0 atep 1 until
begin R[J] s FLil}

for Is-i atep -1 until

ioi 1:»0 8tep

end jj

for J:*0 8tep

for k:-1 atep

begin for p:-i
FIpl FIpl

1 until

1 until
1 until

do

- X[1-KD }

FOI1 ;-d 01} end)

do

doR[]:

do Y[I] :

o F [l :
do

atep 1 until Kk d£
- Flp-11)

N
~

RG] > Y [O-] + F[H] j
Y[ + Hj

ROI}
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1 [0] :« 1/Hj

for Is-1 atep 1 until i do I[I] s-0}

for Is-1 atep 1 until i1 do

begin wj-1+13} F[I] :-Y[olx F[I1] j

if 1-1 then go to UM else p:-1j R:»y[o] |
for k:«w step 1 until 1 do
begin Y 0+1] & Ip] /H - (k-1)xr)/kf

~FWn 1- F[I] /H + FIK] X Y[p+1] 1
p:-p+1l] Rs-yO?]}

end K|
IT aba ir[l > 2tA then go to N
end 1)
for 1:-0 step 1 until 1 do
begin oarrlage return» punch F[1]; end}
H:-H/2j
if H>0 then go to LL else go to KK
end
Onegai

Podany tu program w Jezyku ALGOL dosyC znacznie rozni sie od programu
rzeozywidoie realizowanego. Wnika to z réznic jezykdw, w ktd pro-
grany ta zostaly napisane.
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f RH 1 U DT
nuwhs5, H- 1.0

TablioA danych wartosci «”Mosopge

X Yy

5.0 30.0 30.00000000920000
10.0 105.0
15.0 270.0
20.0 570.0 570.00001062356662018
45.0 6460.0 6480.0002952706390715
60.0 leeoo.o 16800.0015922245347610

Wspdtoajraniki wielcsianu interpciaoyjcego.

a0 - 13.831"7688311 665467

al - -1.3132034032026392
«2 - 0.82774170274-15766
aj * 0.0109668*09668195
a™ - 0.0010894660834657

a5 - -0.0000033477633477

n»10, H @« 0.5

Tablica danyoh cré&rtoeol rylioaone

X y

0.0 0.0

0.1 0.5206578756

0.2 0.6154579181 0.615457918099955
0.3 0.6742996467

0.5 0.7416565702 0.741656570200137
1.0 0.7522313333 0,752231333309000
1.5 0.6192139088 0.619213909111801
2.2 0.2962272134
2.5 0.1405701237

3.0 -0.1006370643 -0.100636858916083
3.5 -0.281924138 —0.281923249674*"27

* ilos¢ nyfr po kropoc odpowiednia do cartocol akali.
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Wapotozynnlki wielomianu interpolacyjnego.

“q 0.0

al - 10.529651395057079
ap « -79.216074018031025
a; * 326.015490443919255
aq « ~756.601199387760595
a5 « 1030.482326394069385
a6 « ~847.934011840452446
fy » 424.570864214461692
) -126.079007913641411
«89 . 20.358416956755956
al0w  1:374224911074612
n-11 H - 0.125

Sablloa danych

X J
-0.5235987 -0.5
-0.3490658 -0.342020143
-0.1745329 -0.173648177

0.01745329 0.017452406
0,0319066 0.0340899496
0.08726645 0.087155742
0.1745329 0.173648177
0.19198619 0.190808995
0.5235987 0.5
0.78539805 0.707106781
1.0471974 0.866025403

wartosci wyliczone

0.213820839435395

15
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Wspotczynniki wieloalanu interpolacyjnego.

C

113

ao

a2 e
a3 “
a4 “
4 -

a6 *
a7 *

g
alouw
an-

a

0. 0018868899 76357
0.856234524933541
2.143550217575408
-4.631437223160027
-82.050034366918333
418.442164015096774
185.373897699007850
-4071.547312058572197
4812.053260588207043
7412 .402277699596420
-16417.405637446650426
7710.231152463859587

- 12 H-1

Tablloa danyoh

7
-0.5235987 -0.5

-0.3490658 -0.342020143
-0.1745329 -0.173648177
0.01745329 0.017452406
0.03490658 0.034899496
0.08726645 0.087155742
0.1745329 0.173648177
0.19198619 0-.190808995
0.3490658 0.3J42020143
0.5235987 0.5

0.78539805 0.707106781
1.0471974 0.866025403

9.108655 -0.173648178

C» (H - 0.25)

0.0018868899762
0.856232403781
2.143575306452
-4.631559410572
-82.049706301393
418.441619327971
185.374487673791
-4071.547737041 081
4812 .053462583638
7412.402216226898
-16417.405627289590
7710.231151570360

-0.344898815025
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Wspotczynniki wielomianu interpolacyjnego.

0.000000000110
1.003201143462

.y  -0.009417057452
a3 -0-155295204435
.4  —0.007586091205
45 0.011584225976
a6 -0-000857274709
-0.001359785289
0.001963804314
wg  0.002076068471
a0 -0-005935319400
a1l  0-003389427252
-0.000303339231

a7

G. n-3 H-1
Tablioa danyoh,

X y
R2,° 99.0
1.0 192.0
2.0 175.0
4.0 105.0

WspotoBjmniki wiej.onianu interpolacyjnego.

a0 * 189.0
- - 15.0
® _13.0

1.0

®2
a3 ~

* Blad obliczenia wepétosynulkéw <*10-10
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n»4

Tablioa aaa”™oh

X
-2.0
-1.0

0.0
1.0
2.0

i
8.0

-2.0

1.0
-4.0
10.0

Algorytmy

Wspodczynniki wielomianu interpolacyjnego 7z bledem <3-10~1V

aQ - 1.0
-a, » -1.5
&2 “ -6.0
* 0.5
a - 2.0
1. n» 3

Tablica daayoh

X
1.1
1.2
1.4
1.5

y
0.769

0.472
-0.344
-0.875

Y/spétossynnlki wielomianu interpolacyjnego /8 btedem <2«10-17/

aQ - 1.0
al = 1.0
at ™ 0.0

a, « =-1.0
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T
X

0.2

0.7
1-2
1.7
2.2

2.7
3.2
3.7

n-=7 H» 1
ablioa danych

Yy

0.57926
0,73804
0.88493
0.95544
0.98610
0.99653
0.99931
0.99989

Wspotczynniki wielomianu interpolacyjnego*

a
e

a2
a3
a4
ab
ab
a?

0.
0.

1

2
3

3

0.502203384089600000
0.378952759850666642
0.058957999217777835
0.147589872000000053
0.056933271111111136

» -0c 008249546666666672

3
5

-u
2.
2.

0
1

.5
-0
-3

0.000139911111111111
0.000048000000000000

nm?7 H« 1
Tablica danyoh

Yy
0.617651731020799900
0.691273622041539900
0.841395906713599000
0.977267080217471977
0.982148142003019860
0.993772001048989250
0.998683432599405500
0;999465790024508v70
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Wspotczynnik

ao

*

al -

a.,
a,

a

ab

a6
a7

n =

113

7

wielomianu interpolacyjnego.

0.50203384089602084

0.378952759850649078
0.058957999217830526
-0.147589872000077219
0.056933271111172744
g 0-008249546666694168
0.000139911111117581
0.000047999999998372

Tablica danych.

X
0.5
1.0
2.0
2.1
3.0
3.3
4.0
8.0

Yy
0.691273622041599900

0.841395906713599000
0.977267080217471977
0.982148142003019860
0.998683432599405500
0.999465790024508770
1.002480131849084000
31.958810340766560000

Wspotczynniki wielomianu interpolacyjnego.

a
a°
a2
a3
a4
ab
a6
a?

«

0.5022033841920079663
0.3789527593527153164
0.0589580001343642871
-0.1475898728504153863
0.0569332715497044928
-0.0082495467942254482
0,0001399111306792653
0.0000479999987685063

Algorytmy
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n

=9

H

Tablica danych.

X
-5.0
-4.0
-3.0
-2.0
-1.0

1.0
2.0
3.0
4.0
5.0

Yy
-1.0

-1.0
-1.0
-1.0
-1.0
1.0
1.0
1.0
1.0
1.0

1USKRPOLACYJINK40

Wspotczynniki wielomianu interpolacyjnego.

aqQ
al
a2
a3
a4
ab
ag
a?
a8
ag

«

>

«

»

«

-0.0000000000000CI01
1.2912698412622723
0.000000000266800

-0.3302469136027034
0.0000000000129141
0.0410879629586022
0.0000000000008936

-0.0021494708995804
0.0000000000000073
0.0000385802469132
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Jo A

Tabl
X
-2.5
-2.4
-2.3
-2.0
0.0
0.3
0.5
0.7
0.9
1.2
1.5
1.7
1.8
2.0

Wspotczynniki wielomianu interpolacyjnego.

aQ x
al »
a2 .
a3 -
a4 .
ab -
ag -
a? -
a8 -
a0 .
a"0-
an -
alz-
al3«
ala-

Klaudia BRATKOWSKA, Whodzimier* O3TATAKT

s 14 H * 0. i23

ica danych.

y wartos¢ wyliczona.
-0.125 -0.13448320736700

-0.5
-0.155
-0.3408
-0.05
0.524
0.65
1.25
1.5
2.2
2.5
2.95
3.0
3.5

-0.05
2159.56281380303735
-19560.93062937252900
66717 .71545104550442
-102812.69534887361531
51767 .30203405793610
45252 .35246783454346
-62288.37404333366032
7457.68842499172391
19044 .35739096899258
-6591.50111741536506
-2336.12259769828206
1163.63194305535420
99.11705078267792
-67.05383984631813

Algorytmy
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n =4 H » 1

Tablica danych.

X y
-2.0 8.0
-1.0 -2.0
0.0 1.0
1.0 -4.0
2.0 10.0

Wspotczynniki wielomianu interpolacyjnego.

/z bledem <3 *10% /
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A METHOD OF SOLVING THE BOUNDARY VALUE
PROBLEM FOR A SYSTEM OF LINEAR ORDINARY
DIFFERENTIAL EQUATIONS
by Krzysztof MOSZYNSKI
Received April 16th 1963

The method presented replaces the boundary
value problem by an initial value problem
by means of a linear orthogonal transforma-
tion, assuring the ™umerical stability’ of
the prooesb, as further given in the paper.
Methods of a similar kind have been recent-
ly published by A.A. Abramov in [2],[3],.[4]-

1. Introduction

i're method of solving boundary value problems for linear ordi-
nary differential equatlono, based on computation of the so-oalled
>fundamental system of solutions”, Is very often ’Instable” from
the numerloal point of view.

The ’fundamental system” oan be ohosen in various ways ana when
starting computations it is not oertain whether the ohosen one is suit-
able for the given oase. The charaoter of the functions forming the
fundamental system” maj be distinctly different from the solution
of the boundary value problem, and the resulting linear algebraic
system oan be illcondltioned /of. C~/1

Suoh a case may be illustrated by the following example:

Let’s investigate the system of equations
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¥, e

y2 “ 256 Ul + 1)
with boundary conditions

Y4 + YIM) +2 * 0
Y20 " M~21n*=0

The solution of the problem is of the form
J<U - e"16* - el6"-1" -1
X2 M - -16 (c"16* *

We have
e-16 - 2 « y1® < -e-16
-16 @ + e-16) "Y2® < O.

Choosing a "fundamental system® for the homogeneous system of equa-
tions, so that

yi1©@© =1 © « o
and
y2 © «oO Y2l =1
we obtain
o W y 6x + e~16xJ
y2 6 * 8 v 6x _ e~16x)
B X 0-16
q @ X080

e oAV ex o+ 0160

The above funotions reaoh great values in point x m 1.

Many significant figures oan be lost when using this system te
determine the solution of the boundary value problem.
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The method given below seems to omit the above-mentioned diffi-
culties. The boundary value problem for functions y+ () satisfy-
ing the system of equations

vy * J® vy + t%xH 1*1.2, .
=1
is replaoed by such initial value problem for functions Uj &) sa-
tisfying similar system of linear ordinary differential equations,
that

N N
1£ Y2 - £ 42"
i=1 1=1

A new system of funotions u”(@() can be obtained by linear trans-
formation of yt(x). The matrix of this transformation is orthogo-
nal for any x. This last property ensures the ’stability”’ of the
numerical process evaluating the elements of transformation matrix.

2. Orthogonal transformations of the system of linear ordinary dif-
ferential equations.

Let’s consider the linear transformation of the form

N
Y+ *= fijgw uin 1-1» 2, ..., N /1/
J-1
transforming the set of funotions UuA () into another set of funo-
tions yi () for x€[a, b . The funotions yi1¢Q), >, ut®
for 1, j * 1, 2, ..., N are supposed to be differentiable in
[a, b].
Assuming the matrix ¢ & * EF™NJO* for i, IJm1, 2, ..., N
orthogonal for every x € [a, b], 1.ei”

N

FiJGOVikr = =k 2, -y N
1=
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we obtain

N

fik+fij <Pik]=0 J,k « 1, 2,
i<l

Denoting H'j & « <plk» we can present the latter sys-

1-1
tem of equations in the form

0 + n *0 jj kK m 11 2) eee) N /2/
The systom /2/ contains -- + N differential equations for the
functions Let’s note the following simple faot.

If the matrix $ (9, satisfying the system /2/ is orthogonal
in a certain fixed point x € fa, b] , 1t is orthogonal in eve-
ry x 6 [a, b] -

We shall apply the transformation /1/ with the orthogonal matrix
® & to the system of equations

N
vy - & Vi) ¢ Fi W i >1, 2, N /3/
J-1

This gives the new system of linear equations

N

uk & -~ AKJ ) UI(X) + Fk K =1,2_ ..... N 74/
J1
where
AKFW * VKj® - Hkj ®
W N_
4K @ “J ] <BJ« TikWw al8 /5/
8-1 1-1
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Fk M - T fIA /5/

1=1

Now, It Is possible to pose the following problem, basic for
further investigations:

For the given system /3/ it is necessary to find such an or-
thogonal transfonaatlon of the fo™m /1/, that

AKJ () O h J>K /6/

Let’s solve this problem. First of all /6/ gives
HkNx) = FkjQ® for J> k.
The orthogonality of the matrix ¢ &) and 72/ give

- (639) for J< K

Sk k~ “oox

Henoe, we obtained the following system of Np differential equa-
tions for the matrix ¢ &)

HKJ « Y kI X for J> K
Hk k « 17/
HKJ « yikw for J< K

Any solution of /7/ satisfying orthogonal initial conditions is
orthogonal in the whole Interval. Hence, any solution of the system
/7/ with ’orthogonal initial conditions” solves the problem.

Using /7/ we deduoe the following formulae for /4/

0 for J> K
Allj ® * I K <« for J* K /8/
for j €K

VKj« +vJIkw
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From /5/ and /7/ we get another system of N2 equations for ¢ &)

n H I M1 r sa )
*fi3 18 ~NIOE N+ el 79/
81 1-1  Hd-l IsC-3+1

1,3 - 1, 2, N

Any orthogonal matrix satisfying /7/ satisfies /9/.

Hence, in this case, any solution of /9/ satisfying orthogonal
initial conditions solves our problem /if the solution of equations
/7/ exists/.

Equations /9/ oan be expressed in two equivalent forms convenient
for further applications. Using the relation

N 3

*Pla Floc * Jil ~NiobMa
S |

we obtain
K I3ll’ i
als 6 Ix asl 110/
8-1 1-1 jrfl cC-1
In a similar way we obtain
N N Ir N 3 ru
Al -MiocAlE tis Ty A ael /11/
8-1 1-1 oc-j n-3+

If the upper bound for subscripts is less than the lower one, the sum should
be replaced by zero.
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Let’s observe that In /10/ only columns 1, 2, jth appear
in the equations for the Jth column of the matrix ¢ (&) -

Similarly In /11/ only oolumns J, j+1, ..., Nth appear in the
equations for the Jth oolumn of matrix $ ) -

IT the condition /6/ is satisfied, the right hand side of the

Jjth equation of /4/ depends only on uw,, u2, ..., Uj,
From the orthogonality of the matrix X) there follows
N N
NTu2 o« N Ty2 for every x [a, tTJ.
1-1 i<l

This shows ~“the numerical oharacter* of the funotions uL (&) and
of the solution y™Xx) to be similar. This oondition ensures the
>stability” of the computing prooess if suoh a stability is possi-
ble in the considered case.

For matrices (@Y ) satisfying the oondition

aij@® “ “ aJi®

equations /10/ are much simpler

N N
AN ~ pll ~ 7ij ~1J3J als -
8=1 1*1
In this oase, the right hand sides of equations defining ool-

umn of ¢ (& depend only on this column.

3. The separated boundary value problem

Let’s investigate the problan
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W ok A aigW 7jw o+ FrWw i -1 2i *==9n /12/
-1

with boundaiy value conditions

/13/

J-1

where pl< p2”~Pj< e_e<Pn» bU and are given numbers.

Using results of proceeding section, we shall define the linear
orthogonal transfoimation of the form /1/ for N - n, so as to re-
place the boundary value problem /12/, /13/ by some initial value
problem for the system /4/. It is then neoessary to determine suit-
able initial oonditions for /4/ and /10/.

Let’s put

mia Jab2 &, n

/14/

uid (Pa-

using these initial conditions we oan determine
- fUnotions *|p"(X), J«1, 2, n from /10/

- funotion ul() from the first equation of /4/.
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Now let’s assume the functions <Pk *"() and Uj & for 1
oc=1, 2, n to be already determined from /10/ and /K/

We shall state the following Initial conditions for <foti (X)) and
uL @

is
81
/15/
uioi>
is
s=1
where
1-1 - n
lis A bis "]T X W i) TsxCPi)” 3=1»2, *= N
oc=l
1-1
vV Qb
oc=1 "=1

The above formulae define a modified ’Schmidt’s Prooess* of ortho-
gonalization. It is determined iIf the matrix

1 @i’ “ "n, 1(Pi)
¥1,204)" »~n,2 Qi)
ALl i) » ool - V-iCpbd

Ji,1 ' > bi,n
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Is of the rank 1 fTor 1 - 1, 2, n.
Using Initial conditions /15/ we can determine
- functions @ji & from equations /10/
- functions up()fp » 1, 2, 1 from the first 1 equa-

tions of /4/.

Following this way, we can determine all functions >,
i,J *1, 2, ..., n and all functions uz) , 1*1,2, n.
Using /1/ we can express functions yl (&), i =1, 2, .. , n. The so

obtaind functions satisfy
- equations /12/
- boundary conditions /13/.

In fact, equations /12/ are satisfied. This follows immediately
from the definition of matrix ¢®&) and system /4/.

From 715/ follows

1T Ks)2 = blo/icl Oi)
8*1 =1

2] bic%0i1) -0 fOr £>*m
oc=1l

and

M 1
°j L bi8 i) 3l UccPi) *
oc*1 31 J
If we replace ¢~ in /13/ by the above formula, then using /1/,
we get

n n n n n
21 b y3w (P)uc(Pj)" A lwedpj) V ~bij  jotPi)" °i
j-1 J-1 oC-1 ot.1 >1

for 1 =1, 2, ..., n.
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Proposed algorithm

¢be following algorithm aeems to be convenient in praotioe.

@O ’°Normalize’ the Ffirst oipundary condition from /13/ as in formu-
lae /14/. This gives initial conditions in the point pl  for
Rt x>» cC~ 1» 2» eeet n and ul ) -

@ Integrate from to p2 the system of equations formed by

- equatAons /10/ fort J =1
- First equation of 4/.

This gives <Cl (@), <*= 1, 2, n and ul @2).

® Using fornmlae /15/, determine Cp”™ (pn , ot« 1, 2, ..., n and
up *

@ Integrate from p2 to p, the sjjstem of differential equations
formed by

- equations /10/ for J=1 arl j =2
- first and second equation of "4/.

@n - 2) Using /15/, determine ., J1I'"P_. N1 > oC=1,2, ...,n
and UQ 1 {pon_I} . oC,n-1.n=1)
@ - 0 Integrate from p, , to p~ the system =f equations
formed by n n
- qiuations /10/ for J =1, 2, ..., n-1
- ill but the laiet equation» of /4/.
@n) Using *15/, determine @), oC=1, 2, ..., n and
u fp 4~ ”
n "*n<
@n + D Using formulae /1/, express O0*u(pn), 1=1,2, ..., n.

This gives the initial conditions for the system /12}.

The solution of equations /12/ with initial conditions (n), de-
termined as in @n + 1) , satisfies boundary conditions /13/.

The case n > 2 /see also U 7/

This nasto JS of soecial interest because of the very simple fonn
of the matrix ¢ ) -
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Every orthogonal matrix of dimension two is of the form

or
¥, -V, R

Hence, allways in this case
H12¢) + H21 ) = O.

It is then sufficient to determine only two funotions <P ctd
Y(X) - Problems /12/, /13/ now take the form

yi® =all @ y* @ + al2®) y2( + f1 )

/16/
V2B) = a2l &) y1 ) + a22f) y2H) + f2K) 16
3 71 i) + bl2 Y2 Ei)

717/

b2l Y1 (P2) + b22 y2 (2) = c2

e can assume the boundary conditions to be normalized, i.e

bll + b12 =1. IT we choose ©(X) :I( Y , equations /4/ and

/10/ will take the following form

ul @ « A1 ul@® tF1Q®

/18/
U2 —A21 G ulfd) + A22 () u, G + F2

where All @  H[¥V + T *T| ¢a,2 +r22]
i + %22__,)] + 4 g * »21>
S irPs12 -y
FIf) =FfIH) 9 + 20 V K
=

F2 19

26 0 -, ® v®
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and & —(<p2 - D [all<P + a214"]+<P4[al2<p+ a22¢]
/19/
47 - £ ~"[all9 + a2ly]H- (V2 - 1) ral2@ + a22y/l
We shall further use equations /19/ and only the first equa-
tIoD of 718/,
Let’s put o (N U1
A(Pi) - b12 /20/
Ui “ -1

as initial conditions for Q) * ¥(X) and ul &) -

Integrating 719/ and the first equation of /18/ from pl to p,
using 720/, we oan express yl @Y and y2 (@) as

U1 02>V (P2 9(PD , uv: w2
°2 * bh22 b2l 4°2

13 PG ,Y(p2D vz 62) <daP2), Y (P2 721/
“21 b21 - °22

The solution of /16/ with initial conditions /21/ satisfies the
boundary problems /16/, /17/.

4. Boundary oonditlona on both ends of interval. /Non eeparated
boundary oonditions/

We shall now investigate the system of linear differential equa-
tions in

XX m mJ @ vi ® + agr® i«1, 2, ..., n /22/
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with the boundary conditions

bryj @+ bi“yjoO- ox 1 =1, 2, n /23/
>1 J«<1
Assume the coefficients b~ and b™ to form the 2n a n matrix
of the rank n.

Let’s denote

N = 2n
8 for 1 m1, 2, n J =1, 2, n
for i1*»1,2, ...,u J = n+l, N
1«1, 2, n /24/

yitn @ x yi @+ b - X

for 1~ i,J ™ n

M An jn@+b-ap for nt1 Z i,J ~ N
0 for other values of i, J
u® for 1™ 1~ n
£ @ _
&X-n & + b " X) for ntl < i~ N

We now have the following boundary value problem

vy = atl @ vj & + ft X i-1, 2, n /25/

H

n /26/

-.
I
'—\
N

N~ bljyjw =0L

H

M) “yin®
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rom definition /°4/ and boundary conditions /27/ we get

yir =yin@ il

Similarly as in the preceding seotion, we shell define such ortho-
gonal transformation of /25/ that for the resulting system of equa-

tions of the form 74/ conditions /6/ are satisfied. It now re-
mains to put suitable initial conditions for functions -® and
A bl

First of allj let’s transform boundary conditions /23/ using the
formulae similar to /15/.

1-1 N
Z1J = bid 2 * ol 3j» ZH =bnl
81N LI=1
“ij
U
“is
s=1
i-1 T N
bil bsl /28/
ss1 L 1-1
-is
3=1

- New boundary conditions

M

bij yj@ - 5i”
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are equivalent to /26/ and ’orthogonal”. Let’s put

+ijM - bJi
i i /29/
Uy @ = 03
i=1,2, ..., N
Using the above initial conditions we can compute
- functions P-LjW, i=1, 2, ...,N, Jml, 2, ..., n
from the system /10/
- functions Uj &, J=1, 2, n from the first n e-
quations of the system /4/.
Suppose the values of +jQ@), i*1, 2, ..., N,
J*1, 2, ..., n and U OM" J=1, 2, . n to be already com-

puted. We can choose the n remaining columns of the N x N ma-
trix ¢(b), so as to get the orthogonal N x N matrix, and then to
Integrate thf* system /11/ from b to a for J » n+l, N,
1*1, 2, ..., N using the defined columns as initial conditions.
Hence, we have the matrices $ @& and ¢(b) -

Now we have to determine initial values for wungtl & , ---, u™ -

Using /1/ we can rewrite the condition /27/ in the form

N N
/30/
J=n+1 J=n+l
where
1
/30a/

H

3antli »9=FN

can already be computed.
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In a similar way we get from /27a/

N N
uJ@® - U NJ 00 UJN) +9* ™ ° 731/
J'n+1 J=n+1
where
n r
fi " X vr> - i, j® “jH 7318/
>1

ie i e==i N
is already known.

Let’s divide the matrices ¢ @ and $@®@ into n x n blocks

A
*1 C B1
o () B2
A3 \ B3 B4
and denote
4*1 W ~rn+I" P+l
u(x) ecoe ) r = > 9 * -

uN i

The equations /30/ and /31/ can now be expressed in the form
Mu@ - B2u @ +?=0
/32/
A2 u@®@ - B4u @ + jJo-C

It is a system of N linear algebraio equations. Th»l solution is

u@ and Ttfb) - the initial values we were looking for.

Using u(@ and /1/ we can express y+x@ from the formula
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Y1 @ 0j -+ <fijad Ui @ /33/
I»1 J=n+l

These axe the initial conditions for functions vyi (X),
i*1, 2, ...» n solving the problem /25/, 726/, /27/. Sinmilarly,
u@® can be used to express initial values of &) iIn point b.

The first n functions y1®, Y2, ---, Yn® solve the
original problem 722/, /23/.

Because of relations
Yi+tn @ =yx(@+ b - X 1=1,2, ..., n

the remaining n functions Yml (X), --.» YK@) do not spoil the
stability of the prooedure.

Proposed algorithm

(@) ’Orthogonalize* boundary conditions /23/ or /26/ using formu-
lae /28/. Store results as matrices Al and A"

(2) Integrate the system /10/ from a to b for j-1,2, ...,
using matrices A, and A, as the initial conditions in a.
Solve together with 710/  the first n equations of /4/ us-
ing initial conditions /29/.

(3) Choose the matrices B- and B. so as to get the

matrix "Bl Be_ orthogonal .
) _B3 B-
@) Using columns as initial values for »

B.-
fIN in b, integrate the system /11/ from b to a. Store

the results as A2 and .

®) Compute vectors ? and j2. /Fox.nulae /30a/ and /3la//.
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®) Solve the system /32/ ~t linear algeoraic equations for the
values URHl @ , - uN @ -

(™ Use formulae /33/ to express initial values yl(), ---, Yn ®
for vHb aystem /22/.

(® Integrate the system /22/ using Initial values obtained in
point /7/ of this algorithm. This is the solution of the
problem 722/, /23/.
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AND ITS APPLICATION
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The concepts of the integral quotient and remainder
are often used when considering the number expansion

with a positive base b>1. An attempt is made to
generalize these concepts in order +to use them in
the caze of an arbitrary integral base |b]>1.

This permits to extend some relatione and proce-
dures known for b>1 to this general case and to
solve certain practical problems concerning computers
with a negative base of expansion.

1. Introduction

Some Important relations exist between the division with remain-
der and the number expansion In the case of a positive base. The
problem considered in this paper In to generalize the concepts of
the integral quotient and remainder in order to extend these rela-
tions to the case of an arbitrary integral basa.

2. A generalized division with remainder

The Integral quotient and remainder are defined as follows [I] :
For any natural number y and an integral number x>0 there ex-
ists exactly one pair of integers q(x, y), r(x,y) satisfying
condltlons
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X=y qXx, y) +ri, y), /1/
0N r(x, y)<y. /2/

This Implies the following more general theorem.

Theorem 1

For any three integers X, y, t, such that y t 0, there exists
exactly one pair of integers Q(X, y, ©), R(x, y, © satisfying
conditions

X=y .QX, y, ) +R(X, y, D, /3/
03?R(X, ¥, t) - tc |- /4/

Proof

Let x, y, t be integers and y t 0. Assume integer n to be
chosen 3n that x + ny - t~ 0. Let A, B denote

A=ag(x+ny -t lyDj Ber(x+ny-t I|lyD.-
According to /1/, /2/ there is
X+ny-t=|]y]-A+B,
0 B=<lyl
from this w& obtain
X*y ¢ (sgny*A-n)+(B+t),
0 55@B+1t) - t< |y]-
Thus, the numbers
X, ¥y, ) - sgny *=A-n=sgny «qg(x +ny - t, lyD-n, /5/
R(X, ¥, ) =B+ t«r(x+ny -t, |yhD + t /6/

satisfy conditions /3/, /4/.
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Suppose there exists another pair Q’(x,y,0fF R* (Xx,y,t, satisfy-
ing these conditions. Let k = Q7 (X,y,t) - Q(x,y,t), ( be an inte-
ger) -Applying /73/ we obtain R* (X, y, ©) = R(X, y, ) + ky; accord-
ing to 74/ there is

O™ R(XX, ¥, © - t<C Iyl
and
0™ R(x, y, ©) +ky -t |yl;
this Implies
- M< -Ry,t)-t) ky< M - RXy,t)- ©Oy| }
thus -lyl< ky< Jyl.
Hence, -Kk<1 and k = 0. This proves the existence and the

uniqueness of Q(X, y, ), R, y, ).

Let"s note that for x3*0, y>0 and t =0 there is

Qx, ¥, ©)
Rx, ¥y, ©)

alx, y),
r¢x, y),

Qx, vy, © and RX, y, ©) being a generalization of the inte-
gral quotient and remainder. Some applications of the above functions
are given below.

3. Proof of the existence of number expansion

The existence of number expansion was proved separately and in a
different way for two cases: the case of a positive base b> 1 QlJ,

Q>] and the case b< -1 Q)}, T~e 8ams oan be proved for
both above-mentioned cases together as follows:

Theorenm 2

For any pair of integers a, b suoh that

b<«a-1 and arbitrary a, or
b> 1 and a> 0
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there exists exactly one infinite sequence of integers on
@a=0o0,1, 2, ..) suoh that

/7/
and
for i = O, 1, 2y eee /8/
/thi3 sequence is called expansion of number
a with base b/.
Proof
L$t a, b - be numbers us assumed in Theorem 2. Suppose there

exis*® the expansion of number a with base b} then, for any
mi-0 /7/ may be written as follows

The inequality /8/ gives

According to Theorem 1 the above sums are equal to

/11/

/12/

(co + clb + °2” + eeee + Cm-1 ) = M@t *m» sm)»
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the element cm of the expansion can be expressed as

‘m “ C°m + °m+1lb + cm+2b2+ - b(*m+1 + °T+2Db + eee)

i /13/
=0@, bn,sm)- b « 0@, bml, sm+l).

Thus, if the expansion exists, its element cm is unique for
any m > O.

The following lemma is needed to prove the existence of the ex-
pansion.

Lewuwa 1

For any pair a, b satisfying the conditions of Theorem 2
there exists such m>0 that Q(a, bm, sm) >0, sm being defined
as in /10/.

Proof

Let a, b - be numbers as assumed in Theorem 2; i1t will be
shown that the pair o(a, bm, sm) = 0, H(a, bra, sm) =a satisfy
oonditions /3/, /k/ for certain m>0, i.e.

a»bu 0+ a

Oea - sm < |o|]-

The First condition in satisfied for any m; it oan be easily
seen that the second condition is satisfied for m being great e-
nough. Let us oonsider the two following cases:

1. ano, b> 1. Let m be an integer such that bra>a. In

this oase b« 0. Thus, 0% a - Sy < I | ;
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2. b -1. Let m be an even integer such that ©br~2 >]al
this implies bm1l < a. In this case

/NVm-1 vm-3

m L1 b) (-b - 1) =

Sy * Ibm I - -(bE'l + bm"2 + eee &b + 1) > bm 2 > a

Thus, O<a —sD" Jom |

This proves Lemma 1.

Let a, b - be numbers as assumed in Theorem 2} let m> 0
be an integer such that O (@, bm, 8y) = O.

let ¢ (@ =0,1, 2 ...) be the following infinite sequence
of integers:

mi

Let’s note that

1. For any i> 0O the element o] has the property /8/. For
i> m it is obvious; for O icm using /3/ we have

ob = (@@ b ,s1) - bQE@, b , sS™M-D) b =
= It@ b y s ~ i(a» B » >

When applying 74/, we obtain the inequality /8/.
2. The sequence /14/ has the property /7/ ae
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cO + b+ c2b2 + ... =QC@, b°, sQ - b QCa, b1, +
+ b Q(a, B*, s - b2o(a, b2, s2) + ... +
+ bm1 QCa, bm-\ 3w_1) - bmQ(a, bm, 3w) + 0 =
= 0(a, b°, aQ
and
Q@, b°, sQ) = a. /157

/15/ results from sQ =0 and from the pair Q(, b®, sQ) = a,
R(a, b°, sQ) = 0 satisfying conditions /3/, /4/.

Hence, sequence /14/ is the expansion of number a with base
b. As already shown, this expansion is unique. Thus, Theorem 2
is proved.

Let’s note that for b>1 , a>Q expressions /11/, /12/, /13/
taice the well known form [ij

~°m + Cratlb + cm+2b2 + = y(a» b7 »
(co + C1b + c2b2 + “ * + °71-1bll~1) = r @~ bm)”’

and [2] <cm = gq(a, bm)- bg(a, bm+l).

4. The method of successive divisions in the case b« -1

The evaluation of expansion of a given number with a given base
is often needed in praotice. Expression /13/ may be used to this
purpose; another method is given below, which may be used as well.

Let aA denote Q(a, bl, s®). The following properties of ai
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can be found from /11/, /12/, /13/

ci = R(at, b, s1), /16/

al+1 Q@™ b, sM. /17/

These expressions are the i-th step of the procedure to be ap-
plied: ¢~ and ai+l are evaluated for the already known a~*
For step O we have aQ = a /see /15//. According to Lemma 1,

for a certain step m there is am = 0; the procedure is then
finished, as ¢~ = 0 for all 1™m /see /14//.

There is sl = 0} let"s notice that for a”™ 0, b> 1 expres-
sions 716/, /17/ take the form

°i m r(al, b),

ai+tl = 4(ai> b)>

and the procedure becomes the well known method of successive di-
visions by the value of base [2]. For b -—< -1 the described pro-
cedure is identic with that given in [4].

For the practical use iIn the case bc -1 a modification 1is
to be made.

Let a be an integer such that nb”lal. It can be easily seen
that there is a” + nb”~0 for any i1>0. Applying /5/, /6/ we
have

ci = r(ai + nb»
al+l = -q(al + nb, IbD- nj

after substituting ~ at + tbe above prooedure becomes the
follov/Ing:

1. starting value af = a + nb,
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2. i-th step ci = r(ag, b)), at¥l « -gq(ag, IbD) + nb - 1),

3. procedure is finished if af = nb.

5. Evaluation of the round-off e”ror

The expansion of a number, being the infinite sequence, cannot
be fully represented in an actual computer. Its certain elements
may be represented only when remainings are conventionally assumed
to be 0. Usually the number a’ 1is generated if a certain num-

ber a 1is to be represented in such a computer; expansion cl
of a” 1is suoh that c£ /7 0 only for elements represented in this
computer /the difference a” - a 1is called round - off
error/.

Number a* 1is usually so defined that its expansion cl] 1is
obtained from the expansion ~ or a as follows

N for uei<v,

/18/
0 for I<u or 1iSsv,

where wu, v are typical numbers of the given computer, and
ONucv. For given a, b, u, v, one may evaluate a* without e-
valuating the expansion.

From /18/
a’ * oubu + °u+lbu< + ... + oy_lbv 1 s
=(cQ+c™ + ... +cubn + ... + oy-1bv 1) +
- (°o + °1b 'm *re + °y-1bU"1)
thus

a* = R(a, b*, sy) - R(a, bu, 31). /19/
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Let’s notice that for a> C, b> 1 the above expression takes
the well known form

a*» r(a, bv) - r(a, bu).

In the oase b*c-1, /6/ is to be substituted.

6. Conolusion

Introducing the generalized conoepts of the integral quotient
and remainder, some relations and procedures being already known
for b>1 were extended to the general oase of the number expans-
ion with an Integral base |b[|>1. Also, some features common for
both cases b > 1 and b<-1 were found.
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0 ZASTOSOWANIU PEWNEJ METODY

PROGRAMOWANIA  WYPUKLEGO DO
SYNTEZY MECHANIZMOW

Jan GOLIHSKI

Prace z4ozono 6.05.1963 r.

Podano zastosowanie pewnej metody
programowania wypukdego do rozwiag-
zywania zagadnien z zakresu synte-
zy mechanizméw.

Przedmiotem rozwazan bedzie zastosowanie pewnej metody przybli-
zonego znajdowania ekstremow dla zagadnien z zakresu syntezy ma-
szyn i1 mechanizméw.

Konstruktor projektujac maszyne Lub mechanizm otrzymuje zatoze-
nia do zadania w postaci danych, zatozonych ograniczen oraz wyma-
gan, jakie winny spednia¢ obliczane parametry. Ograniczenia te mo-
ga by¢ roézne, np. moga dotyczyC rozmiardow, sit, przyspieszen, wa-
runkéw montazowych, technologicznych, estetycznych itd. Projektuja-
cy dokonuje zwykle kilku préb odrzucajac warianty, ktore nie spek-
niaja okreslonych warunkéw typu nieréwnosci. Wreszcie, z obliczo-
nych wariantow spedniajacych wszystkie ztozone warunki, wybiera je-
den, lub kierujac sie okreslong zasada ponawia obliczenia, stara-
Jao sie poprawi¢ parametry projektowanej maszyny zgodnit . przyje-
tym kryterium.

Zadanie tego rodzaju mozna sformalizowa¢ nastepujgoo:

Wynik syntezy maszyny lub mechanizmu da sie przedstawi¢ w postaci
wektora
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X = [xJ,

gdzie sktadowe oznaczajg wielkosci konstrukcyjne, parametry teohno-
logiczne, elektryczne, akustyczne itd. Jak wspomniano, konstruktor
nie ma zupeknej swobody przy okreslaniu tych parametréw. Jest on
ograniczony roéznymi wiezami. Poszczegdlne wiezy mozna przedstawic
w postaci nieréwnosoi

fimMm 3=0 i =1, 2, 3, ., A /1/
Zadaniem konstruktora maszyny lub meohanizmu Jest wybor tego ro7-

wigzania, ktore wynika z przyjetego kryterium zadania. Cel ten moz-
na opisad funkojag optimum

f® = optimum. /2/

Funkcja f(x) moze wyrazaé np. ciezar urzadzenia, Jego sprawnosc,
przyspieszenie itd. Rozwigzaniem zadania Jest wektor x speknia-

jacy warunki /1/ tak, aby funkcja /2/ osiagneta wkasciwe extre-
mum.

Stwierdzi¢ nalezy, ze tak sformultowane zadanie mozna rozwigzac
Jedng z metod badan operacyjnych. Zastosowang metode krotko ak-
piszemy.

Zatozenia metody.

E® stanowi euklidesowg m wymiarowg przestrzen wektorowg,a T
oraz <H a=*1, 2, 3, ..., n) rzeczywiste, ciagte funkcje wkle-
ste. Zadanie polega na znalezieniu maksimum warunkowego funkc.11
f w Kill ograniczonej wiezami /1/. Mozna udowodnié [3], ze rozwig-
za¢ je mozna prze*, znalezienie wektora Xx oedgoego granicg przy
p- malejacym i dazaoym do zera wektoréw x»~, w ktérych funkcje G©,
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gdzie

G, ®W -A-T@ +Jy- "SI =~ &
1=1

dla F+X® < O
dla <> 0

przyjmujg maksimum bezwarunkowe w EI0. Problem sprowadza sie w ten
spoadb do wielokrotnego znalezienia maksimum bezwarunkowego funk-
cji w Em 1ledng ze znanyoh metod.

Przy rozwigzaniu zadania, przedstawionego w tym opraoowaniu, za-
stosowano metoae najszybszego spadku. W metodzie tej za punkt po-
czatkowy wybieramy dcwolny punkt p(x0» 70) na obszarze. Kierun-
kiem najwiekszego spadku jest kierunek wektora gradientu

- ~ - y- Nowy punkt Pj okresla sie z danego punktu

Po, zas$ procea powtarzamy tak ddugo, dopoki nie osiggniemy opti-
mum w punkcie P Wspédrzedne kolejnego punktu PN obliczamy =z
zaleznosci

Xi = x0 " Y-(FHOLL yi - vo ¢ il ¢8F -V

Oczywiste Jest, ze przez zmiane znakéw i kierunkéw nierownosci,
whasciwos¢ wklestosci zmieni sie na wkasciwos¢ wypukdosci 1 problem
maksymalizacji przejdzie na problem minimalizacji. Fakt ten wyko-
rzystano przy ukdadaniu programu. Zasade postepowania przy korzys-
taniu z opisanych metod i1 sposéb programowania tego typu zadan po-
kazemy na bardzo prostym i powszeohnie znanym mechanizmie. Zadanie
to rozwigzano analitycznie i wykresSinie £2] i stad znane jest do-
k#adnie rozwigzanie.

Nalezy dokona¢ syntezy symetryoznego mechanizmu korbowo-wodzlko-
wego, ktorego sohemat pokazano na rys.1.
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Hys. 1. Symetryczny mechanizm korbowo-wodzikowy
1- korba, 2- dacznik, 3- wodzik, x1 i *2 - odpo-
wiednio poszukiwane dlhugosci korby i1 dacznika.

Wiezy wynikajg z nastepujacych przyjetych warunkoéw kinematycznych:

- predkos¢ Vg punktu B staka i réwna 2,5 msek-1;

- najwieksza wartos¢ bezwzgledna przyspieszenia P  punktu c¢ rile
wieksza od 1200 msek “j ¢

- najwieksza wartosc¢ bezwzgledngl przyspieszenia katowego #*acznika
CB nie wieksza od ~2500 sek j

- stosunek XL nie wiekszy od 0,2 1 nie mniejszy od 0,6.
2

Oznaczajac przez  predkos¢ katowg korby AB 1 korzystajac ze
znanych zwigzkéw:

0)
X1
X1 * a2
Poymax = 1+x1»x2
2 X1
12 2

otrzymamy po przeksztatceniaoh /przyjmujac Jako jednostki sek.i ora/:
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FLE) =1.92 « x1*x2 - x1 - x2%$s O;

P2 =x2 . X2 - x2) - (1.V7)2 StO;

BE «x1 - 0.2 «x2”™ 0O} /1»/
PR =06 «x2 -x1™ 0;

x1 > O}

x2 > 0.

Zaktadajac, ze np. masy obu szukanych czdonéw sg proporcjonal-
ne do kwadratéow loh dtugosci oraz, ze adpowlednimi wspédczynnika-
mi sg 4 1 1, otrzymamy funkcje kryterium w nastepujacej posta-
Si:

) = 4™ + x]- /2°/

Celem Jest wiec okreslenie takich parametréow mechanizmu, ktore,
spetniajac zatozone warunki typu nieréwnosci, pozwalajg na uzyska-
nie najmniejszej masy urzadzenia, rownej Jfe0 |

Zadanie opisane zaleznosciami /1°/ i /2°/ przygotowano do obli-
ozen na maszynie oyfrowej. Zalaczona sied dziatan 1 program w jezy-
ku SAKO [i] ilustruja przebieg obliczen, ktéore wykonano na maszy-
nie ZAM-2. Wzmianki wymagajg pewne trudnosci przygotowania zadania
do maszynowego obliczenia. Istotnym Jest whasciwy dobor Jednostek
i ustalenie skali dla aktualnie wykorzystanych obliczen.

Korzystny Jest wypadek, kiedy Jednostki sg tak dobrane,ze wszyst-
kie parametry sa wielkosciami bliskich sobie rzedow. W praktyce
technicznej zdarza sie to jednak rzadko. Nalezy wéwczas szukac¢ dro-
gi pozwalajacej na dokonanie obliczen w takiej skali, ktéra nam
zapewni wystarczajacg dokdadnos¢ i1 ktdra jednoczesnie nie przekra-
cza zakresu maszyny.

Zataczony przykdadowo program skdada sie z 3 rozizlatow:
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Rozdziat J: jest krotkim rozdziatem wprowadzajacym dane.

Rozdziat 1: w rozdziale tym dokonuje sie wsZ/stklch obliczen zwig-
zanych z zadaniem.

Rozdziat 2: jJest rozdziatem wyprowadzajacym, drukujacym wyniki.

Dla obszerniejszych zagadnien technicznych /wigksza ilos¢ zmien-
nych i1 warunkéw/ nie udaje sie na ogét pomiesci¢ catosci obliczen
w Jednym rozdziale /ograniczeniem wielkosci rozdziatu jest pojem-
nos¢ pamieci szybkiej/. Pamietac¢ nalezy, ze rozbicie zadania na
rozdziaty przedtuza czas obliczenia. Przyk¥adowo podano czas potrze-
bny do obliczenia omawianego przykdadu na maszynie ZAM-2:

obliczenie - 1 minuta
drukowanie wynikéw - 2 minuty.

Podkreslmy, ze przedstawiony przykdad; nadzwyczaj prosty tech-
nicznie, ma jedynie na celu pokazanie, Jak nalezy korzysta¢ z Jed-
nej z metod programowania nieliniowego.

Uzytecznos¢ metody jest szczegdlnie wyrazna przy wiekszych za-
gadni”niaoh technicznych z wieksza iloscig zmiennych i ograniczen.

Zakgczony program ma uniwersalne zastosowanie do wszystkioh za-
dan tego typu. ’Ukkad’ programu i jego sie¢ dziatan pozostaje w za-
sadzie ta sama. Zmianie ulegaja Jedynie dotaczane podprogramy.

Objasnienia do arkusza wydawniczego.

X, ,X2 - oznaczaja poszukiwana d¥ugosci cztonow,
F - oznacza wartos¢ funkcji w punkcie /Xj,X2/,

El,E2 ,E3 ,E® - oznaczajag warunki. Niespednienie warunkéw wskazuje
gwiazdka. Przy zmianie DEL /,x ze wzoru /1//, nastepuje drukowa-
nie wartosoi E w danym punkcie.

Program Jest tak zbudowany, ze wyszukiwanie ekstremum odbywa sie
niejako automatycznie. Kolejna zmiana wartosci kroku H i wspod-
ozynnika DEL A+ w wyrazeniu na G )/ nastepuje samoczynnie przez
sprawdzenie warunkow:

- Warunek sprawdtajacy czy nalezy zmieni¢ krok gradientu:
WP1 x W1 + WP2 x W2 > 0.0001 ,
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gdzie:
i MW wartosci pochodnych czastkowych — w dwoéch

kolejno po sobie nastepujacych krokach.
W2 i WP2 wartosci pochodnych czastkowych ~“a*yX~ w dwoch
kolejno po sobie nastepujacych krokach.

tzn. jezeli suma iloczynéw wartosci gradientu w dwéch kolej-
nych "krokach™ jest wieksza od okreslonej tolerancji, wow-
czas wykonany zostanie kolejny rozkaz. W przeciwnym razie
ulega zmianie ’krok*. /Zmiana ’kroku” gradientu nastepuje
przez podzielenie przez dwéjke/.

Warunek sprawdzajacy czy nalezy zmienic¢ DEL
0.0001 > h 2 x (Wl2 + wp22)

Istnieje tutaj wyrazna interpretacja geometryczna. Jezeli
kwadrat wypadkowej, otrzymany z sumowania kwadratéow  kroku
;radientowego wzdduz obu osi wspodrzednych, jest mniejszy
niz okreslona tolerancja, woéwczas wykonuje sie nastepny roz-
kaz. Y przeciwnym wypadku ulega zmianie DEL przez podziele-
nie przez dwojke. Tak zrealizowane sterowanie przyspiesza ob-
liczenie ekstremum i jednoczesnie zapobiega przypadkowi, ze
po kolejnym ’kroku” znajdziemy sie daleko poza obszarem do-
puszczalnych decyzji. Po kazdej zmianie DEL program powoduje
sprawdzenie warunkéw, zas “wydawnictwo’ przez drukowanie
gwiazdek sygnalizuje ich niespedni®.nie. Jezeli to niespednie-
nie miesci sie w narzuconych tolerancjach, zadanych progra-
mem, woéwczas warunek traktujemy jako spedniony. Ostatnie ob-
liczone wartosci ,X2) - (0-827,1.96) stanowig poszukiwa-
ne wspotrzedne, dla ktéorych funkcja kryterium przyjmuje war-
tos¢ 6.572. Dla tego punktu warunki E1, E® i B~ sg spednio-
ne, natomiast niespednienie E2 = -0.004, co miesci sie w
tolerancji = -0.006, z gory okreslonej w programie.
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Summary

The paper deals with a synthesis of plane mechanisms under certain condi-
tions Ot Telocity and acceleration, with minimum weight of th<* mechanism.
The method used shows the possibility of reduoing the constrained maximum
to the unconditional watlumt of a certain funatiuu.
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ROZDZIAL:-0O

SKALA DZIESIETNA PARAMETROW:4
USTAW SKALE DZIESIETNIE:4
CZYTAJ:~ ,X2> DEL.R,

STOP NASTEPNY

PI1SZ NA BEBEN OD 0:X1 ,X2 ,DEL,H1
IDZ DO ROZDZIALU:1

ROZDZIAL:1
CALKOWITE:ADRES
CZYTAJ Z BEBNA OD 0:X] ,X2 ,DEL,H.j
USTAW SKALE DZIESIETNIE:4
SKALA DZIESIETNA PARAMETROW:4
ADRES=4
3IX)Y)NN
RP{» WP2( JE2 ,EN,EN x1 ,DEL)
4X) (w1 ,w2 ,E1,E2 ,E3,34)=W(XnH™\VP1 ,X2+H*WP2 ,DEL)
GDY BYL NADMIAR:1IN, INACZEJ NASTEPNY
GDY WP1x,/1+WP2x%/,2 >0.0001 :NASTEPNY, INACZEJ 2X
GDY 0.0005 >Hx(A3S "VPM+ABS ((M2)) :1X,INACZEJ NASTEPNY
X1-X1+HHA\VPL
X2»X2+X" V22
f=f (x1 ,x2)
PISZ NA BEBEN OD ADRES:X1,X2,F,E1,E2 ,E3,E~,DEL
ADR2S=ADRESi-8
GDY ADRES >1 00-.NASTEPNY, INACZEJ 3X
PISZ NA BEBEN OD 0:X1,X2 ,DEL
IDZ DO ROZDZIALU:2
2X)h-H/2
GDY 0.0005 >Hx(aBs(wP1)+ABs(wP2)) :NASTEPNY, INACZEJ 4X
1X)DEL-DEL/2
GDY DEL-O:NASTEPNY, INACZEJ 3X
2n)ADRES-ADRES+7
KA-999.
PISZ NA BEBEN OD ADRES:KA
IDZ DO ROZDZIALO:2
IN) TEKSTS
NADMIAR
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LINIA

SKOCZ DO2N

PODPROGRAM: (., ,W2 ,E1 ,B2 ,E3 ,E4)=V/(xi ,X2 ,DEL)

E,=1 .¥2x X1*X2-X1-X2

wl=c

W2=0

GDY E1 >0:1A,INACZEJ NASTEPNY

W1l= @ -92XX2-1) xE1

w2=Cl .92XX1-1)XE1l

TA)E2«X1*2 X(X2*2-X1#2)-1 .47*2

GDY E2> 0:1B, INACZEJ NASTEPNY
X (X2*%2-2xX1*2~xE2

W2=W2+2XxXn» 2XX2XE2

I1B)e3=X1-0.2x X2

GDY E3> 0:1C, INACZEJ NASTEPNY

W1-W1+E3

W2=W2-0.2XE3

1CANEA=0.6x X2-XA

GDY E4> 0:1D, INACZEJ NASTEPNY

W E4

W2=W2+0.6x E4

15)SDY X1>0:1E,INACZEJ NASTEPNY

wl= W1+X1

1S)GDY X2> 0:1F, INACZEJ NASTEPNY

w22/2+x2

1) VAW B XDEL

W2=W2 + 2x~xDEL

WROC

PODPROGRAM: F(x1 ,X2)

F=4x X1*2+X2*2

WROC

ROZDZI1AL:2
CALKOWITE:ADRES,1,J

SKALA DZIESIETNA PARAMETROW: 4
USTAW SKALE DZIESIBTNI£:4
BLOK (3) :E
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TABLICA6) -TOL
-0.00n}
-0.006
- 0.001
- 0.001
LINIT 2
SPACJI 6
TEKST:
X, X2 F E1l 32 E3 E4 DEL
*)linia
CZYTAJ Z 3EBNA OD ADRES:DELPST, ,X2,F,*ESDEL
GDY DEL=999.:3.INACZEJ NASTEPNY
DRUKUJ(4.3):X, ,X2,F
*)gDY e () > TO1 (i):11 ,INACZEJ NASTEPNY

SPACJI 3
TEKST:

*

SKOCZ DO1

11) SPACJA 4

1) POWTORZ:1=0(1)3

GDY DELP=DEL:2,INACZEJ NASTEPNY
DRUKUJ (4.6) :DEL

3LINIT 2

TEKST:

E:

DRUKUJ(5.3) :e(0),e(i) ,E(N,EQ®
LINII 2

GDY DEL=999.:4,INACZEJ NASTEPNY
2)POWTORZ : ADRES=3(e) 9l

GDY KLUCZ 1:4,INACZ*:T *

4)STOP NASTEPNY

IDZ DO ROZDZIALU:O

5)IDZ DO ROZDZIALU:1

KONIEC:O



G:

*1 X2
+0.608 +1.990

-0.2/4 -0.833

+0.660 +1.982
+0.702 +1.960
+0.689 +1.907?
+0.712 +1 .886
+0.711 +1 .822
+0.724 +1.818
+0.727 +1 .796
+0.730MN +1.793
+0.724 +1.790
+0.730 +1 .789
+0.730 +1 .787

X1 X2
+0.804 +1.841

+0.198 -0.

+0.806 +1.859
+0.794 +1.866
+0.795 +1 .877
+U._-788  +1 .881
+0.788 +1 .888
+U.784 +1 .890
+0.785 +1 .894
-10.782 +1.896
+0.782 +1 .897
+0* 780 +1 .901
+0.811 +1 .920

+0.255» -0. 168

*1 X2
+0.808 +1 .926

+0.253 -0.

Jan 30LINSKI

E
+5.440

+5.673
+5.809
+5.516
+5.590
+5.342
+5.401
+5.342
+5.344
N5.326
+5.329
+5.326

?
+5.977

El
#

+0. 210

#

E1l

387 +0. 436

+6.056
+6.006
+6.049
+6.022
+6.04*
+6.031
+6.050
+6.037
+6.044
+6.048
+6.318

E
+6.317

168 +0..422

+0. 427

*1
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E2 E3 DEL

* +0.400000
+0. 586

*

*x

*x

*x

*

#

*x

*x

*x

E2  E3 DEL

* +0i200000
+0. 300

*

*

*x

*x

*

*x

#

* +0, 100000
+0. 341

E2  E3 DEL

* +0, 100000

+0. 348
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E:
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+0,808
+0.806
+0.802
+0.801
+0.800
+0.808

+0.265

+0.811
+0.813
+0.813
+0.81S

+0,295

+0.81t

X1
+0.82E

+CK310

+0.823
+0._1125

+0.318

+0.826

+0.321

+0.827

+0.324

+1.929 +6.335
+1.930 ” +6.325
+1.938 +6.331
+1.939 +6.326
+1 .9M +6.328
+1 .946 +6.398
-0. 115 +0.419
+1 .948 +6.430
+1 .950 +6.444
+1 ,950 +6.450
+1.953 +6.489
-0. 068 +0._ 427
+1.954 +6.505
X2 F E1
+1.957 +6.534
-0. 029 +0. 431
+1.957 +6.542
+1 .958 +6.555
-0.M5 +0.433
+1.959 +6.565
-0. 009 +0./134
+1.960 +6.572
-0. 004 +0. 435

SYNTEZY MASZYN

+0.050000
+0.360

+0.025000
+0.354

E3 E4 *T-

0. 012500
+0.352

+0.006250
+0.350

+0.003125
+0.350

+0.000781
+0.349
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ON THE APPLICATION OF GRAPH THEORY TO

DETERMINE THE NUMBER OF MULTISECTION
LOOPS IN A PROGRAM

by Alfred SCHURilIANN
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A oertain model of the pathes of a program ie
presented. The model 1loops are the graph cycles. The
algorithm and the theorem is given determining the
number of loops which pass through two parts of the
program. Pinal conclusions contain some notes on
the application of theorem 2.

1. INTRODUCTION

Because of the limited oapaoity of the computer working store
the program should be divided Into sections. There should be as lit-
tle pathes as possible from one section to another. Cases where
statements of one loop belong more than to one section should be
avoided as much as possible.

Programs considered in this paper do not modify their own 3truc-
ture. All possible loops can be determined in such a program before
Its performance. In oonnectJon with this, during the segmentation
of a program, the place may be found where the numoer of loops is
the smallest.
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2. THE REPRESENTATION OF PATHES OF A PROGRAM

A program statement oan be divided into operation and deoieion
statements [2]. A label may be assigned to the statement. Operation-
al statements are performed linearly /i.e. suooessively, as they
appear in the program/. Decision statements may be regarded as func-
tions depending on input data, the results of whioh are labels. La-
bels are function values. The decision statement will be further
considered as the function

where Y is an unknown quantity depending on stateaents as well as

on input dat*. of the program, «<., <€, ...,«cN are fixed labels
of the program. There exist N pathes from the decision statement
to the labels , 2, The pathes to be exeouted,during

the operational time of the program,are determined by the value of
the variable Y. However, this variable /otherwise operational
statements and data/ does not ohange the pathes of the program.The
pathes leave the decision statements and enter the labels.

Let us denote labels and decision statements by X, ,
successively a3 they appear in the program.

The pathes of the program are desoribed by the directed grhph
G = (& N, where X 1is the ordered set and
 the following transformation

{Xi], if is a label

el ke if XL-1 1is a decision

statement de(y)
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where the label is a node Xik of the set »

To every path of the Drogram corresponds a path in the graph G,
and inversely. The given model of program pathes omits the opera-
tional statements, and it does not show us the number of operation-
al statements between nodes Xg and XO+1. This information is
not needed la further consideration.

Definition

If Xki1, ..., Xkl 1is a path of a program, and » Xkl , then
the path la a loop of the program. In the graph theory such a path
is oalled flyole.

lows:

if in graph G exists the arofx”"Xj)

0, 1if the arc(xi,Xj) does not exist.

Example:

Given program:
begin real J,B,M,Rj Integer 1j

A - 1 » O;
read I»B}

B :M =M+ sin@ + 1)}
I = 1 + 1}
print bl;

if 1< 100 then go to B)
if J=1.4 then go to B1;
R @ + r)*J;
if R~ 50.6 then go to A}
pry-nt R ;

Bl s ind
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The nodes of the program are the following:
X1 = A; = B; = If 1 < 100 then »0 to B;

X4 =11 J = 1»4 then SE to bB1l;
Xx, = if R> 50.6 then go to N; X& = Bl .

The corresponding graph is of the following form

The connection matrix of the graph is the following

o0o10000
001000
010100
000011
100001
0000O0O0

3. THE NUMBER OF MULTISECTION LOOPS.

Let X~ be a node of graph 0. \& divide the program between

nodes X. and . The part of the program denoted by
X1, *2, ..., XL will further be called section A, the part of
the program denoted by X+l , M+2> eeen» N ~ section B. Assume

the section B to be located in the computer internal store, and
section A in the external one. The internal store can oontain
one section only. If, during the operation time of a program, sec-
tion A is oalled by section B, section A is transferred to
the internal store. Section B calls section A if and inly if
there exists the arc(xk,Xj) for k> 1 and for jJ~ i. When
the arc(x. ,X,) does not belong to the loop, section B calls
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section A through the path ..., X?jXj, ... only once. The number
of the above mentioned calls from section B to A is small and
it maj therefore be omitted*

In case the arc(Xjc,Xi) belongs to the loop, section A 1is re-
peatedly called by section B and inversely. \b%e further shall try
to determine the number of such repeated calls equalling the num-
ber of arcs (XjjfXj) oelonging to a loop.

Definition

It will be said that a multisection loop passes between nodes
/vertexes/ X~ and Xi+l if there exists an arc (XMXj) , where
K>1 and j 4 1» belonging to a cycle of the graph G.

From the above there follows immediately the conclusion:

Corollary.

The number of multisection loops is not greater than
n i
Ckj

k«i+l J&l

It is easy to prove that an inverse theorem is not true /ref.to
fig. 2/. I,

*3
section A

section B

Pig. 2. C42 - 1, arc(x4,12) dose not belong to a loop.
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PROBLEM,

Determine the number of multisection loops in program G.

Use will be made of an algorithm for finding the path from a
to b [/AQ . Suoh an algorithm for directed graphs will be described
as follows:

do not pass twice the same path in the same direction; Tfirst

follow the direction of the oriented path. When reaching Xg

do not follow the path that enters the vertex Xg if another
choice is possible-

The algorithm

Find the element equalling 1 in the connection matrix of
the graph G, beginning with Kk = i+l and Jj = 1. Then check
the existence of a path from vertex Xj to X" aooording to the
algorithm of finding the path from a to b. If suoh path exists
there is a multiseotion loop. If the above-mentioned path does not
exist, the arc (Xk,Xj) does not belong to a loop. The number of
multisection loops is to be found by repeating these actions for
all k> 1 and NEAN

In the graph theory QIJ the theorem given below is known.

Theorem 1

If G 1is agraph and [CjJ *ts connection matrix, the element
p~ of the matrix PR = equals the amount of different
pathes from X~ to X, of the length oc , where is
matrix [pijl to Power w* -

The length of path L is the number of arcs of which the path
L consists.

Path L is tha proper one if none of its vertexe3 is twice re-
peated.
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Lemma

The path from X~ to XN exists In graph G [If, and only if,
the element d*j of matrix D = + P9+ ... + P11 is differ-
ent than zero,

Proof

First let us prove the existence of a path from X to Xj 1if
d~ / 0. Acoording to the definition of d~ it follows that

dij = pij + pij + + pijl /Y
where the element pf£j of the matrix Pr 1is non-negative.

Thus, if dij / 0, there exists such r that p? t 0. This,
using theorem 1, indicates the existence of a path of the length
r from X to Xj-

And inversely, if in graph G a path exists from XA to Xj,
then there is a proper path from X~ to Xj of the length
“n — 1. Thus, from theorem 1 and from /1/ one obtains d~ ~ O.

It results from the lemma that there exists a multisection loop
in graph u, 1if and only if CiIg =1 and djk ~ 0, where k> i
and j N 1.

Thus, one obtains

-Theorenm 2.

The number of multisectlon loops in graph G equals

2 21  CkJ 3ign(dk)
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CONCLUSIONS.

In section 2, has been determined as an arbitrary vertex
of graph G. Thus, the described algorithm and theorem 2 permit
to determine the number of loops which pass through an arbitrary
place of the program. This information is necessary while divid-
ing a program into sections.

In order to make use of the given algorithm one should investi-
gate the average time of the program operation realizing the above
algorithm.

Theorem 2 seems to be more useful than the algorithm when ap-
plied so as to divide programs.

The zero-one matrix may be regarded as a boolean one. The
calculation of the arithmetical sum /2/ may be performed using ma-
trix D° = pfj , where dfj = sign (GJ) > °» instead of ma-
trix D.

From the definition of matrix D* and because of the fact that
p~ 5-0, one obtains

IN
=
1

sisn(pij + pij + === + pijl) =

S-Lgn”Jv Sign(p™.)v ... v sign(p™'y ,

where the operator v is defined as follows

1, if sign(p®jj = 1 or sign(Pj|) =1
eing(pij)v sign(p”l) =

0 and signup®*1l) = 0O

0, if sign(p®jj

Thus, the matrix D* 1is a logical sum of the boolean matrix
where p~” = sign(pjj)- This indicates that matrix
3* is obtained by means of performing boolean operations on ma-
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trices [c] and 22X e The product CkJ sign (dJk) in /2/ may
be also treated as a logical product. In this case the sum /2/ is
the number of true values of the logical product cm n a3k-

Operations performed on boolean matrices are very fast if to
each bit of a computer word corresponds one matrix element.

In connection with this the average time of program execution
realizing the theorem 2 should be relatively short.
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