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YUGOSLAV — POLISH CONFERENCE YU — PL'87
ON NEW TRENDS IN MECHANICS
OF SOLIDS AND STRUCTURES
Dubrovnik, June 23 -26, 1987

JUGOSLOWIANSKO-POLSKA KONFERENCJA
P.T. “NEW TRENDS IN MECHANICS OF SOLIDS AND STRUCTURES”

Konferencja ta odbyla sic w Dubrowniku w dniach 23 - 26 czerwca 1987 r. Byla to
pierwsza konferencja organizowana wspolnie przez Jugoslovensko DruStvo za Mehaniku
i Polskie Towarzystwo Mechaniki Teoretycznej i Stosowanej i zarazem pierwsza mie-
dzynarodowa, dwustronna konferencja z udzialem naszego Towarzystwa. Idea organizo-
wania wspolnych jugostowiansko-polskich i polsko-jugostowianskich konferencji powstata
juz do$é dawno. Pierwsze bardziej konkretne propozycje powstaly w czasie XVI Jugosto-
wianskiego Kongresu Mechaniki Teoretycznej i Stosowanej w Begici, w r. 1984, a promo-
torem organizacji konferencji ze strony jugostowianskiej byt profesor Jovo Jarié, dwczesny
Sekretarz Generalny J. D. M. Skiad komitetu organizagyjnego ze strony jugostowiainskiej
stanowili: Sekretarz Generalny J. D. M. docent Dobroslav RuZié i profesorowie Rastko
Cukié z Belgradu i Stjepan Je&i¢ z Zagrzebia. Docent D. RuZi¢ wzigt na siebie gtéwny
cigzar obowiazkéw organizacyjnych. Ze strony polskiej do komitetu organizacyjnego
weszli profesorowie Czestaw Wozniak, Jozef Wojnarowski (Przewodniczacy PTMTS)
i Zbigniew Olesiak. Staraniem organizatoréw .jugostowianskich ukazal sie 98 stronicowy
skrypt zawierajacy streszczenia referatéw (15 polskich i 23 jugostowianskie), wstep, pro-
gram konferencji i spis uczestnikéw. Na konferencji wygtoszono ostatecznie 19 jugostowiari-
skich i 13 polskich referatéw. Nastapily niestety perturbacje w zaplanowanym programie
konferencji w zwiazku z opdznieniem przyjazdu czeéci uczestnikow polskich. Samolot
LOT miat wielogodzinne opdZnienie tak, ze 6 0séb nie zdazylo na nocny pocigg do Du-
brownika i tym samym na pierwszy dzien obrad. Na domiar zlego jeden z naszych kolegéw
zrezygnowatl z podrézy w ogole, gdy stwierdzil, ze mamy lecie¢ IE 62M.

Tematyka konferencji byla z zatozenia obszerna i obejmowala zagadnienia teoretyczne
mechaniki oérodkéw ciaglych, w tym teorii plastycznosci, przewodnictwa cieplnego,
osrodkéw widknistych, lepkosprezystych, termodyfuzji. Rozpatrywano zagadnienia me-
chaniki pgkania, zagadnienia falowe, dynamicznej stabilnosci, stochastyczne, az do za- -
gadnier mogacych mie¢ bezposrednie praktyczne zastosowania w mechanice budowli.
Przedstawiono réwniez prace do$wiadczalne oraz rozwigzania metodami elementéw
skonczonych i elementéw brzegowych.

Dyskusja tylko po niektérych referatach byla ozywiona, nalezy stwierdzié, ze czgéciej gtos
w dyskusji zabierali nasi koledzy jugostowianscy.

~ Bezposrednio przed Konferencja w dniu 22 czerwca br. w Instytucie Mihajlo Pupina
w Belgradzie odbylo si¢ uroczyste wreczenie dyplomu czlonka zagranicznego naszego
Towarzystwa profesorowi Miomirowi Vukobratovicowi — Przewodniczacemu J.D.M.
Wreczenia dokonali Przewodniczacy PTMTS prof. J. Wojnarowski i Sekretarz Generalny
PTMTS prof. Z. Dzygadlo.
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Pierwszy dziefi obrad rozpoczal si¢ od otwarcia Konferencji.

Obrady Konferencji otworzyt Sekretarz Generalny JDM doc. D. Ruzxc Do prezydium
uroczysto$ci otwarcia zaprosit prof. Apostola Poceskiego, Przewodniczacego PTMTS
prof. Jézefa Wojnarowskiego oraz Sekretarza Generalnego PTMTS prof. Zbigniewa
Dzygadle, W swoim wystapieniu doc. Dobroslay Ruzi¢ przypomnial migdzy innymi
historie kontaktéw naukowych miedzy przedstawicielami JDM i PTMTS, ktére dopro-
wadzity do uzgodnienia koncepcji konferencji i zorganizowania biezgcego spotkania.
Prof. J. Wojnarowski korzystajac z udzielonego mu glosu przedstawit histori¢ i osiagnigcia
PTMTS ze szczegdlnym uwzglednieniem kontaktéw migdzynarodowych. Na zakonczenie
prof. J. Wojnarowski Zyczyt zebranym owocnych obrad i zaprosit jugostowianiskich uczest-
niké6w na nast¢pna konferencjg do Polski.

W pierwszym dniu Konferencji wygloszono 9 referatéw, w porzadku chronologicznym
byly to:

J. Wojnarowski, Hybrid methods in dynamical analysis of three-dimensional mechanical
systems,

S. Komljenovi¢, On a method of integration of nonlinear continuum mechanics equations.
J. Jari¢, On the energy release rate in quasi-static crack propagation in general elastic
materials,

D. Kuzmanovié, Generalized Darcy’s law for partly saturated porous media,

B. Maruszewski, A new approach to thermomechanics of coupled fields in solids,

S. Milanovié-Lazarevié, On the influence of couple-stresses on stress distribution in an
infinite plate with an elliptic hole,

M. Berkovié, A. Sedmak, Z. Dragkovi¢, Thin shell equilibrium equations,

Z. Dzygadto, Nonautonomous nonlinear vibrations of a continuous self-excited system,
V. Manojlovié, Analysis of solutions of acoustic field in a céwity with rigid walls using
finite elements method.

W drugim dniu obrad wygtoszono réwmez dziewigl referatow:

P. Marovi¢, F. B. Damjanié, New approach in the solution of problems with infinite
domain,

Z. Konczak, The influence of moisture and temperature on the behav1our of orthotropic
viscoelastic plates,

V. Lubarda, Modelling of the anisotropic hardening in plastic deformations of metals,
Z. Wieckowski, Dual and mixed finite element methods in analysns of antj-plane/shear
of elasto-plastic fibre reinforced composite,

S. Rankovié, Restoring force characteristics of steel frames,

I. Doboviek, Dynamic stability of autonomous nonconsetvative elastic systems,

Z. Wesotowski, Dynamic properties of .two elastic layers,

D. Semenski, Contribution to determination of stress intensity factors,

H. Kopecki, J. Smykla, Experimental-numerical hybrid technique for stress analysis
of thin-walled structures in post buckling state,

W trzecim dniu konferencji wygtoszono 10 referatéw:

A. Poceski, G. Kokalanov, A mixed three-dimensional finite element,

Z. DraSkovi¢, On invariance of finite element approximations,

0. Dabrowski, Boundary element method for some types of shells,
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A. Alujevié, I. Potré, Boundary elements for large plastic displacement problems of metals,
M. Oblak, B. Butinar, Minimum weight design of space trusses,

A. Tankovié, Z. Mi&ié, M. Zivulovié, R. Slavkovié, Stress states of the passenger car
body, . [

L. Todorovska-AZijevska, D. Kecman, Collapse of thin-walled square and rectangular
section tubes due to combined torsion and uniaxial bending load,

S. Sedmak, B. Petrovski, The J-integral elastic-plastic behaviour in specimens and full
scale structures,

P. Konderla, Dynamic process of the material body undergoing evolution,

Z. Naniewicz, On some nonconvex problems in the theory of elasticity,

W ostatnim dnin Konferencji wygloszono nastgpujace referaty:

A. Tylikowski, Dynamic stability of laminated plates and cylindrical shells,

Z. Olesiak, Properties of thermodiffusive stresses in solids,

M. Midunovié, Some comments on viscoplasticity of isotropic materials with small thermo-
elastic strains,

Cz. Wozniak, On the modelling of elastic-unelastic periodic composites.

Konferencja byta bardzo udana, a przyjecie go$cinne. Podczas yroczystosci zamkniecia
konferencji przemawiali doc. D. RuZi¢ i prof. J. Wojnarowski. Wszyécy Polscy uczestnicy
Konferengji przebywali w Dubrowniku na koszt organizatoréw JDM. 10 listopada 1987 r.
Zarzad Gloéwny PTMTS postanowil, ze konferencja “On New Trends in Mechanics of
Solids and Structures” odbegdzie si¢ w dniach 9 - 12 maja 1989 roku w Boguchwale k/Rze-
szowa, Wspdlorganizatorem konferencji bedzie Politechnika Rzeszowska a takze Rzeszow-
ski Oddziat PTMTS. W tym numerze publikujemy czeéé referatow wygloszonych na
Konferenciji.

Zbigniew Olesiak
Andrzej Tylikowski
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THREE-DIMENSIONAL MIXED FINITE ELEMENTS

APOSTOL POCESKI
GEORGI KOKALANOV

University Kiril i Metodij, Skopje

1. Introduction

The basis for the development of three-dimensional elements are the two-dimensional
plane stress elements. By introduction of the third dimension for instance the triangular
elements become tetrahedron elements, the rectangular become hexahedron etc.

The development of the three-dimensional elements is similar to the development
of the two-dimensional elements and doesn’t represent any particular problem. However,
the number of degrees of freedom (d.o.f.) of the three-dimensional elements, and con-
sequently the number of equations which have to be solved for a particular three-dimen-
sional problem, is large. The solutions of such problems sometimes become impossible
even by computers of large capacity. Therefore the development of three-dimensional
elements reducing the total number of equations for a solution of any three-dimensional
problem, is very important.

The most of the developed three-dimensional elements are of stiffness type. The primary
nodal unknowns are the deformations. The elements are developed by application of the
minimum potential energy variational principle. The problem in the development of the
elements represents the so called “parasitic stresses”. In such a case the parasitic stresses
are the shear stresses — the functions of the nodal axial deformations. Usually the problem
is solved by application of the “reduced selective integration”. However, such an ap-
. proach to solution of the problem is not appropriate and reliable. As a result of the ap-
proach for instance some three-dimensional elements are good for analysis of thin systems
like plate bending analysis (20 nodes, 60 d.o.f. element), the others for analysis of thick
systems, like plane stress analysis (8 nodes, 24 d.o.f. element) [1].

In the early development of the mixed elements it was assumed independence of stresses
and deformations. The correctness of such assumption was not verified for a long time.
Therefore the mixed finite element method (FEM) was doubtful and was not widely applied.
Here we develope mixed elements by application of a direct method [6]. The deformation
shape function (DShF) is complete, depends on the nodal stresses and deformations. The
boundary forces and deformations are derived directly from DShF, without application
of any variational principle. From the distribution of these values at the nodes we derive
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equivalent nodal forces and nodal deformations, which represent the element matrix.
This concept of development of the elements was applied in the problems of plane stress
and plate bending elements [2, 3].

The three-dimensional element which we consider in this paper, is based on the plane
stress element (Fig. 1a). This plane stress element gives very good results. For instance

Fig. 1. Mixed plane stress element (a), cantilever represented by one element (b)

in the analysis of a cantilever (Fig. 1b) even one element, with totaly 5 equations, gives
exactly the beam solution! Such results were obtained primarily due to particular distribu-
tion of the unknowns (degrees of freedom). Note that the stresses and the displacements,
were taken at the midside nodes. In such cases the degrees of freedom, the displacements
and the stresses, are not independent of each other. For instance by variation of the stresses
we can develope the equations of the compatibility of displacements, which are already
satisfied due to the presence of the displacements as the degrees of freedom at the same
nodes. .

The element was developed by application of the direct method of development of
finite elements [6]. In this way the parasitic shear stresses S, = f(N., Ny), functions
of the axial stresses, were automatically excluded. The exclusion of the stresses was another
reason for the very good behaviour of the element. The element developed in this way is
the same as the element developed by the assumption of independent stresses and deforma-
tions. It means that, in the case of energetic approach, the stresses and the displacements
have to be independently assumed! . The correctness of such assumption for the first time
was proved in Ref. [4]. »

The element which we discuss is a simple prismatic three-dimensional element. The
elément is our first step in the development of mixed three-dimensional elements. The
development of the element has to show the way of development of the mixed elements
and the accuracy which could be expected. The element presented here gives very good-
accuracy and is very promising for further development of the mixed FEM.

2. Prismatic element with 36 d.o.f.

~ The element is presented on Fig. 2. At the corner nodes the unknowns are the stress
components (8 x 3), and at the edge nodes are the displacements in the direction of the edges
(12x 1), it makes 36 d.o.f. in total.
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Fig. 2. Prismatic mixed element with 36 d.o.f.

2.1, The deformation shape fumction. The number of parameters defining the DShF is
equal to the number of the degrees of freedom — 36. It means that the deformation shape
function should be defined by 3 polynomials with 12 parameters each, for the 3 deformation
components #, v and w separately. However, an assumption of 12 terms polynomial,
as the standard procedure in the FEM, can be misleading. We shall discuss this below.
Here somewhat different procedure will be considered.

If an edge of the element, for instance the edge 1 - 4, Fig. 2, is considered as an axially
loaded rod, the deformations in the rod will be defined by the following expression:

Uss = Uyt [~ + conab (1)), (6= /a). 0

These deformations are translated in the xy plane, in such a way that the deformations
at the edge 2 - 3 vanishe, and next translated along z axis so that the side 5+ 8 the deforma-
tions vanish. The contribution of the nodal parameters Uy, &, and g4, to the deformation
U in the eclement is defined as follows:

1 .
U=~ [2Us+e12ab(1—§[2) + earaf(1+£/2] (1 =7) (1-0). @
In this way the complete DShF can be defined and represented as follows:
o]
U o, 9,0 0 0 0 U
V]|=|0 0 &, & 0 0 f;‘, 3)
w 0 0 0 0 9,9, 8'
zi
_ W
where we have:
a
D= ¢ (1+£0/2)E(1+70) (1 +20),
b
D, = 3 (L +&) (L+n0/2)n(1+8o), =18 _ @

Doy = 5 (1+E) (Lm0 (L+Lo/DE,
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Dy = (I+m0) (1 +8o), i= 9,12

D,y = (I+&) (1+8), i=13,16

IS N

®)
Pp= 5 (1 +) (4L, =17,20
Eo =E&&, mno=mm, §=/(C

It is interesting to note that the polynomial by which for instance deformations U are
defined is of the following type:
U=a,+a,x+asy+dyz+asx*+agxy+a, xz+agyz+as X2y +a,0x%z +

+axyz+ax*yz. )
The polynomial is not a “complete” one, as usually is required. It is evident that such
a polynomial is very difficult to assume in advance. The polynomial corresponds to a lline-
ar variation of strains (stresses), similarly to the stresses at the element in Fig. 2,

2.2. The element matrix. The element matrix can be represented as follows:

: Fn Fuuw
=1 L (M

The vector of nodal parameters is the following:
d' = [le are NSJ; ...N_]_y ...Ngy ...le "'NBZ e U9 sen UIZVLS ‘es VIGW_I e Wzo]. (8)

The first row submatrices in the element matrix represents the flexibility submatrices.
The submatrix F, gives nodal displacements in direction of the axial stresses due to the same
-stresses. Submatrix F,,,, affords the displacements due to the midedge node displacements.
The second row represents the stiffness submatrices. Submatrix Fj,,, gives the nodal forces
in the direction of the edge nodes due to the axial stresses, and submatrix K-nodal forces
in the same direction due to the edge node displacements.

2.2.1. Flexibility submatrices F, and F..,. From the DShF (3-5) for £ = —1 the deforma-
tions on the surface 1,2, 6,5 are derived. These deformations, for instance due to &, are
as follows:

—-Ja

U= 0@ = eull=1) A=0). o)

The volume of these deformations is:

ff Udydz=_T3abcex1.

The volume is equal to the nodal deformations 1, 2, 6, 5 due to the same strain. The distribu-
tion due to the particular node is as follows:

Foy= [ [ UsU(e)dydz,
where U is as Exp. (9) and dU(e;) is the variation of the displacement on the particular
strains. In this way the derived nodal displacements due to &, take the following form:
—abc

[U,0, U Usk = ——[4 2 1 2.
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From &, we obtain deformations also on the surface 3, 4, 8, 7. The nodal deformations
derived in the same way for these nodes are as follows:

[U3U4U8U]‘=——3a6bi[2 42 1].

These two submatrices define the first column of submatrix F,. In this way the complete
submatrix F, can be derived. The submatrix can be derived by an energetic way as follows:

Fyy= [ [ e;0e,dxdydsz.

The values of the same nodal displacements due to e, derived in this way are as follows:

—ab
[U, U, UsUsUs U Us Uy = —= [8 4 2 4 2 4 2 1],
The coefficients derived in both ways are not the same, but their sum in one row or column
is the same, equal to 1. Therefore submatrix F, defined in both ways finaly would give
the same results. Here it is convenient to-use F, derived by the energetic way. Submatrix
F, derived in this way is the following:

, (10)

ny = Fnz' (11)

R NN AN~
o0 b N AN~

1
|

If instead of strains & we introduce stresses N, for instance for strains &,:

x = 3 Ne=r (N, + V)],

submatrix F, becomes:

FO —»F? —9F?
- - (12)
—yF0 —pF0 Fo ’ '

1

F, = —
"TE

In the same way submatrix F,,, is derived. This submatrix can be defined as follows:

F, 0 0
Fuuw= 0 Fu 0 (13)
0 0 F,
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The values of the submatrices take the form:

(4 2 —2 —4 21 -1 =2]
bel2 4 —4 -2 12 =2 —1
t—-_
F"_9 21 —1'=2 42 =2 -4} (14)
(12 =2 -1 24 —4 —2]
(4 —4 —2 22 =2 —1 1]
,_ac|2 =2 —4 41 -1 =22
=512 2 -1 14 -4 —2 2} (15)
|1 -1 =222 —2 —4 4]
(4 212 -4 =2 —2 —1]
,_abl2421 -2 -4 -1 -2 16
'F‘”“91242—1—2—2—4' (16)
2 124 -2 -1 —4 —2]

2.2.2. Stiffness submatrix K. The stiffness submatrix K gives the nodal shear forces in the
direction of the edge node displacements, due to the displacements of the nodes. For
instance the forces due to Uy = 1 are as follows:

-G
Noy =5~ U=0),

-G
N, = “Ae 1-m
N,,=0
The shear force due to the shear stresses acting on the surface 1, 4, 8, 5 takes the form:

2a2¢ ac
Sy = —5 N,, = GT'
Since the distribution of the shear stresses from node 9 to 11 is triangular, 2/3 of this shear
force is applied to node 9 and 1/3 to node 11. In this way the defined nodal forces give
the coefficients of the stiffness submatrix K. The submatrix can be represented as follows:

G Ky Ko Ky
K= Kl Ky Kast. ' )]
Sym. Ks

The values of submatrices in this expression are the following:

2(ac+ fb) —2ac+fb owc—28b —oac—pfb

_ 2(ac+pb) —ac—pb ac—2pb
K= 2(ac+pb) —2ac+pb |’ (18

Sym. 2(xc+ Bb) .
o =alb, f=alc, ‘
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2 -2 1 —1
2 -1 -2
K.I.Z = 2 ___2 c,
Sym. 2
21 -2 -1
2 -1 =2
Kia = 2 1 b.
Sym. -2
Submatrix K, is obtained if instead of « in K; we substitute o=2.
2 -2 1 -1
1 -1 2 =2
Kaa=1_3 21 1|®
-1 1 =2 2

2@~ 40) a7 =20 —ot—a =204
2t +a) —207t4q —al—a
2@+ o) o t—-2a

Sym. : 2(a" 4+ o)

K;=c¢

2.3. Numerical examples,

581

(19)

(20)

@n

(22)

2.3.1. Simply supported square plate. The plate is subdivided in 4 elements (Fig. 3a). Since
there is the symmetry, only a quarter of the plate is analyzed, (Fig. 3b). There are only 3

unknowns: Ns, U;p and Wig. The analysis gives the following results:

Fig. 3. Analysis of simply supported square plate (2), the quarter of the plate represented

by one element (b)

'N5 = f,(l +1}):

T 32¢2

__ 3aP o~
Uto = 1egez 1 =5

16¢2

- 2 2
W, = —3PL [1 16¢

rL2 |
155D +L2(l‘v)]——0,01562 = [1+

L*(1—»)
' . (Thin Plate Th.0,0116PL2/D).



582 A. Poceski, G. KARKALANOV

The results for the case of constant distributed load g can be derived by the substitution
of ga® instead of P/4. The results are as follows:

—9qL7

Ne = Toge

1+,

_ 3@ 2
Upp = 74—E’52_(1 —%),

_ —3qL* 16¢* _ qL# 16¢?
Wis = —755D [” L2(1—y)] = 000391 "5 |1+ =5 |
(Thin plate theory: 0,00406 qL*/D).

The following bending moment corresponds to stress Ng:

(2c)>  3qL?

Ms = Ne—¢ 64

(1 +%) = 0,0609¢L%, (v =0,3),
(Thin plate theory: 0,0479 qL2)

The results for the displacement W,y contain two components: the thin plate theory
component and the contribution of the shear forces component. The fist component
is the same as is the result obtained by our very first rectangular mixed bending element
[7], with the assumption that the moments and displacements are independent. The second
component will be analyzed in the next chapter.

2.3.2. Cantilever. The analysis of the cantilever in Fig. 4 loaded by concentrated edge
force gives the following results:

3aP
2bc?’

P a? a
Wao = SEc [4,0 F+27 (1+v)].

N6=

Up=-Usg
Ne Cay 1“49=W20 20
w l "
N . 20
>Up |
~ 20

Fig. 4. Analysis of a cantilever as one finite element

These results are exactly the beam solution, with cross section shape coefficient k = 1.
As could be exepected, the three-dimensional element gives exactly the same results as the
plane stress element from Fig. 1 [2]. In the case of a cantilever loaded by a moment, the
element also gives also the beam solution.
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3. Reduced three-dimensional element for plate bending analysis

3.1. Element matrix. The reduced three-dimensional element is presented in Fig. 5. The
primary unknowns for the element are the following:

d'= [Myeo. Myy ... Myy ... May ... Og ... Oy, Wy ... W.]. (23)

It means that the element is reduced to 16 d.o.f.

M Mg
My ooy M/ M
1 12 x,U
e
" May May 2b
W % f
h

Fig. 5. Reduced plate bending element

The strains for the three-dimensional element can be substituted by the bending moments
as follows:

Ex =

c
"D(“—l:;f)' (M.—vM,),

‘¢
D(1—»?)

€y —

(-vM.+M)).

The displacements u and v can be substituted by the rotations, for instance according
to to the following relation:

Oy = (Uy~Uyy)/2c.
The upper stresses and displacements, and the lower stresses and displacements, in the case
of plate bending are of the same intensity, but with different signes, for instance:
Ny = —N;
Us = —Uy;

The element matrix can be represented as follows:

'F, —»F, Fyp, O 0

F, 0 F, O
Fk = Kﬂx Kﬁxy Kexw . (24)
’ KBy KByw
_Sym. K.

Submatrix F, derived in this way is the same as for the element with the assumption that
the moments and displacements are independent. The derivation of the other submatrices
is very simple and will not be given.
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3.2. Analysis of thick plates. As an illustration of the accuracy of the reduced three-
dimensional element, and consequently of the original element, the simply supported square
plate in Fig. 3a will be analyzed. The results of the analysis are presented in the table below

and in Figs. 6, 7. .

The results presented in the table are the ratio of the computed deflection W at the
center of the plate versus the theoretical thin plate deflection, and the similar ratio of the
computed M and theoretical M2, moments. In the case of very thin plates (/L = 0.0125)
the element gives the same results as the plate bending element with the assumption that
the moments and deflections are independent. The moments do not depend on the thickness
of the plate. The results are derived by subdivision of the quarter of the plate on 2x2
elements.

Fig. 6. Central displacement of simply supported square thick plate subjected to constant distributed load

With the increase of the thickmess of the plate the relative deflections of the plate
increase (Figs. 6 and 7). Besides the results obtained by our element Mw, we present
in the figures the results obtained by Prior et al. [8] (Pr) with stiffness element, Chang-Chun
Wu [10] (UH) — with a hybrid element, and Rao et al. [9] (Ra) — with a triangular
stiffness element. The number n besides the particular results denotes the number of

A. Pocreski, G. KOKALANOV

Table 1. Results of the analysis of thick simply supported square plate

Thickness

Constant distributed load Concent. Force

Span wIWe, MIM? WIWS,
(hlL)

0.0125 1.0059 1.054 1.1055
0.075 1.031 1.054 1.160
0.125 1.077 1.054 1.256
0.200 1.187 1.054 1.492
0.250 1.290 1.054 1.709

We

1,2

11

1,0

hL

0,0S 0,1
— «— theor.
——~= UH[10] 6x6 n=147

015

0,2

0,25

——— PR[8] 6%6 n=204

—Mw

equations by means of which the results were obtained.

‘From Fig. 6 one can see that our mixed element (Mw) gives excellent results with
values somewhat higher than the theoretical ones, while the stiffnes elément (Pr) gives

2x2 n=87

1
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similar accuracy, with values below the exact. The results in the case of concentrated force
(Fig. 7) take the values between those obtained by the other. In region of thin plates the
results are not so good, since the rough mesh was used (2x 2). If the refined mesh (4 x 4)
is used then the results fall down close to the exact ones (doted line in the figure).

Wwe |
Wcz

Mw 2x2
n=87

1,5

[n=147 -
0,2 _ 0,25 B

Fig. 7. Central displacement of simply supported square thick plate subjected to concentrated force

A disadvantage of the stiffness elements for analysis of thick plates is that they give
bad results for thin plates. In the case of thin plates there is the so called “locking” pheno-
menon. Contrary to that, our mixed element gives good results for thick and thin plates,
regardless of their thickness.

. Further development and conclusions

The three-dimensional element presented here represents our first step in the develop-
ment of mixed three-dimensional elements. Due to its shape, the practical application
of the element is limited. The purpose of the development of the element was to show the
way of development and expected accuracy of the mixed elements.

The accuracy of the element is very good. In the case of plane stress problem the element
gives the same results as the corresponding plane stress element [2]. The plane stress element
is one of the best elements available at present. In the analysis of plate bending the three-
dimensional element gives the same results as the plate bending element with assumption
that the moments and dlsplacements are independent [7]. The plate bending element gives
also very good results.

Such results obtained by means of the presented element are encouraging for further
research of the three-dimensional mixed elements. As the next step in the development
of mixed elements should be the development of a general hexahedron element (Fig. 8a)
with 36 d.o.f. It would be convenient if such an element to be taken with displacéments
along the edges as the degrees of freedom. The same element could be developed with
curved boundaries. The development of the element could be based on the assumption
that the stresses and displacements are independent. It was shown that such an assumption
is correct and has advantage in the exclusion of the parasitic stresses. The f inal aim would
be to develope such elements explicitly.

The best mixed element that can be developed is the in Fig. 8b, with curved boundarxes
and 60 d.o.f. Such an element corresponds to our, plane stress isoparametric element

2 Mech. Teoret. i Stos. 4/88
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158(Ng Ny ,N,)
9+20(u,v,w)

Fig. 8. Possible three-dimensional elements: (a) with 36 d.o.f. (b) with 60 d.o.f.

with 16 d.o.f. [2]. This plane stress element seems to be the best plane stress element avail-
able at present. Thus, the corresponding three-dimensional element should be expected
to give excellent results also. The development of such an element is in progress.

The reduced three-dimensional element with 16 d.o.f. succesfully can be applied for
analysis of plate bending. The element gives results of very good accuracy, unconditionally
stable, regardless the stiffness of the plate. Now we will try to eliminate the rotations as
d.o.f., although they are internal d.o.f., and in such a way develope a 12 d.o.f. plate bending
element for analysis of thick plates.
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PeswmMme

TPEXMEPHBIE CMEIIAHHELIE KOHEUHLIE DIEMEHBRTEI

CrieyIoiye napamMeTps! ABJLIIOTCA HEUSBECTHRIMY B JJIEMEHTE ! KOMIIOHEHTHI HANPSHKEHUH B yIIIO-
BoIX yanax (8 X 3) u mepememenusa rpauul (12X 1). DreMenT PasBHTBIE IpH nomoum HEHOCPEeICTREH -
HOrO MEeToHa, Ge3 IPUMEHEHMS BapHAIlHOMHOIO NpHWHIMOA. M3BecTHble ,,IapasuTuble HAUPSHKEHUA’’
WCKIIOYAIOTC aBTOMaTHyecKu. CBeINeHHBIR TpEXMEpDHBLIH 3JIEMEHT NACT OYeHb XOPOUINE DE3YABTaThI
B aHAJH3E TOJICTBIX X TOHKUX TUIMT. B paboTe mokasay IyTh PasBHIHA CMELIAHHBLIX IJIEMEHTOB W OM(H-
maeMasi TouHocTh. Jlayee paccMOTPeHbI M30IapaMeTpHUECKHe 2JieMeHThl JIOObIX dopM (puc. 8, a - 6).
Haitnydmmm oxuIaeMLIM SJIEMEHTOM ABJIZETCA MOKA3aHbEA Ha pHC. 86 anemenT ¢ 60 crerensimu cBoGOIbLI,
KOTOpBI Tenepk paspaboTeIBAeTCA.

Streszczenie

TROJWYMIAROWE MIESZANE ELEMENTY SKONCZONE

Nieznanymi parametrami elementu sa skladowe naprezenia w wezlach naroznych (8 x 3) i przemiesz-
czenia krawedzi (12 x1). Elementy zostaly rozwinigte z pomoca metody bezpofredniej bez zastosowania
zasady wariacyjoej. ,,Naprezenia parametryczne’ zostaly wyeliminowane automatycznie, Zredukowane
trojwymiarowe elementy daja znakomite wyniki w analizie piyt grubych i cienkich.

Celem pracy jest pokazanie sposobu rozwoju mieszanych elementéw i spodziewanej doktadnosei
ich stosowania, Oprocz tego rozpatrujemy izoparametryczne elementy o dowolnych ksztaltach (rys. 8a - b).
Najlepszym jest element pokazany na rys. 8b z 60 stopniami swobody. Jest on obecnie rozwijany.

Praca wplynegla do Redakcji dnia 29 czerwca 1987 roku.
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1. Infroduction -

Singularities contained in the boundary element method represent one of its main
advantages over finite elements, enabling a better approximation of stress distributions
due to shape changes and/or variation of boundary conditions, like supports, contacts
etc. Also, the resulting system of equations is smaller with BEM than with FEM, but,
unfortunately, its matrix is fully populated. In this paper governing equations and numerical
results (for a metal wall and plate bending) are given for the initial strain concept of BEM
elasto-plastic formulation, bearing in mind body forces and thermal loads. For the case
of large displacements, an updated Lagrange technique has been developed and is also re-
ported in this paper. :

2. Theoretical background

Mechanical properties of metals may be divided into elastic, plastic and viscous. In
this paper, viscous influence has been neglected. In the elastic domain a complete revers-
ibility can be observed, and at each point of time there is a unique relationship of loads
and deformations, while for the plastic regime permanent deformations are due to occur,
which are dependent upon the history of loading. If only small strain rates apply:

. 1 . . . . .
=5 (uy, 4y, = 5+ &+ &l (1.1)

an incremental formulation may be written by a formal multiplication with a time step
_dt > 0, which is also typical in the classical elasto-plastic analysis. For the description
of material properties, elasticity and plasticity laws are required, where the last one is
composed of a yield criterion and flow rule. Considering a bilinear material, one dimensional
yield stress formulation reads as:

6, = 0o+ E, &?/(l—E,/E), - (1.2)
‘and the yield criterion is:
F(o,k,0) = |o|—0,(k,0)=0, 1.3)
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which is dependent on stress (o), hardening (k) and temperature (0). For the multidimens-
ional modelling the Mises-Huber criterion is applicable:

F(oy;, k, @) =V/3[28,;S,—0,(k,0) =0, (1.4)
where S;; is the deviatoric stress and & material hardening coefficient:
k=wr= [ o,dep. (1.5)
For the plastic flow Prandtl-Reuss equation may be used in its incremental form:
def; = S;,dA. (L.6)
In order to corelate the unidimensional state, a comparative stress shall be used:
= V3[25,S,;, (1.7
and also a corresponding comparative plastic strain increment:
def = Y/2[3def,de}). | (1.8)
Using the associated yield criterion, the proportionality factor is:
di = 3/2de!o,. ' (1.9

Additionally, there are also incremental equilibrium conditions, valid both in the elastic
and in the plastic regime:

Fuatbh =0, G&,=0b, b=0d,n. (1.10)
For the elastic strain increment:
& = &,;— &, —¢&b, (1.11)
the Hookean constitutive law is applicable:
b1y = 2G(&;;— &};— &) +2Gv 0, (b~ Eha— ER) (1 = 2), (1.122)
where &f; represents imitial strain. Analogously by defining:
ol = 2G&l +2Gv 6,0 /(1 —2),
the above formulation reads for the initial stress:
615 = 2G (& — &) + 268, (s~ i) [(1 — 20) — 6. (1.12b)

Incorporating kinematic relations (1.1) into (1.12a) and (1.12b), and then to the equilibrium
equations (1.10a), the generalised Navier-Lamé equation is obtained:

U+ i, 13/ (1= 29) = b/G, (1.13)

where generalised body forces Z;J include thermal loading.

The direct solution of this equation leads to the finite differences or to the finite element
technique, while by converting this equatlon into an integral form, the boundary element
method may be derived.
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3. Integral formulation

Starting from the weighted residual formulation of the equilibrium equation:
J Gy 4Bz av =o,

where the weighting displacement function % depends on the Kelvin fundamental solution
for an infinite domain. Equation (2.1) may be converted into a generalised Somigliana
equation: '

i1(8) = [ @hibi—phi)dA+ [ @ibe+ub @) dv + [ ofuiav, 2.2)

with initial deformations &f;, while #; and pj; are displacements or tractions at point 7
due to the unit body force in 7 direction at source point £ in Kelvin’s space, o}, being
stress kernel. The volume integral, which includes contributions of body forces and thermal
' loads, may be transformed into a contour integral form. Alternatively particular solutions
(#,p) [4] can also be applied, transforming equation (2.2) into:

&)~ &) = [ ko~ ~PhGu—i))dA+ [ ofihdr. 23)

Bringing the source point & to the contour, the basic integral equation is obtained for
nodes on the boundary:

Culin—it) = [ (ulpe=D)—Phlu—i))dA+ [ afuindv. 2.4

For the iterative process, stress values have to be determined. At the interior, these can be
evaluated from the Somigliana equation (2.3), performing the derivation and bearing in
mind the Hookean relationship (1.12a) of the elastic part of total displacements:

ou=Giy = [ (Uf(pu—B)— Plu—))dA— 6, aEO [ (1—25) +
+ [ ZhimendV — Dy ef(®), @5

where all tensors with an asterisk (*) are derived from the Kelvin fundamental solution,
while vectors with a dash (~) are particular solutions for body forces and temperature
field with constant gradients.

For boundary nodes (2D) two stress tensor components appear to be known, and the third
component may be determined by means of numerical derivatives.

4. Discretization and algebraization

In the case of elasto-plastic computation by the boundary element technique, nodaliza-
tion is required not only on the contour, but also in one part of the interior where plastic
zone is due to appear. Internal cells are to be used for the volume integration of plastic
strain contributions, but they do not increase the number of algebraic equations. With N
boundary nodes and 2N unknowns, only a system of 2N equations is obtained:

Hu = Gp+b+Se”. - @.1)
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Taking into account the prescribed boundary values, the system -is written as:
Ax = f+S¢?, (4.2)
and its solution is:

x = m+K, e _ 4.3)
Stresses have to be evaluated at N boundary nodes and M internal points (i.e. 3*(M+N)
equations):
o = Gp+ Hu+b+(@S+Der. (44)
Taking into account the known boundary values, it gives:
o = dx+f+(S+D)e", @.5)

for x the solution of (4.3) has to be considered, rendering:

o= Am+f+(AK,+8+D)e? = n+ K, . 4.6)

5. Solution procedure .

In the preceeding formulation increments of plastic deformation have been taken as
formally known. In the reality these values have yet to be determined by an incremental
procedure:

A) At the first step a complete elastic computation is performed, using the full load (pres-
cribed tractions, displacements, body forces and thermal loading):

x*=m, ¢ =n. (CN))
Consecutively, the load is to be adjusted to meet the yield criterion at the mostly loaded
node:
Ly = oo/max(s,) = xo = Lom, o = Lon. (5.2)
B) Next, an incremental part of the load is used. After the /-th step the load factor is
determined selecting an increment :
L= Li_+Liw, ‘ (5.3)
and the unknown boundary values are:
X =Limt+K ,e"n a=Ln+K,e". 54
For the evaluation of plastic deformations, plastic strains are separated into accumulated
strains (from the previous increments) and actual strain increments:
() = T(-D+AeD. (5.5
C) The plastic strain increment is determined iteratively [1]. The procedure starts from
the old value at each of M+ N points, producing stress values:
o(l) = Lin+ Ko(2(I- 1) +A£°(D) (56)
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Next, modified strains may be determined:

&y = gy~ = ef;+ el + Ay, .7
and also deviatoric strains:
el = €ij— 01 Epm/3. (5.8)
Using the Hookean law of elasticity, deviatoric strains are evaluated from stresses:
‘ ey = Sy[2G+def;. o (5.9
Plastic strain increments can now be evaluated using Prandtl-Reuss rule:
Ael; = A28y, (5.10)

For the determination of the yield point of a bilinear. material, the following relation
is to be used:

o,(D) = o,(l—1)+E Al /(1 - E,[E). (5.11)
From the last interval plastic strain increments are obtained:
M(Ae) = (3GY2[3eet— (I~ 1)) /(3G +E/(1 — E,[E)), (5.12)
and now for the new interval the strain components become:
new(Aep) = Aehel Y 2[3e); ¢l (5.13)

By recursion, starting from equation (5.6) and repeating the procedure until the required
convergence criterion:

DM(AS,’,’) ~ "ew(d 65) (5]4)
is met, the last load increment gives: '
x=x+Ki (-1 +48(), o= +K(£U-D+4e"D). (.15)

As an example of the described procedure, a thermally loaded metal wall analysis has been
performed, using temperature dependent material properties oy,(6) and E,(6). The tempera-
ture field has been kept steady, 0°C at the upper and 480°C at the lower side. The yield
point has been 310 MPa (20°C) and 175 MPa (500°C), and the tangent modulus of 36 GPa
(20°C) and 30 GPa (500°C) respectively have beéen considered with linear variation between
spemf ied limits. Reésults of the ana]ySJS are given ln Fig. 1. :

——

--R - - ' .. . . :.__ 9
\\ | é
\ ~3 ¢ -
\7\2 Llosti .
' ' ' 480°C

Fig. 1. Plastic zone development in a thefmally loaded wall

0°C
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6. Updated Lagrange routine

In many engineering problems there are small strains but large geometrical changes,
For such cases an “updated” Lagrange procedure has been developed, consisting of the
following steps:

A) Evaluation stops if a maximum displacement reaches a specified value.

B) New geometry is determined using computed displacements.

C) For each computational point, a rotation with respect to the previous position is
determined.

D) Stresses and strains from the preceeding steps are added and rotated for the new geo-
metry.

E) Correction of the yield point.

F) Correction of boundary conditions (supports and contacts).

G) Restart of the elasto-plastic computation (i.e. back to A).

| /F

lactic
pzone

Fig. 2. Plastic zone development in a bending plate sheet

As an example of this kind of structural behaviour, plastic bending problem of a plate
has been evaluated. Results of the computation are shown in Fig. 2 (plane strain case
of a metal plate, tent over a rigid support cylinder).

7. Conclusion

In the above paper, theory of the boundary element method for plasticity problems
has been demonstrated. Results of two typical problems have been presented.
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Pesmome’

KPAEBBLIE 2JIEMEHTBI B 3ADAYAX TEPMO-YIPYI'O-TUIACTUYHOCTH METAJIOB

B pafoTe BrIBeAeHHI YNPABAAIOUIME YPABHEHMS M IPEACTABIEHDI UHCNEHHBIE DEIYIIBTATHI HIA
DBYX THUIMYHBIX, YIPYTO-TUIACTHYECKAX 33[ay KACAIOIINXCA HAYANLHON fAebopManun B hopMyIHpOBKe
METO/@ KPAEBBIX 3JIEMEHTOB. YUTEHO MACCOBBIC CHJIBI M TEOPETAYECKYIO HAlPY3KY.

Ina cnyuas Coublmx NepemenieHeid, B paboTe pasBHTO COBpeMeHHYIO (GOPMYIHPOBRKY METOXA
Jlarpamxa, CHUTIOCTPHPOBAHHYIO HA NpUMepe M3ruba MeTAUIMYECKOH IUIAaCTHHKA Ha YKECTKOH orope.

Streszczenie

ELEMENTY BRZEGOWE W ZAGADNIENIACH TERMO-SPREZYSTO-PLASTYCZNOSCI
METALI

W pracy zostaly wyprowadzone réwnania rzadzace i przedstawione wyniki liczbowe dwu typowych
zagadnien sprezystoplastycznych dotyczacych poczatkowego odksztalcenia w sformulowaniu MEB.
Uwzgledniono sily masowe i obcigZzenia termiczne. W przypadku duzych przemieszczed w pracy rozwinig¢to
uwsp6lczeéniong metodg Lagrange’a, zilustrowana przykladem zagadnienia zginania plyty metalowej
na sztywnej podporze.

Praca wplyngla do Redakcji dnia 30 lipca 1987 roku.
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ON INVARIANCE OF FINITE ELEMENT APPROXIMATIONS

ZorAN V. DraSkovié

Aeronautical Institute, Belgrade

1. Introduction

In order that some physical law is a law of the nature, it can not depend on the choice
of the coordinate system where it is applied. In view of the fact that these laws are represent-
ed by mathematical equations, this means that the form of natural laws (i.e. their equations)
do not depend on the system in which they are formulated — they are invariant with
respect to the operation of the change of the coordinate system. If one understands these
laws as relations between mathematical objects, invariant in the sense of tensor calculus,
the invariant mathematical objects will be the tensor fields, while the natural laws will be
described by the tensor equations.

On the other hand, in the applications of the theory we are most frequently forced
to use the approximations of natural laws; however, this is not the reason to desist from
the request that these approximative laws would be “natural” too. After all, what we call
“the natural laws” are only the approximative forms of the true laws of the nature, and
nevertheless we request theirs invariance! This request, if we stay on the natural laws
described by the tensor equations, would mean that the approximations of tensor fields
which take part in these equations, must be invariant under coordinate transformations.

We shall see in the next section what are the repercussions of the request for invariance
of finite element approximations in Euclidean space.

2. Invariant finite element approximations in Euclidean space

Let us start from the following interpolation formula for one vector function:
v(x7) = PX(xv(xp) = P¥(x")vy. €y

where PX are interpolation functions, and x° are arbitrary curvilinear coordinates in
(three-dimensional) Euclidean space; Einstein’s summation convention for diagonally
repeated indices will be used; index K relates to the points in the space where the values
of the vector function were done. There is nothing new in the vector representation (1)
and it is quoted in this form for example by Oden ((7.48) in [2]), but immediately rejected
as “less accurate” than “the usual approximation” ((7.51) in [2]). However, let us look
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for the coordinate form of the representation (1); after the multiplication with base vectors,
we shall have:

fo(x) - g"(x") =}o"(x%) = P*(xYv(xg) - £°(x")
= PX(x) v (xk) 8o (x(x,) - 8°(x7) )
= PK(xa)gc(x x(x))'vx
since the scalar product of the base vectors at different points of the space is equal to the
Euclidean shifters ([1], p. 806); placement of index K in the parentheses in (2) means that
the summation convention is not applied to the corresponding member — in summation
over K this member is simply associated to the other members with this index.
There is another way to obtain representation (2). Let us start from the usual expression
in the rectangular Cartesian system for the approximation of coordinates of the vector
function under consideration:
» v/(2') = QX (2 (zk) = Q% (z))vk. 3
where now QX are some interpolation functions. In order to give to this expression an
invariant form, we introduce arbitrary generalized coordinates:

x* = x(27). @)

Under this coordinate transformation we shall have:

oz oz
= QNN () k] = REG% ©)
“ ¥t X7 1%
or, after multiplication by 3x”/3zjlxa:
Ix a7z’
) = REG) G| e PO = REGDZE, xi)ok ®
and that is the same formula as (2); (we used the fact that the shifters are given by:
axt| 0
gh(x", xi) = T2 | e O |xs M

s. [1], p. 807). In this way, the equivalence between vectorial and coordinate approach
in obtaining the invariant approximation is proved. Anyhow, one can say that the interpola-
tion (6) reduces to:

2*(x%) = RX(x*) vk (). ®
i.e. to the summation at the point x* shifted nodal values of a vector function. In any case,
the shifters (which has not appeared in (13.94) at Oden, when the vector-valued representa-
tion has been used) are introduced in a natural way in the approximations of vector func-
tion — by passing on the curvilinear coordinates; this is just the consequence of the request
that the interpolation procedure must be invariant. It is clear that this invariant process
can be also extended on the tensor fields.
Only in rectangular Cartesian coordinates, when the shifters are the Kronecker delta,
the expression (2), i.e. (6) reduces to the usual finite element approximation for the coordina-
tes of a vector field:

P (x%) = PX(xDP(xL) = PX(x*)ok. ©
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However, the approximation (9) (which is simpler than (2) or (6), since it does not
include the shifters) has not the above-mentioned property of invariance. Let us perform
in (9) the transvection with base vectors, and we shall have the following representation
of a vector field:

v(x?) = v°(x°)gp(x") = PX(x") 0" (x%)gy(x") (10

(we emphasize that geometrically is incorrect to indicate the expression:
*(x5)8(x") | (10
as the value of a vector field at the point x%; cf. (7.45) in {2]). If, by the transformation:
PP = yr(x) (12)

we introduce another curvilinear coordinates y¥, we can also write (10) in the form:
Iy, (y7) = v(y") = v[x* ()]

: dxb

= PXx*"(yP)] =

O T e

dxb

ay?

in general case, this is different from the representation obtained by starting from the

approximation for coordinates of vector field analogous to (9), but in the system of cur-

vilinear coordinates (12). Consequently, the approximation in the form of (9) is not really

invariant under the transformations of the coordinate system. This means that the form

(9) would not be used (except in Cartesian orthogonal coordinates) in approximations
of one natural law, if we request its invariance.

ay"
(yk
) ox?

O (13)

oy"
b

= QX ONOD |,

(")
Y

3. Example: comparison of two methods of interpolation

For the sake of comparison of two approaches (the usual and the invariant one),
we shall consider a vector field defined on a cylindrical surface. Let us prescribe the values
of the field at the points A, B, C and D (s. Fig. 1), so that in the cylindrical polar system:

v2(x%) = 02 (x§) = v*(x8) = v*(xp) = 0 (14)
and: ‘

23(x%) = v3(x§) = 0v3(x}) = v3(x%) = 0. (15
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Regardless of the interpolation functions assumed in these approximation procedures,
these two approaches will be essentially different. To be assured in that, we will first deter-
mine the value of the vector field at the point E by the usual approximation (10); it will
be:

21(x%) = v(x%)g (x8) = PX(xp " (xR g(xB)g' (x) = P*(xp)v' (x§) % 0 (16)
and:

22(xf) = v(x¥h)g2(xh) = P¥(x5) V" (xi) & (xD)g> (x%) = PX(xDv*(xk) =0;  (17)
here we use the orthogonality of cylindrical coordinates, and in (17) we use the assumption

(14) too. However, if we use the invariant approximation in the form of (2) for the vector
field in question, we shall have:

o1 (x5) = v(xpg* (xp) = PF(xD)v" (xR 8»(x{x) 8" (D)

= PR(x)0 (x) g2 (x%i)g" (68) = O 08
and:
22 (x5) = v(xp)g>(xf) = P*(xp)v"(x{)g»(x(x)) 8> (x1)
| — PR (e (i) 82CD)  O; (19)
here we have used the fact that: \
g1 (xE) L £1(x%) 8:1(xB), 81 (x2), 81(xD) (20)
and: '
g2 (x5 L 82(x%), 82(x5), 82(x8), 82(xD), @1

as well as the assumption (14).

Generally, one can say that the first approximation procedure gives the field of radially
distributed vectors, while the second one gives the field of vectors parallel to the prescribed
vectors at the points A, B, C and D.

4, Concluding remarks and future work

The basic conclusion is the following: the usage of the shifting operators in a coordinate
form of approximations of vector and tensor fields in an arbitrary curvilinear coordinate
system in (three-dimensional) Fuclidean space is necessary if we want to realize the in-
variance of the approximative form of a natural law in which these fields take part. Only
in Cartesian orthogonal coordinates these approximations coincide with usual expressions
for the approximation of coordinates of vector and tensor fields.

The dwelling upon Euclidean space has, on the one hand, its reasons in the fact that
we have been primarely interested in (finite element) approximations in such physical
theory like mechanics of continua. More definitely, the necessity of the consistent introduc-
tion of shifters into interpolation formulae was appeared in the three-field theory [3]
(in the case of the use of these formulae in curvilinear coordinates). On the other hand,
it is difficult to speak about operators of parallel displacement (in the sense of the above-
mentioned shifters) in non-euclidean spaces.
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The acceptance of the presented procedure of the invariant interpolation will request,
for example, to carry out the finite element equations of motion in arbitrary curvilinear
coordinates. However, the naturalness of this interpolation is not the guarantee of its
simplicity — the shifters, in which variables are not separate, will arise explicitly in it.
In any case, the presented approach would be justified in numerical examples, in the
sense that we will essay to explain some effects by the consistent introducing of shifting
operators.
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Peaome

UHBAPMAHTHBIE AIIPOKCHMAIIMM KOHEYHEBIX 2JIEMEHTOB

daspuecKue 3AKOHBI OYAYT ,,HATypanbHBIMHA’’ Torma KOTHA OHM MHBAPHAHTHLI (KOBapHAHTHLI)
TIpH TPaHCHOPMALIMH CHCTEMBI KoOPAMHAT. Mb1 MOXKeM 06CY)KIaTh TAKYIO HHBAPHAHTHOCTD TAXOKE B CIIy-
yae NPACIIDKEHE HATYPATTBHLEIX 3aKOHOB eCiy NPMIMEM, YTO 3TH 3aKOHbI ONIHCAHE] TEH30PHBIMK YpaB-~
HenmamMH (B 3-mepuoM) mpocrpauctse Epxnuna. B peaynerare MbI HONTydaeM SIBHYXO GopMy eBKIHRO-
BbX mmdrepos (B obmiell KpuBomHAedHON CHCTEMe KOODAMHAT) JUIA IIPROJMDKEHUI BEKTOPHOrO, HWIX
B ofuieM ciryyae, TEH30PHOIo HOJIA.

Streszczenie
O NIEZMIENNICZOSCI PRZYBLIZEN ELEMENTOW SKONCZONYCH
Prawa fizyczne sa ,,naturalne’ jezeli sa niezmiennicze (kowariantne) wzglgdem transformacji ukladu
wspbirzednych, Mozemy badaé taka niezmienniczo$¢ réwniez w przypadku przyblizen naturalnych praw
jezeli zalozymy, Ze prawa te s3 opisane réwnaniami tensorowymi (w tréjwymiarowej) przestrzeni Euklidesa.

W wyniku otrzymujemy jawna postaé (w dowolnym krzywoliniowym ukladzie wspolrzednych) euklide-
sowych przyblizefi wektorowego, Iub w ogélnym przypadku, temsorowego pola.

Praca wplynela do Redakcji dnia 8 wrzesnia 1987 roku.

3 Mech. Teorel. i Stos. 4/88
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SOLUTION OF SHALLOW SHELLS BY BOUNDARY ELEMENT METHOD.
PROBLEM OF CORNERS

OT1TON DABROWSKI
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1. Introduction

Boundary Element Method (BEM) is one of numerical methods which is finding now
greater attention in mechanics [1,2]. BEM is applied for the solution of the boundary
problems described by the integral equations. The adventage of BEM which causes its
computational applications is, that the BEM reduces geometrical size of the problem by
one and consequently reduces the time of calculations. The unknown quantities are bound-
ary displacements or forces depending on how the edge is supported. The solution of wider
class of shells is restricted to the possibility of obtaining fundamental solutions (Green’s
function).

We will discuss the thin, shallow, spherical shell, which middle surface can be described
approximatly by equation [5]:

S, x2) = = KGE+D), 1.1)

where k = 2d/a* — constant curvature, d — height of the shell, 2 — radius of the bottom
of the shell. '
The fundamental solution is given in [4] and complete solution in [8].

The integral representation of the equilibrium equations of shells can be obtained
by making use of Betti-Maxwell’s reciprocal theorem [6]. If one of the state of forces
is unit loading and corresponding fundamental solution is one of the state of the displace-‘
ments and after making use of the propertles of the Dirac’s function we obtain the Somi-
gliano’s formulas for displacements:

#(G) = f (TRt (K, G)+ Mo (K)Fw(K, G)]dC— f [T,/(K, G)u,(K)+

MK OV pu(ROAC [ PP (F, G-+ ZR (KK, G), (1.2)

r=]1
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Pu(G) = f [Ti(K)d:4(K, O+ My(K)Pna(K, G)]dC— f [T1a(K, G)u(K)+
¢ ¢ (1.2)

k
+E|4(K’ G)(P,,(K)]dC-i— fPi(F)aM(F, G)dA+ ZR,.(K)&S“_(K’ G), [COnt]
A =1

where 7".-4 = 7_’,-3,#, Uiy == Uiz, pr Pna = Pnz,us M — arbitrary direction, C — boundary
of the shell. 4 — the projection of the middle surface on the plane x;, x,, F— arbitrary
point of the middle surface, G — point of application of the concetrated unit load, K —
the searched point, the known fundamental solution is marked by bar.

2. Boundary integral equations

We obtain the boundary integral equations passing from inner point G of a shell to the
point M which belongs to the shell edge. The formulas (1.2) become boundary integral
equations: ’ -

a (M) = [ [Ty(K)ao (K, M)+ Mu(K)Fny(K, MOJAC— [ [Ti(K, Myu(K)+
C C

k
+ My (K, Mg (ROVAC+ [ PEYa,(F, M)dA+ D) R(K)iis (K, M),
| 4 =1 @2.1)
Boa(M) = [ [Ti(K)Ta(K, M)+ My(B)Fns(K, MAC— [ [Tia(K, M) (K) +
C . C )

: .
+ Myu (K, Mg, (KNAC+ [ PUF)W(F, M)dA+ D) R{KEL(K, M),
A4

r=1 .
where » — normal vector to the edge.
When we calculate the boundary forces or boundary displacements in the point K = M
arise the singularities, which can be avoided. The coefficients « and £ in formulas (2.1)
are equal 0.5 on smooth edge [7]. In the corner points Q the values of those coefficients
are depending on the angle w of the corner [7, 8].

3. Problem of corners

In the corners arise the singularities. The singularity order is the same as of the plate
[3]. Therefore the corner coefficients o and B were determined by replacing the shell funda-

mental functions of forces, moments and displacements by corresponding plate funda-
mental solutions:

33 =51 lnr, : G.1)

Uzg == Ugs, sty +Usz,e Has

where D = Eh3[12(1 —»?).
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For j = 3 in the corner point O the boundary integral equations have the form:

wy(@) = [ [TUE) itz (K, Q)+ My(K)Fra(K, O1AC— [ [Toa(K, Qun(K)+
\. C C

. k (32)
 Taa (K, Q)ts(K) + My (K, Q) gu(K)AC+ [ Pu(F)itia(F, Q)dA+ D) R,t55(K, ©),
A r=1
8u0) = | TR (K, O+ M (K)Fua(K, DNAC— [ [TualK, Q)ual K +
C C
(3.3)

k
+ Tyu (K, @)tz (K) + Mg (K, Q) u(RO1AC+ [ Py(F)aia(F, Q)dA+ D) Ryl (K, Q),

where a = 1,2.
We make use of the properties of the function T, resulting from equilibrium equation:

[ Toatk, @ydc = o, 3.4)
C
then the equation (3.3) becomes.

Bon(Q) = [ IT(K)Tua(K, O+ My(K)Fns (K, O1AC— [ {Toa(K, Qual K)+
C C

+ ToalK, Q) ua(K) = s (Q1+ MoK, Q) 0u(B)IC+ [ Pu(FYino(F, Q)dA+ (3.5

k
+ D R(K)T4(K, 0).

r=1
In this way the order of the singularity in the underlined expression in (3.5) has been
lowered.
The local coordinate system &,, &, (Fig. 1.) is assumed.

14
C
w/ SN £
k& in
12 §2
c Q o
Ypu-
Fig. 1. The local coordinate system
where:
£ = —scosp,
£, = esing,
M(K) = [cosp, —sing], ' - (3.6)

,ll,_.(Q) = [0, —1],

4. (0) = [sinw, cosa].
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In the surroundings of the point Q the boundary curve C of the shell is divided on boundary
curve C and C* (C* is a circular sector around the point Q in diameter ¢, Fig. 1.). The
displacement function in the surroundings of point Q has been approximated by the
linear function in the form:

us(K) =

sinw (u3u+ +cosw - uSy—)‘fl - u3ﬁ—£2 +U3(Q),

_ oK) 1
<p,.(K)— on  sinw

&)

(U3pq +COSW - Usp ) —Usy .

The boundary forces expressed in polar coordinates in this point are:
_ _ — 1 —
T33(K9 Q) = —Q,— Tqu:,:p:

. 1 1 _
Q,=-—-D [uss,rr'l‘“r—uss,r"‘ r—2u33'w] >

= 1_
qu, = —(1 _'V)D(Tu33,q,) B

— 1 ! N
T3.(K, Q) = —QF — - Mo 3.8

- 1 _ 1 _
Qf = '—D[u34,rr+ _r‘u34,r+"’ju34,qnp] s

» P

' | -
M;':pz —(I—T)D(TU34,¢) s

r

— _ 1 _ 1_
My = —MF = D[u34,rr+1’ (';7”34,;;::;:"‘7“34,:-)]-

Taking into account formulas (3.6) we obtain:

Tsa(K: Q) = —2':57:

= 3—v .
T34(K, Q) = — ——— (cos@-p; —sing- u,), (3.9
dne

14+
4ne

M (K, Q) = ~M¥= (cosg-uy —sing- ).

For & — 0 the integral along the boundary C in equations (3.3) and (3.5) becomes the
principal value in Cauchy’s sense. When we integrate the equation (3.2) along C* (¢ — 0)
we obtain the following quantities:

lim f T33(K, Q)us(Q)dC* = Ziua(Q), - (3.10)
8—+0cx JT
and from equation (3.5) for u(Q) = u_:
h'rg{cf Tou(K, Qs ()~ (QdC* + [ Mo (K, Qpu(BVCH = 3.11)
8-+ * C*

= (0 - Uzp+SINW * Uspy),
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and for u(Q) =
limf | f Too(K, Qlus (=1 @NIC*+ [ MoK, Qma(B)dCH = )

1 .
= z—n (CD t Usp ~+S1nw - u3”_),
In the case when w = = expressions (3.10), (3.11), and (3.12) correspond to smooth edge
and are equal 0.5.

4. Numerical solutions

On the boundary of the thin shell two boundary conditions are known. Introducing
the boundary conditions into equations (2.1) we obtain four integrall equations which
we can solve numerically. The shell contour is divided into N elements and the middle sur-
face into L elements, then we obtain 4N-+k linear algebraic equations (N — number
of knots and ¥ — number of corners) as follows:

oty = Z [ @,dcy) T+ V [ @uacym,— z [ Crdcyu+

=1 Cj = Cj Jj=1 Cj
“2 f(Mnijj)‘Pn'i'Z f(u”dA,)Pi+ ZR uyj,

j=1¢, =1 4i “.1)
Z f(i-lmdcj)Tl'i'Z f(<Pn4de)M: 2 f(TM-de)ul

=1 6 = c; =1 cJ

N

- f(M"4dC,)<pn+2 [ @iaddy) P+ ZR 75,

ji=1Cy =1 4 r=1

The number of boundary elements and the choice of the basic functions depend on the shape
of the contour and on the demands for the occuracy of the solution. The solution of the
set of linear algebraic equations (4.1) allow us to determine the boundary values of displace-
ments and forces at assumed knots. Somigliano’s formulas (1.2) permit to determine the
displacements and forces inside the shell.

5. Examples

The shown above algorithm of solution of shallow shell was applied, among others,
to the solution of a spherical shell on rectangular plan. The contour of shell was divided
into 4, 6 and 10 elements and the basic function was a Lagrange’s polinomial of third
order. The dimensions of the shell are following: rectangular plan 9.0 X 6.0 m, thickness
of the shell # = 0.10 m, height of the shell 4 = 0.10 m. The shell is uniformly loaded
g = 1.0 kN/m?. Material constants are E = 2.0x107 kN/m?, » = 0.16.



608 O. DABROWSKI, R. SZMIGIELSKI
x;[m] “xp[m]
0 1 2 3 4. 45 0 1 <
Q0,5 // 0,5
// Mﬂﬂq i*@_} A/ TXZ
110. /7 % & 1 1;0 / | sddacitt,
X1
+ — +
/ | f j ! / q’- | i {
1,5 T 1,5 11 1
-3 -3
- ¥Yxf0'm ¢ ¥X10"m
Fig. 2. Vertical displacements
Table 1.
uy [m] 4 elements 6 clements 10 elements
0,0 1,502E—3 1,499 E—3 1,494 E—3
0,25 1,497E—3 1,494 E—-3 1,480 E—-3
0,5 1,482E—3 1,479 E—-3 1,474E-3
1,0 1,409E—3 1,407E—3 1,402 E—-3
1,5 1,287E—3 1,285 E-3 1,280 E—3
Xy 2,0 1,118E~3 1,116 E-3 1,110E-3
2,5 8,936 E—4 8,925 E—4 8,862 E—4
30 6,334E—4 6,329 E—4 6,255 E—4
3,5 3,579 E—4 3,579 E—4 3,488 E—4
4,0 1,208 E—4 1,210E—4 1,096 E—4
4,2 5562E~5 55719 E—5 4,309 E-5
4,4 1,812E—5 1,814 E—5 5,174E—6y
0,0 1,502E-3 1,499 E—3 1,494 E—3
0,25 1,482E—-3 1,479 E—-3 1,474 E-3
0,5 1,424 E—3 1,421 E-3 1,416 E—3
1,0 1,200E-3 1,197 E—-3 1,193 E-3
X3 1,5 8,656 E—4 8,633 E—4 8,598 E—4

2,0 4,838E—4 4,817 E—4 4,791 E—4
2,5 1,533 E—4 1,482 E—4 1,464 E—4
2,7 6,565 E—~5 5,743 E—5 5513E-5
2,9 1,440 E~5 6,625 E~5 5,356 E—6

The calculated vertical displacements are shown in Fig. 2. and Fig. 3. The numerical
results are given in Tables 1 and 2 where the contour of the shell is divided into 4, 6 and 10
eliments, The graphs are completed for 4 elements division of the edge contour. The two
discussed shells are supported in a different manner on the edge as is seen in graphs.
The presented results can not be compared with the numerical results taken from the
literature because of lack of such examples. It is to state that the number of boundary
elements when the basic functions are polinomials of third order have the slight influence

on the calculated displacements inside the shell.
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x[m] %p[m]
{ 2 3 445 123

S

/

1,0 7 1,0
/ /

3,0 v | X 3,0 i‘: -
L+ 1 e ._..//q’ g i

|| I
4,0 1T 40 I I

Yx10°m yx10°m

Fig. 3. Vertical displacements

Table 2.
us [m] 4 elements 6 clements ‘ 10 elements
0,0 . 3,615E—-3 3,681 E—~3 3,680 E—3
0,25 3,606 E—3 3,610E—~3 3,678 E—3
0,5 3,578 E—3 3,636 E—3 3,644 E—3
1,0 3,452 E—3 3,491 E—-3 3,500E-3
1,5 3,237E-3 3,249 E—3 3,258 E—3
Xy 2,0 2,927E-3 2,911 E—3 2,922E-3
2,5 2,506 E—3 2,470E—-3 2,483 E—3
3,0 1,980 E-3 1,935E—3 1,952 E-3
3,5 1,354 E-3 1,317E-3 1,338E--3
4,0 6,687 E~4 6,502 E—4 6,704 E—4
4,2 3,937E—-4 3,837E—4 3,977E—4
4,4 1,449 E—4 1,449 E—4 1,284 E—4
0,0 3,615E-3 3,681 E—3 3,680 E~3
0,25 3,584 E-3 3,650E—3 3,658 E—3
0,5 3,492 E~-3 3,560E—~3 3,567E—3
1,0 3,128 E—3 3,20l E-3 3,207E—3
X2 1,5 2,545E-3 2,624 E—3 2,628 E—3
2,0: 1,777E~3 1,859 E—3 1,862 E—3
2,5 8,850 E—4 9,560 E—4 9,629 E—4
2,7 5242 E—4 5,726E—4 5,810 E—4
29 2,101 E—4 1,864 E—~4 1,967 E—4
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Pesome

PA3PEIIEHUE 3ATAYH ITOJIOT'VX OBOJIOUEK METOIOM I'PAHNYHBIX VPABHEHUY],
VIJIOBAS ITPOBJIEMA

B craThe mpeAcraBsiedbl OCHOBbLI METONA IPAHNYHBIX YPaBHEHMI NPHMMEHEHH! K IMUGbPOBOMYy ana-
3y monorux obosouex. IToapoduo ofcymaeHa npobnema yIjIoB X cBs3aHuble ¢ Hel ocobermocTH,
Ja popDocTpanmd MEeToAa NPWBENEHE! YHCIIEHHBIC PElIeHMsI OABYX chepayeckmx oGonodex, pacupe-
JeJIeHBIX Ha NPSAMOYTOJLHOM IUIAHE.

Streszczenie

ROZWIAZANIE ZAGADNIENIA POWEOK MALOWYNIOSEYCH ZA POMOCA METODY
ELEMENTOW BRZEGOWYCH. ZAGADNIENIE NAROZY

Przedstawiono podstawy metody elementow brzegowych w zastosowaniu do analizy numerycznej
powlok matowyniosiych. Oméwiono szczegbtowo problem narozy i zwigzanych z narozami osobliwosci.
Dla zilustrowania metody zamieszczono rozwigzania numeryczne dwoéch powlok sferycznych na rzucie
prostokatnym. - _ . ¥

Praca wplyngla do Redakcji dnia 17 sierpnia 1987 roku.
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NONAUTONOMOUS NONLINEAR VIBRATIONS OF A CONTINUOUS
SELF-EXCITED SYSTEM. A PLATE IN SUPERSONIC FLOW

ZBIGNIEW DZYGADLO

Wojskowa Akademia Techniczna

1. Introduction

Continuous self-excited systems, which occur in aircraft structures, as well as in other
fields of technology, have properties important for structural engineering. Elastic and
damping coefficients of such systems depend on the parameter of self-excitation and in
the case of external loading or parametrically exciting forces acting on the system, its
resonance characteristics also vary with the degree of self-excitation.

Nonautonomous linearized vibration problems of continuous self-excited systems have
been considered in a number of papers (cf. for instance, [1], [2], [3].

Nonlinear analysis of forced vibrations of a continuous self-excited system has been
presented in [4] and nonlinear parametric self-excited vibrations in [5]. In the present paper
vibrations of a continuous self-excited system will be analysed by way of example of a plate
of finite length in plane supersonic flow as shown in Fig. 1. Nonlinear membrane forces
induced by the plate motion will be included into analysis.

gl}w
Ug>a,
W(x,1) Q(x,t)’
N(W.H i AS A NWH
L, €N v 73 X
L ’ n 7
Fig. 1.

The plate is forced by a harmonically varying pressure and periodic in-plane loads
Parametrically exciting the system.

The phenomena to be investigated include regular and chaotic motions which may
occur in such a nonlinear self-excited system (cf. [6]).
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2. Equations of the problem

Let us consider vibrations of a lplate of length L and infinite width assuming that the
plate is exposed to a one-side supersonic flow, the unperturbed velocity of which U,
is parallel to the x-axis (Fig. 1).

The equation of motion of the plate will be written in the form:

;W W arw
(1+00 Bt) I +N(W,1) 52 +o,h 32 = (W) O(x, 1), m

where the pressure difference Ap(W)is produced by the normal displacement W = W(x, 1)
of the plate in supersonic gas stream [1].

oW 1 1) ow
Ap(W) = —0o Us- [ Ix —U:(I_ —,“—2) '5;—], 2
and
. P v g

M = Uslay, > 1 is Mach number of unperturbed flow.
The variable nonlinear membrane force N(W,¢) is assumed as:

NW, 1) =N — (1+ﬂo at) 2 f (aazj) dx. 0

In Eqgs. (1) and (3) the viscoelastic Voigt model of the plate material and nonlinear
membrane forces are taken into account,
Parametrically exciting part of the membrane forces N(z) is taken in the form:

N(t) = Ny+eocospyt, 0]
and external pressure Q(x,?), we assume as:
O(x, t) = Qy(x)cosp.t+ Q1 (x)sinp.1, Q)

where the freqﬁencies P, and p, may be different in the genéral case.
In Egs. (1), (2), (3) the following symbols have been used:
EnR® . . . - .
D= ﬁ — plate stiffness, ¢, — spring-stiffness coefficient of the plate elastic
support, 6, B, — coefficients of material damping of the plate and its deformable support,
@p» B — density and thickness of the plate, a,, oo — sound velocity and gas density of the

unperturbed flow.

3. Transformation of the equations

The problem will be studied in the dimensionless form, assuming that the coordinate x
“is referred to the length of the plate L, the normal displacement W — to its thickness 5,
and the time #— to the ratio L/U,. The equation of motion is then obtained in the form:

I*W 2w W
(1+@ a:) i FSOV, 1) 5o+ MM? — = dodp(W)+ 42 P(x, 0, 6)
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where we have:

2y = 121 —2?) éL/; L =120 L @';0 , .
Iy = 12(1—v9) ¢ L 9‘;0, P(x, 1) = ‘“Qéf;g) : !
The dimensionless in-plane force:
S(W,t)=12(1-—v)E/3N(W )= St)— (1+ﬂ )cfl( ) ®)
0
and the pressure difference:
Ap(W) = —@oUsf - i [a;f + 1—7‘17)—3%]. )

The solution of Eq. (6) is sought in the form of a series of normalized eigenfunctions
X,(x) of the self-adjoined boundary-value vibration problem of the plate considered in
the vacuum with: ~

O =S(W,t)=0, : (10)

and it is assumed that the dimensionless load P(x, t) can be expanded in a series of functions
X;(x). Confining ourselves to n terms of these series, we have:

W, 1) = 3 wi(t) X0,
f:‘ (11)

Pex, 1) = DI B(OX,09).

For a plate simply supported at both edges — that is, for x = 0 and x = 1 — the eigen-
functions are: '

X,(x) =V 2sinjmx, j=1,2,3,.... ) (12)

On substituting (11) and (12) into Eq. (6), taking into account (8), (9) and making
use of the Galerkin method, we obtain a set of equations of the following form:

n n
1. i . .
Bl R ijkwk = ——ocjzijkZ (w,?+£‘—w,‘wk) +
a)1 wl : = =1 (01 (13)
+ejwycosp, t+yob(t),

forj=1,2,3,..,n,
where:

W, =n2/M]/ll, n,=w1[y1( ‘uz)+@]“],
.L20021

w =j2(j2—0), yo= Wt ' ¢))]
P



614 Z. DZYGADLO

LCQ LZNO

— 2 — —py_— "9
o = 6(1—2%) WE° ° 12(1 v)yz2h3E’

__Leo - L
yl—W: B1 =2w,p, 31—N0 &g

The skew - symmetric coefficients by, for j # k assume the form:
2k ;
b= ~bu =5 1= (= /] (15

while for j =k, by = 0.

The set of Eqs. (13) is taken as a starting point for the vibration analysis of the system
considered under the assumption that, according to (5), the external pressure is a harmoni-
cally varying function:

hy(t) = hyjcosp,.t+hysinp,t. (16)

4. Analysis of vibrations in the vicinity of critical parameters of the system
’

Let us assume that the vibrations occur in the vicinity of the critical state of the system
under study, and the critical state is considered here as the boundary between damped and
self-excited vibrations.

In this connection we shall examine the simplified set of equations which can be obtained
by setting the right-hand sides of Eqgs. (13) equal to zero.

The critical Mach number is denoted by M., and w,, is the real frequency corresponding
to M,,.

The reduced time 7 is introduced:

T=wl, a7
and Egs. (13) will be transformed to give:
D+ 0 F U+ Y1 2 b0, = eF 0y, .y Uny Uy wvvs Uus T) (18)
k=1

for j=1,2,...,n
where:

El(vl, sre ‘Um‘z-}l’ ] i)na T) = (771*"71)7'0"'(71*“71) ijk'vk'*'

k=1
- djz?)jlikz(vﬁ+ﬂli;kvk)+ &1j%v,c08q, T+ o iy (1), (19)

and we have: i
7(7) =w, (—;—1) 9p = Pyl (20)

755 and v, denote the values of the coefficients #; and y, for M = M,,, ¢ is a small para-
meter.
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The solution of the simplified set of Egs. (18), for & = 0, can be found as:

2(7) = §;e' ™. @D
The coefficients &; satisfy the set of equations:
2 El(G—a% +ign;i) O+ 1B = 0, (22)
k=1

for j,k=1,2,...,n
where dj is the Kronecker delta.
The frequency equation of the simplified Egs. (18) has the form:
D, = det||(uf —g° +ign;,) S+ y14Bull = 0, (23)
k=123, .., n.
From Eq. (23) we obtain the critical parameters:

M= Mcr and q=4q1,2= t g (24)
and the imagmary parts of the remainder roots of Eq. (23) are positive-that is, these roots
correspond to damped vibrations.

It results from the above statement that Eqs. (18) satisfy the validity conditions of the
asymptotic method of single-frequency analysis [7].
For this reason, we seek the solution of Eqs. (18) in the first-order approximation as:
2,(7) = a(§,e+§e7Y), (25)
forj=12,...,n,

where:
a=a(z), p=qr+H7). (26)
The first derivatives of these functions can be found from the equations:
a = sd(a, P, 27

29' = Qu-—q_" s-Bl(aa /ﬂ)a
and we also assume that:
g.-—q = 0(e). (28)

On substituting the solution (25) into Egs. (18), taking into account (26), (27) and
employing the method of harmonic balance, we obtain the set of equations:

Z 5l — 48 +190m;8) Op+ Y1405 = e[290(aBy —id) &~y (A1 +iaB)E+ D), (29)
k=1

forj=1,2,...,n,
where:

2n . g
(‘DJ = —Zl;f F}(vi’ vers Ups Z.)l, ---"Z.)na 1/’—?9)6"'”"2”#- (30)
0
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From the set of Egs. (29) we can determine the functions:
A, = A(a,9), B,=Ba,P

and then we obtain equations of resonance characteristics in the vicinity of the critical
state and examine the question of stability of the steady-state vibrations under investiga-
tion.

5. Numerical analysis of vibrations

Numerical integration of the set of Egs. (13) has been also performed in order to study
the typical courses of vibrations, phase plane portraits of the motion and resonance charac-
teristics of vibrations.

In this connection Egs. (13) have been written in the form:

. n n
Byt 0+ ujwy +y, Z buvy = — aj’y, Zkz(‘vl%'*'ﬁl V) +
k=1 k=1 ’

(31)
+ & jv;c08q, T4y (56089, Ty sing, T),
for j=1,2,3,...,n.
Vibrations were calculated for:
9= qp[2, Ge=4qp, ¢.=0 (32)

and for other relationships between the frequencies g, and ¢,. ,

The region of frequencies, taken into consideration in the numerical calculations,
involved the first two natural frequencies of the system under investigation. In the vicinity
of these two frequencies elastic and damping properties of the system depend on the
parameter of self-excitation in a significant manner.

6. Examples of numerical analysis

Let us begin with the short analysis of the simplified, linearized nonautonomous
vibration problem. The frequency equation of that problem is Eq. (23), which can be
written as:

D, = Dy(M, g) = ReD,+ilmD, = 0. (33)

By determining the real roots ¢ in the function of number M from the first and the
second of Eq. (33) separately, we can plot diagrams in the plane M, ¢, which are shown by
way of example in Fig. 2 for n = 4 and plate of L/2 = 180, The intersection point of the
ines ReD, = 0 and ImD, = 0 determines the critical parameters (24). It follows from
the computations performed that the location of the line Re D, = 0 depends in an insignifi-
cant manner on the value of the material damping @, The line Im D, = 0 is shifted to the
left with increasing values of @, This fact results in a decrease in the critical parameters
(24).
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Stable solutions

" Unstable solutions

L/h =180
n=4

151

Fig. 2.

617

The form of the lines (33) for real values of ¢ is also a cause of deformation of the
resonance diagrams in the function of Mach number. This is shown by way of example in
Fig. 3 for the forced vibration of a plate in supersonic flow (cf. [1]). In this figure 2(0.5)
denotes the coefficient of dynamic amplification of the amplitude of vibration at the

middle of the plate.

It follows from the computation that for M < M., the maximum amplitudes of forced
vibrations approach each other with increasing M and a sharp resonance occurs in the

0(0.5)1\ | e
28~ n=4 [
L./h =180
24~ 6 =0
Mer=2.45 | ———M=2.4
q=3.28
20
Stable oscillation M £ M,
18 _M=22
. Unstable oscillation M> M,
. R
M=26
gk
\
L M=238
4 ~A
(]';Cr
0 { { | | [ { o P
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 q

4 Mech, Teoret. i Stos. 4/88
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critical state (24). In the case of parametrically excited vibrations of a plate in supersonic

flow, deformations of regions of parametric resonance have been studied (cf. [1]).
The vibrations have been investigated in the vicinity of the regions of subharmonic

resonance corresponding to the first two natural frequencies of the structure.

, 11, M=2,0 M=2.2 M=26 M=22 M=20 12
£°A ||// \J /
N=2 N|
0.281— é | K=1 Z é %
2 §] L./h=170 Z §
| | So=0 ﬁ
‘ [s]
0.24 1 i } Mg=2.302 |
‘\ ! q.cr= 2.915 !,
0.20[ ‘l II Stable oscillation :
Tz
1 | Unstable oscilkation ;
0.16 [~ { | i
1 Voaein e s |
\ j Oscillation in vacuum |
| | I ]
0.12
. |
b ,’
0,08 1 ,' i
|
v i
- v i
0.04 \ t 1 )
\ \ /’
0 | | \\/ 1 | | | \\V -

0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 40 q,1

Fig. 4.

Some results of computation of parametrically excited vibrations are shown in Fig. 4,
which presents deformations of the regions of unstable vibration on the plane ¢2, ¢q,
where & is a reduced amplitude of parametric excitation and ¢, = DPpl2m,.

It follows from the computation that in supersonic flow the largest region of unstable
vibrations is the first region of subharmonic resonance which corresponds to the second
natural frequency. The region corresponding to the first natural frequency undergoes
strong degeneration resulting from the action of the flow.

For Mach numbers M approaching M., for which the two natural frequencies approach
each other, the resonance regions corresponding to these two natural frequencies unite
and for M = M., there occurs a single fundamental region of subharmonic resonance
which touches the frequency axis at the point ¢, = ¢.,. For M > M., the image of regions
of unstable vibrations becomes more complicated, this is described in [1].

In the case of the nonlinear system let us consider nonautonomous vibrations in the
vicinity of critical parameters.

Equations (18), (19) will be used under the assumption that:

g =0, My(v) = hycosqr. 34
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This enables us to study the forced vibrations and to determine the resonance characteristics
of the system for subcritical and supercritical Mach numbers (M < M., and M > M,,)
(cf. [4]). '

Some results of computations are shown in Figs. 5 to 10. Diagrams present the ratio:
Cw(x) = C(x)/C(x)q=2.5 3 (35)

versus the dimensionless frequency of loading ¢ in the interval 2.5 < ¢ < 3.5 for fixed
values of M and x, where C(x) is the amplitude of forced vibrations of the plate under
study. The diagrams are plotted for a point with the coordinate x = 0.75, since from the
computations performed it results that the maximum of the plate displacement occurs
near this point (cf. also [I]). '

The coefficient «, determining nonlinear properties of the system, plays the role of a
parameter of those diagrams.

Cw(o.7s)4 |

i L/h=17

14 | /h=170
ot =0=] M=2.3¢ Mg
. Mer= 2.302

12 | Qo= 2.915

l Py =0.001
10~ || 0=0

2.5 2.75 3.0 3.25 35 q
Fig. 5.

Figure 5 shows the results of computation for the Mach number M = 2.3 < M,,
and © = 0, while in the following three Figs. 6, 7, 8, the diagrams are presented for
M > M, and & = 0.

It is seen in Fig. 5 that for a number M < M., the nonlinear properties of the system
considerably decrease the amplitude of forced vibration in the vicinity of the resonance
frequency g = g, even for small values of «. )

For M > M,, the system investigated becomes a self-excited one and in the case for
® > O with P(x, ) = 0, a stable limit cycle of self-excited vibration occurs with a frequency
near to ¢,,. ‘

4*



620 Z. DZYGADLO
/
For a harmonically varying load P(x, ), M > M., and a > 0, stable periodic forced
vibrations appear in the vicinity of g.,. They are shown by bold lines in Figs. 6 to 8.
For a given « > 0, the maximum amplitude of stable forced vibrations increases with
increasing M and the range of g, in which these vibrations occur, becomes narrower,

“cy(075) 4 Stable vibration
—--—— Unstable vibration
12 | :
i o =0,001 L/h =170
10~ i M=2.32> M,
1 Mer=2.302
i =29
8" ! ot
Hj 1 joe=0005 Po=0.001
H

6 =0

C,(0.75)

Stable vibrotion
rol- | ———~— Unstable vibration

' ¢ =0.005 L/h=170
= | / M =235 M,
\i // . Mer=2.302
= ®=0.01 _
- q, =2.915
6 ’\/ er
\f | P, =0.001
\\ B =0
\
»
//

By contrast, for a given number M > M,,, the maximum amplitude decreases and the
range of stable periodic vibrations widens with increasing o.

Figures 9 and 10 show some results of computation performed for the case in which
a small material damping ® = 0.05 is taken into account and M > M,,.



cw(o.75)lk /Lf\ L/h=170
T
o =0005=—H M=2.4>M
~
ol » M= 2.302
l Q= 2-916
| P, =0.001
=001 } :
10 i"“’ Stable vibration
! —==—— Unstable vibration
8 - \
I i o =0.05
4~ <:T—tj§/’ o =0.1
( / «=0.05
/ =u,
2" AL ST 0015 000550
””“dL——FT:E§::“*~-
cr
0 | |./| | | -
25 2.75 3.0 325 35 g
Fig. 8.
A
C (0.75)ﬂ o =0.001
w ‘/
L/h =170
168 8 =0.05
M = 2.3 > Mcp
14 L_ Mcp=2.273
. G'.cr\=2.72
P, =0001
121~
Stable vibration
10" ———— Uhstable vibration
8 —
=
4
2 N\
v e Q\——
0 L*’/CL L | | -
2.5 2.75 30 325 35 g

‘Fig. 9.’

6211
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C,,(0.75) A o =0.005 ;/:;;?50
A s

l \ M =2.35 > Mcr
| \\} P =0.001

Stable vibration

————— Unstable vibration

02. 5 2.7% 3.0 3.25 3.5 q
Fig. 10.

Comparing the diagrams in Figs. 9 and 10 with those in Figs. 6 to 8, we find that the
introduction of material damping by means of the Voigt model generates much sharper
resonance maxima than in the system without material damping. The same phenomenon
has been found in the case of forced vibrations of linear aeroelastic self-excited systems

(cf. [1D.

7. Concluding remarks

- Nonautonomous nonlinear vibrations of continuous self-excited systems have interes-
ting properties which are important for aircraft engineering. Some results of numerical
analysis of resonance characteristics of such a system have been presented in this paper.
The equations derived in the paper enable us also to study other kinds of nonautonomous
vibrations including regular and chaotic motions of the system.. This will be presented in
further publications.
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Pezsmome

HEABTOHOMHLIE HEJMHENWHBIE KOJIEBAHUSI ABTOKONEBATEILHON CUCTEMBEI
C PACHPEIERNEHHBIMU ITAPAMETPAMU. TINTACTHUHKA B CBEPX3BYKOBOM IIOTOKE

PaccMoTpeHbl HEaBTOHOMHBIE HeJIMHeHHBhIe KoeGaHMA aBTOKoNeOaTeNsHON CHCTEMEI C pacrpene-
JICHHBIMHM ITapaMerpaMi Ha NpuMepe IIACTHHKK KOHEWHOM NNMHBI B IDNOCKOM CBEPX3BYKOBOM IIOTOKE
HATPY>KEHHON OJHOBPEMEHHO rapMOHMUECKM MEHSIOMMCA [JaBJEHMEM H IapaMeTpPHUECKH Bo3byja-
JOLMMH CHJIaMK B e€ IUIOCKOCTH. B ypaBHeHMH IUTACTHHKH YYTCHO HENMHEHHOCTh YOPYTHX H BeYIpPYrHx
CHJI BBI3BAHHBIX HArPY3KOM B IUIOCKOCTH TIIACTHHKH.

Pemenye pefmaraercst B BUie pAAA o COOCTBEHHbIM (DYHKITAAM KOJIE0aHWA INACTHHKA B BaKyyMe.
TIprMeHEH aCHMOTOTHYECKMI METOX OJHOYACTHOIO AHANMM3a KoJieOaHmil IUIT MCCNexoBaHMA pPE30OHAH-
CHEIX X8paKTEPHCTHK B OKPECTHOCTH KPUTHUECKMX I1apaMeTPoB aBTOKOJICOATENEHOM CHCTEMBI M METON
YHCIICHHOIO MHTEPHPOBAHUA YPABHEHUM NBIMKEHMs.

IIpencTaBnessl peaybTAaThI NPHMEPHLIX YHCIEHHBIX PAcYETOB PE30OHAHCHLIX XapaKTEPMCTHK HC-
CIIeZyeMOl CHCTEMBI.

Streszczenie

NIEAUTONOMICZNE NIELINIOWE DRGANIA CIAGEEGO UKELADU SAMOWZBUDNEGO.
PLYTA W OPLYWIE NADDZWIEKOWYM

Rozpatrzono nieautonomiczne nieliniowe drgania ciaglego ukladu samowzbudnego na przykladzie
plyty o skoficzonej dlugosci w plaskim oplywie naddzwigkowym obcigzonej parametrycznie pobudzajacymi
sitami w plaszczyZnie plyty i harmonicznie zmiennym ci$nieniem. W réwnaniu plyty uwzgl¢dniono nie-
liniowo$¢ sit sprezystych i tlumiacych spowodowanych silami mapigcia w plaszczyZnie plyty.

Rozwiazania poszukiwano w postaci rozwiniecia wzgledem funkcji wlasnych zlinearyzowanego prob-
lemu drgad plyty w prézni. Oméwiono asymptotyczna metode jednoczestoSciowej analizy drgafhh w celu
wyznaczenia rezonansowych charakterystyk w otoczeniu krytycznych parametréw samowzbudnych drgan
ukladu oraz metode numerycznego calkowania réwnan ruchu.

Przedstawiono wyniki przykladowych obliczert numerycznych charakterystyk rezonansowych bada-
nego ukladu,

Praca wplynela do Redakcji dnia 8 grudnia 1987 roku.
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DYNAMIC OF THE MATERIAL BODY WITH VARIABLE MASS

PioTR KONDERLA

Politechnika Wroclawska

1. Infroduction

The paper contains the analysis of the material deformable body of with the mass
is growing with time. Such a body may be the model of the real constructions being in the
course of assembly. This study is an attempt of description of the dynamic process in
the aforementioned material system. For example, in the figure 1 are shown three engine-
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Fig. 1.

ering objects in the course of erection. It is easy to notice, that there are two factors, which
are not usually taken into consideration in the classical analysis of the construction:

a) the load as well as the deformation of the construction take place already in the course
of erection of the object, '
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b) using the material which undergoes the ageing (for example: concrete) we deal with
the anisotropic body.

In the literature of the subject there is small amount of the papers devoted to that
problem. There is only monograph of Arutunian and Kolmanowski [1] where one can
find an extensive discussion of that problem together with numerical examples. In prin-
ciple, the authors confined themselves to the discussion of the linear, viscoelastic problem,
concentrating on the models of the ageing body. This monograph is a recapitulation of the
earlier works of these authors as well as others [2, 3, 4,5, 6, 7].

This study is an attempt of the construction of the model of the material body with
variable mass treated as nonlinear one, at the same time, the starting point is classical
problem, i.e. dynamic process of the material body with constant mass. ,

The paper presents the definition of the body model, there is description of the motion,
the measures of strain and stress as well as forces acting on the body. Next there is proposal
of the modified principled of behaviour, which supplemented with constutive relations
create the basic system of the model relations. It was proved, that all relations to be derived
coincide with classical equations for dynamic process in the case of limiting transition from
the body with growing mass to the body with constant mass.

{
2. Basic definition and assumptions

In Euclidean space E was defined an arbitrary system of coordinates {x‘} interrelated
with Cartesian coordinates {z'} by transformation:

xt=x'(z, 2%, z%), z° = Z°(x!, x2, x%), )}

. which is further called the system of the spatial coordinates.
The natural basic of the system {x'} are vectors:

gl(x) = Z‘.’I(x)eas (2)
metric tensor is in the form:
815(x) = g1(x)g,(x) = z?lz?.l Oup - €)

In the same space was defined second system of coordinates {X”}, which is called the
system of the material coordinates:

X'=X"2Z',22 2%, 2Z*=Z4(X',X*X%, )

with the natural basic:
Gi(X) = ZA(X)e,, )

and the metric tensor:
G(X) = G(X)G;(X) = Z:iIZ?J Oan- ®

Cartesian systems {z”} and {Z4} are identical,

The following definition of the material system (material body) with increasing mass
have been introduced:
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Def. 1. The material system is a set B composed of the bodies 4;, A,, Ag, ..., being
Boolean algebra with relations of the alternation v, conjuction A and arrange-
ment <.

Def. 2. The body with increasing mass is called a material subsystem B* if it is the subset
of the material system B* = B and if the elements of B* are the bodies B, € B*
with the following structure:

a) B, body is the set of elements P called material points. Subscript ¢ refers to the
moment ¢ under consideration, and for every 7, > t;, By, < B,,.

b) Every element B, € B* can be mapped onto Euclidean space E, it means that at
every moment ¢ the configuration %, of the body B; in E is given.

c) In the space E to each body configuration B, is assigned Borel measure on all
subsets of B; set.

d) For every material point P € B, the specified system of the constitutive equations
defining the material is fulfilled.

The above definition is an extension of the known definition of the material system-
[8]. According with the postulate b) there is possibility of the assignment to the elements
P e B, of the definite place in the space E, what was written:

X ==x/(P), XeE. ¢

It is assumed that the mapping (7) is so choosen, that for the same element P € B;,
and P € B, , %,;(P) should equal to x.,(P).

The aforementioned definition of the body with increasing mass one can interpret
twofold:

— as a set of bodies B, with constant mass, at the same time, the mapping of the points
- of these bodies X = x,(P) is so choosen that for the successive moments ¢, < #, <

< t3 ... their pictures in E overlap respectively ., (P) = %, (P) = #;3(P) ...

— as a one body, whose picture in E evolves in time, i.e. it constitutes differentiable
manifold in the space with variable boundaries.

In the later passage of the paper the second interpretation was used as being much
closer to the physical interpretation of the problem.

Evolution of the material body is a determined process, i.e. there is known function
defining the instant when the element P becomes an element of the material body. This
function is ‘called the function of the mass increment 7(%,(P)) = 7(X) and was described
as follows:

Def. 3.:

a) Function 7(X) takes the values from the time interval [t,, T] and it means the
instant ¢ of the particle joining with the coordinate X to the material body. It
the instant ¢ = T the body reaches its nominal mass.

b) Function 7(X) is the continuous function of the class C! on the finite number
of the subdomains £,. On the boundaries of these subdomains there can be
discontuities of the function 7(X) itself or its derivatives. At the same time it is
assumed that the boundaries of the subdomains may be only the equiscalar
surfaces of the function 7(X).

¢) Function 7(X) has been choosen in such a way that at every moment of time
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t€ [y, ) there is ensured material continuity of the body — there are no
relative extremum at each of the subdomains.

d) Equiscalar sutfaces 7(X are smooth ones, coinciding with some part of the domain
boundary £2;.

The definition written above enables us to formulate the problem. From the engineering
point of view, the goal is to build-up and to describe the motion of the material body
taking up determined shape in the space. It is assumed that the body shape to be designed
in the space E assumes the configuration 2 and occupies the domain 2 (fig. 2). On this
space there is defined function z(X) which allows for explicit determination of that part
of the domain 2, = £ which is occupied by the body for given insfant 7. At instant ¢ for
every X € £, the relation 7(X) < ¢ is fulfilled. Configuration %" (further called the initial
reference configuration) and the function 7(X) in the explicit way determine each of the
configurations &, of the body B, in E. '

The body domain £, is limited by the surface S, and

S, = StuS?USE, ®)

where S} is the surface with assigned kinematic boundary conditioné, S? is the surface
with assigned kinetic boundary conditions. Surface S3 is uncloaded, equiscalar surface
of the function 7(X), the evolving surface.

a)

;

Fig. 2.
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The body is loaded by the body forces f(x, t) as well as by the surface forces g,(x, t)
on S?. Every element with coordinate X at instant ¢ has attributed: mass density g,(X)
and the initial speed vo(X). It is assumed that at the moment ¢ = 7(X) at pomt X the
deformation equals to zero.

3. Motion. State of strain

In .the course of the motion the material body at instant ¢ occﬁpies the actural con-
figuration »,. Each of the material points P = 2#~1(X) takes up the position x(P). The
set of all these configurations we call the body motion, and it is written:

xh = x{(P) = y'(X, 1), ®
where 2(...) is the deformation function, X e £2;, t & [t;, o).

Equation- (9) describes the motion with respect to the reference configuration o¢.
The mapping x <> X is explicit (j = det(dx'/dXT) # 0), thanks to that there is inverse
relation: |

X = 4~ H(x, £). (10)

Speed and accleration of the point X was written in the form

ol(x, 1) = X'(x, 1) = %x’(X, D.
, 1 an

Ao, f) = 5, ) = - (X, 1),

dt?

The basic measure of the deformation is deformation gradient. From definition we
have [8]:

Fi(X, t)=—387 FX, 1) and  Frii(s, 1) = i . (1)

In general, configuration X is not the configuration of the state of the natural body,
thus, the deformation (12) doesn’t express the real deformation of the element at pomt X.
At instant ¢ = 7(X) the deformation gradients equal to:

Fi(X,7) = Fix), Fri(x,7) = Fri(x), (13)

and in general are different from g} and gl(gi(x, X) = g'Gy, gl (x, X) = G'g)).

On the other hand, there is not such configuration, where all elements (particles)
* would be in natural state. To overcome this difficulty it was necessary to introduce the
concept of the local reference configuration.
Def. 4. The local reference configuration 4, in the neighborhood of the element X is

tangent to the actual configuration #x,(., at the place x(X, 7).

Definition 4 allows for the construction of the configuration, in which all elements
of the body are — according with the previous assumption —in the natural state (un-
deformed). At instant 7 = 7(X) the position of the element X equals to:

xt = (X, (X)), 149
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Let: -
QQ(X) = ‘5;1xi (X’ T(X)) == ”?T)(X)’ 1

X1(0) = #7(6). )
The system of coordinates {&#*} determined by means of eq. (15) will be distinguished

by introduction of the local reference configuration o, To mark off, all quantities descri-
bed with respect to local reference configuration will possess dash over the letter.

Fig. 3.

In the fig. 3 is shown the material body in configurations o, 2, and x,. The radiuses-
vectors of the point X in the particular configurations are equal to:

R(X) = RI(X) Gy(X),
r(X, 1) = F(X, Ng.(), (16)
O, 1) = r(x5(0), 1).

Vector of the natural base of the system {©%} are equal to:

- d d o 0
Ga(@)=[wr(x,z)] = [Wr(xai(@),t)]m(; HX0%6a@)800. (1)

Putting K1(0) = »;1w(0) we have: .
G.(0) = Fi(X)K{(@)$:.(X), ()

where &(X) = gi(x, ©(X)), Fi(X) = F}X, 7(X)).
Tensor K is in reality transformation tensor of the configuration o on configuration
A .. The inverse tensor K~! has the form:

t=1(X)

K x) = 20 _ i) o400 001, 1)

The motion and deformation gradient with respect to the local reference configuration

are equal to:
X = yi(x (), 1) = 70, 1), 0

F{@,n = _3%7(@, 1). . (21)
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Deformation gradient F which is called further the gradient of the relative deformation
expresses the real deformation of the material point. It is interrelated with gradient F
by the transformation expression:

Fi(@, 1) = Fi(X, 1)Ki(0), @
and at moment ¢ = 7(X) equals to 1.
Fi(©, v) = F(X)Ki(0) = £.(0), (23)

where 24(0) = £'G,.

Transformation (15) is continuous, if the function ©(X) is of the class at least C!.
Otherwise, tensor K as well as the quantities connected with local reference configuration
have the surfaces of discontinuities. Discontinuity of function 7(X) in the real process
corresponds with the pause in the erection of the material body while the discontinuity
of the gradient V7(X) refers to the sudden change of the speed of increment of the body
mass, Other measures of the strain are in the form:

— tensors of Green’s deformation:

CIJ(X7 t) = ‘F_'il(Xy t)F.-II(X’ t):

Caal©, 1) = Fiol®, DFYO, 1) = KLy K3, @4
— tensors of Green-Saint Venant’s strain:
2E(X, t) = Cpy(X, 1)—Gp(X, 1), 25)

2E,5(0, 1) = Cup(@, 1)~ Gop(©) = 2KX(Ey;— Ers) K}

4. Principles of conservation

4.1. Principle of the mass conservation. According with the formulated problem the whole
mass of the material body changes with time. It is assumed, that at any instant ¢ at the
domain w, there exists the scalar function o(x, £), which is interpreted as a mass density.
At instant ¢ = 7(X) the particle with coordinate X has assigned the known mass density
equal to gq(X):

o (x, 7(X)) = go(X). (26)
x

Fig. 4.
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The body in local reference configuration °, occupies at the moment ¢ the domain
£, (fig. 4) and the mass increment takes place on the surface S7. At instant 7+ df the domain
occupied by the body equals to £2;,4. The total mass of the body in the time interval
[£, t+dt] increases by the mass of the material particles being contained between surfaces
S3? and Efwz- The measure of the distance between these two surfaces is the segment 4/
collinear with grade 7.

The principle of the mass conservation can be formulated as follows: the time derivative
of the mass increment of the material body equals to the speed of increase of the body mass

on the surface S2, what was written:
D dl .
o | et 0do = [ o0 Gras. )
ay Si

After transformation of the left hand part of eq. (27) we have:

D _
-D%wf o(x, )dw = Ebfg(x, NI(O, 1)dAO) =

Z%_ f Q(x,t)f(@,t)d.Q(@)+:[@(x,t)f(@,t)%dS(@)= 8)
St

£2y=const

= f Dﬂt[g(x,t)7(@,z)]d9(9)+_[ QO(X)%dS(@),
St

!_J; =const

where J(, f) = det(Fi) Vdet(gy,)/det(Gp).
After substitution (28) to (27) one can get the local form of the principle of the mass
conservation:

o, DT(©, 0] =0. o ®)

4.2. Principle of balance of momentum. Momentum & of the material body occupying
at instant 7 the domain w, can be expressed as:

2 = [v(x, )o(x, 1) do(x). (30)
The principle of balance of momentum postulates that instantenous material derivative
of momentum equals to the sum of the forces acting on this body, hence:

D%‘@ = ‘DI‘)T f”(x’ Ne(x, Ndw(x) = ff(x, Deo(x, 1) dw(x)+

“ - G1)

+ f qo(x,t)ds(x)+—l% f Po(X)dS(X).
s? .

S:l us?

According with assumption the material particles with cordinates X have assiggned
the vector function vo(X’), what is interpret in the real process as a initial speed at the mo-
ment, when the particle “joins” the body, i.e. at moment ¢ = z(X). The quantity po(X)
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should be interpreted as a density of momentum falling on the surface S3? resulting from
“the joining” material particles. After transformation of the left hand of eq. (31) we have:

i | 2 D0t Do) = 3 [[vtx, 0 £ T(0)ad(0) -
oy R

D (32)

KH

!—2; =const

I

Segment ! is connected with the speed of displacement of the boundary S? by the

dependence: _
dal _ 1 . 1
dt |gradg |- ]/ m

= ’1’(")(@) . (33)

After substituting (32) and (33) to (31) and further transformations we arrive at:

[ atx, Do, Ndox) = [ (e, Nele, Do+ [ golx, Hds(x)+

we Sl“Ung

| (34)
+ [ 2o(X)~9(X)]e0(X)%(0)ds(x).
s?

The integrand in the last integral one can interpret as the load intensity of the surface
S3. The difference v,(X)—v(X) is the diference of the particle speed with coordinate X
and the particle of the surface x(X, 7) € s? at the instant, when the particle has joined the
material body. After denotation:

qo(x, 1) for xes!ust
q(x"t) = _ £ 3 (35)
[vo(X) =5 (X)]0o(X)¥(ny () or x€es;
the principle of balance of momentum conservation can be written in the standard way:
[atx, o(x, Do) = [fee, elx, Ddo(x)+ [ gCx, 1) ds(x). (36)
wt W St

After analogous as above transformations one can get the equation expressing the
principle of balance of moment of momentum conservation in the form:

fDitr(x, 1) xv(x, t)o(x, 1)]dw = fr(x, 1) xf(x, e(x, t)dw+

€1)
+ fr(x,t)xq(x,t)ds(x).
g )

5. State of stress. Cauchy equations of the motion

In the Fig. 5 there is shown the material body with distinguished element of volume
in reference configurations 2~ and ¢, as well as in actual configuration x,. At the interface
of the surfaces cut-off in the thoughts it is postulated the vectors field of stress ¢y, which
can be presented in the form of the stress tensors:

5 Mech. Teoret. i Stos. 4/88
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Fig. 5.

tnds(x) = t¥(x, ) g(x)n(x)ds(x) = TT(X, 1)g,(x)Ni(X)dS(X) = (38)
= T"(0, Ng(x)N.(0)dS(0),
where 77!, T are Pioli-Kirchhoff stress tensors with respect to " and ", configurations
respectively. '

Cauchy equations of the motion are local forms of the principles of balance of mo-
mentum and moment of momentum conservation. Let discuss the domain w, limited
by the surface s;. According to def. 3 function 7(X) or grad 7(X) can posses definite number
of the discontiuties on the surfaces s}, sZ, ..., s® (Fig. 6). In this way there can take place

Fig. 6.

the discontiuties of the stress tensor. Dividing the domain w, on the separable subdomains

i as well as taking advantage of the boundary conditions, eq. (36) can be written in the
form:

J alx, Delx, Ddw(x) = [ f(x, Dolx, Ndw(x)+ [ tayds(x)+
we Y

“ K - (39
D e, s+ [ e nds(x)].
sit

r=1 g7
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The last sum in the eq. (39) is by identity equal to zero, what gives the continuity
condition of the stress vector on the surfaces s:

tay(x, )+l (x, 1) =0 for xeg. (40)
After denoting by dw; the limiting surface of the domain w] we have:
R
[ax, Ne(x, dw@) = [ fx, e, Ddo(x)+ 3 [ tuyds(). (1)
wt @r r=1 E

. Taking advantage of Gauss-Ostrogrodski theorem for each of the terms of sum and carry-
ing-out all necessary transformation, we have:

R
D) [, el 0 [f'(x, )—d!(x, D]} () doo(x) = 0. “2)
r=1 uf

Hence, the first Cauchy equation of the motion together with the continuity condition
has the following form:

R
th(x, ) +ox, ) [f'(x, )-d'(x, )] =0 for xelJoj,
r=1
R 43)
@ —~tHn, =0 for xelJs.
r=1

Performing analogous procedure with eq. (37) we get secound Cauchy equation of
motion in the form:

R
Mx,2)=t"x,t) for xelJow. (CZ))
r=1

Cauchy equations of motion (43) and (44) one can get using Pioli-Kirchhoff’s stress
tensors.

6. Counstitutive equations

To describe the dynamic process of the with growing mass it is necessary to formulate
the constitutive equations. It is possible to use without any limits the same equations as in
the classic problems. Let for example, the body to be built from isotropic elastic material,
then the constitutive equations dependences have the form [9]:

tkl(xa t) =fkl(C—KL(@9 t)) (45)
This study contains the set of equations of the problem of initial-boundary body with

growing mass. Full description requires additionally of the formulation of the initial and
boundary conditions of the process.

7. Example

An example presented below illustrates the function of the mass increment and the
relations between the kinematic quantities for given material body.

5%
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Fig. 7.

A flat rectangular disk of dimensions L x 11is considered (Fig. 7a). Coordinate systems
{X"} and {x'} were assumed as Cartesian ones. Let the function of the mass increment
7(X) to be in the form:

F/aN
I1-—- Nl»—-ﬂ

T,X* for X2
(X!, X?) =T X* = ' , (46)
T,X* for X% > —- :

N

where T, > fI_:l > 0. The initial moment is #, = 0. It was assumed that T, = Ty = T
(see Fig. 7).
As it results from (46) the disk is build in two time intervals [O,%Tl] and [%Tz, TZ].

The pause in the course of building of the body corresponds to the time interval

1 1 . :
(5 T, > Tz). The diagram of function 7(X) is shown in fig. 7b.

. _ t=0 t=05T

T oT T T
RERER R
i T
-~~~ T

N O S I X
T oast

RN
T T T

Fig. 8.
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The disk is subjected to the “pure” forced shear. Disk motion is described by equations:
x=Z(X, t)3 XI(X, t)=X1’
234X, 1) = AtX*+ X2, S
where A — an arbitrary constant.
The successive phases of disk construction as well as its successive configurations are

shown in fig. 8.
The local system of the material coordinates is defined by eq. (15):

oX)= ”(1)(X); % (X) = X,
Hey(X) = AT, X' X2+ X2,
X(0) = x(0), x5'(0) =0, (8)
0 v
AT O +1

The transformation matrix of system {X7} into {@*} is in the form:

' 0) =

1 0
K(6) = Vexy(0), Ki@)=|_ ATO? 1 : (49)
(ATO'+1)* AT,0*+1
Coordinate system {©@*} has the surface of discontinuity for X2 = -;— It is equiscalar

surface of the function 7(X) at the moment of “the pause of building” of the disk. The
vectors of the natural basis of the system {@*} as well as the first metric form equal to:

51 =&1>
G _ Amee 1
2T UTE ) 8T AT+ B (50)
- A*THO'0Y:  A2T?O'O?
_ AT +1)* (AT,O*+1)?
Gaﬂ(e) = 1
sym. AT O +1)?

The motion in relation to the local configuration expresses the equation:
i(@’ t)=Z(X(@),t), El(a’t) 2019
62 : (51)
AT O +1°
The strain measures in relation to the local configuration are equal:
— gradient of the relative deformation: : ’

(0, 1) = 410" +

1 0
_ AT6? 1 s (32)
(AT,O"+1)> ATO'+1

F(i(@$ 1) =

At
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— tensor of the relative deformation:

1|4 AT,0% 1 o
— * - _(XTt@l +1)? v (53
O,1) = >
Caﬁ( > ) 1 e ATIGZ 1 )
ATO"+1 (AT,0+1)* (ATO*+1)*

— tensor of the relative strain:

ATO* T A*TH(O10%?
At— v A sym.
. ATO'+1) (AT,0" +1) -
e 1 e ATE? ]_ 42720'60*
AT,0 +1 (AT,O0 '+ 1)? |~ (AT,0 +1)°
Ay2 A x?
1.0 I
'\'\; Iss
05
" o g o S
00 05 o Q0.5 1.0
E“/AT Eqp/7AT

Fig. 9.

. . . . . . 1
All the strain measures in relation to the local configuration on the line X2 = - are

discrete. For example, fig. 9 presents the diagrams of non-zero values of strain tensor
coordinates E following their transformation into the system {x'} according to the relation:

2E1(0’ t) == 2Eaﬁgoi‘glg' (55)
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Peaome

IVUHAMHKA MATEPUANBLHOIO TEJNA C NEPEMEHHOM MACCOH

B pafoTe CKOHCTPYHPOBaHO MOJENE MATEPHANBHOTO Tela C riepemMeHHO Maccoit. IlpezcraBieHo
onpeseneHue TAKOH MOAEIH, OMHCAHO ABIKEHHE, MepH AedopMalluy, HanpsHKEHHS U CHILI HeHCTBY-
youme ua Teno. Kpome aroro npexnaraem MoandHLHPOBAHHbIE 32KOHLI COXPAHEHHS, KOTOPhIE JOMNON-
HEHHBIC ONPEREJISIOIMMH YPABHEHIIMH AIOT OCHOBHYIO CMCTEMY COOTHOLIEHMI MOJENH.

B oxonuaHuy pafoThi IOKA3aHO HNPHMED MUIOCTPHPYIOINMIA KHHEMATHUECKHE 3ABUCHMOCTH MO-
Jerr.

Streszczenie
DYNAMIKA CIAELA MATERIALNEGO O ZMIENNEY MASIE
W pracy skonstruowano model ciala materialnego o zmiennej masie. Podano definicje takiego ciala,
opisano ruch, miary odksztalcenia i naprezenia oraz sily dzialajgce na cialo. Nastgpnie postuluje si¢ zmodyfi-

kowane zasady zachowania, ktére po uzupelnieniu zwigzkami konstytutywnymi daja podstawowy uklad
relacji modelu. W zakoficzeniu pracy podano przyklad ilustrujgcy zaleznoici kinematyczne modelu.

Praca wplynela do Redakcji dnia 28 grudnia 1987 roku.






MECHANIK A ’
TEORETYCZNA YU — PL’87

I STOSOWANA
4, 26 (1988)

'IHE INFLUENCE OF MOISTURE AND TEMPERATURE ON THE BEHAVIOUR
OF ORTHOTROPIC, VISCOELASTIC PLATES

ZeNON KONCZAK

Technical University of Poznan

1. Introduction

The influence of humidity and temperature variation on the properties of different
materials is commonly known. In the case of wood and plywood this influence is of great
moment for the durability and the behaviour in constructions of wood as well. Numerous
investigators have shown that the mechanical properties of such materials strongly depend
on moisture, also. The influence of temperature on the elastic properties of wood is also
perceptible. '

There are many papers in which mathematical models, involving the variations of
moisture content and temperature are considered (e.g. [l - 3]) basing on experimental
investigations. Recently, BaZant [4] has formulated the constitutive relation for steady
states conditions basing on the Maxwell chain model whose viscosity coefficients depend
on moisture content and temperature. However, in the cases mentioned above one dimens-
ional problems were studied only and an anisotropy of the material was omitted.

The object of this paper is an attempt to formulate the equations describing the beha-
viour of orthotropic, viscoelastic plates, subjected to the influence of temperature and
moisture variation.

The paper consist of two general parts. The first one is concerned with deriving the
fundamental equations for the body considered basing on the principles of mechanics
and thermodynamics. We restrict our considerations to the linear case, only. It indicates
that the displacements, temperature changes and moisture concentration are assumed
to be small. The second part is devoted to formulate the basic differential equations for
thin plate, where the equations that were just derived in the first part will be applied.

2. Basic equations l

The point of departure of our considerations are the balance equations that result
from the fundamental laws of mechanics and thermodynamics of continuous media. The
local balance laws which must be satisfied are:
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1. conservation of mass

¢= =M1t €= 0nl0 2.1)
2. balance of linear momentum and angular momentum
Oy g+ X, =gy, 05 =0y (2.2
3. balance of energy
€= ouey—q,+ (U, +r—pr, \ 2.3)
4. entropy inequality
5> on- (q;) 2.4

where ¢ denotes the concentration of moisture, g,, and ¢ are the densities of moisture
and the material, respectively, o;; is the stress tensor, &; is the deformation tensor, X;
is the body force vector, u, is the displacement vector, ¢g; is the heat flux vector, ; is the
vector of moisture mass flux, ¢ is the potential of moisture transmision, e, s, #,, r,y and T
are respectively the internal energy, the entropy, the internal heat source, internal source
of diffusing matter and the absolute temperature. A superposed dot denotes differentiation
with respect to the time variable ¢ and (),; denotes partial differentiation with respect to
the coordinate x,, referred to a system of rectangular cartesian axes fixed in space.

A different form of the entropy inequality (2.4) will be more convenient in the further
considerations. We will obtain it by eliminating from (2.3) and (2.4) the heat source ,
and introducing the function of free energy:

p =e—sT. 2.5)
We now get:

——(w+sT)+ (0mu+mu. —pé)——=5 Ty, (2.6)

where the equation (2.1) has been used.

As can be seen, the field equations (2.1) - (2.3) and entropy inequality (2.6) do not
constitue a closed system. Therefore, it must be supplemented with suitable constitutive
equations defining the class of considered material [5, 6]. In our case we will assume the
following constitutive equations:

oy =0,({FP, @G=a({F}), n=n(F), v=9(F), @7
where: .
Fr={ey, e T, Ths ¢} 2.9

is a set of independent constitutive variables.

Substituting for v from (2.5) into (2.6), and carrying out the indicated differentiations
of p, we obtain:

Vfow V. 1/[ . dp 1 ,. 1 ap \,
T (a‘j—, +AS) T+‘T(0'“— 38” Eu'f‘ T UE“‘-T ‘u‘i'a—c c

1(31,;.. .. dp . Iy

2.9
. 1 q:
bt g g Bt ) + i T2 0
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Here decomposition of the stress tensor into elastic of; and dissipative part o?; have been
introduced. o

The inequality (2.9) must hold for all independent variation of &, &, T, T,;, ¢ and ¢, ;.
These variables appear linearly in (2.9) and thus their coefficients must vanish. It then
follows that: ' '

oy oy Iy
-E; == == -_——— —_ - 7
Oij de,;’ EP T’ (2.10)
Iy ay dy dp
< ESS , — = 0, —_— 5 —_ = .
ae,j 0 aC 3T,‘ 0 30,‘ 0, (2 11)
and inequality (2.9) reduces to:
1 . 1
701'38:'1'_}"]—177(”.(—”;?"2_7‘,(? 0. (2.12)

From conditions (2.10) and (2.11) it results that:
p=ley, T,¢), of=o0f(e;,T,0, p=pley,T,c), s=s(e, T,c). (2.13)

The inequality (2.12) is a constraint of functions ¢¥, #; and g; but does not lead to
a more general conclusion before the choice of these functions.

Let us now proceed to determining the final form of constitutive relations. We begin
by specifying oF;, s and u. To this end we develop the free energy function v into Taylor
series about the reference state (s;; = 0,7 = Ty, ¢ = ¢,) with accuracy to quadratic
terms. We have:

1 1 1
'l,U(Eu, T, 0) == -2— Cijkl T 8kl+ —2-m92+ 5nC2-—ﬂu£,,—@ (2.14)

—yUEUC+§@C, @= T—T()., C=C"‘Co-
On the basis of (2.10) we obtain:
0'5 = Ciu th_ﬂu@—)’u C,

¢
p=yi&;—§0~nC, ,12?,"_, (2.15)
0
§=Pe;—mO-E(C, m=— v ,
To

where Ciu, Bi;, vij, ... etc. are constants characterizing the mechanical and thermal
properties of the medium,

We pass now to determine 6%}, ¢; and ;. We will determine these functions from the
condition of satisfaction of inequality (2.12), limiting ourselves to linear relations. This
makes it possible to use phenomena of the cross effect and Onsager’s symmetry relations.
Thus, making use of the well known procedure we finally obtain:

o = Gt +yitn— Bin® k.
N = Viwbn+ G o — EixO i (2.16)
qy = Toﬂmékﬁ- T, fuc,u,k—klk@,k,

where Giju, viu, &, --. are material constants.
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Summing the result obtained up to now we can write the final form of the constitutive
equations. Hence, making use of (2.15) and (2.16) we obtain:
0,y = o+ 0§ = Clh &ia+ Eupirs = BuyO@— B0 1 — v, C~ ¥ Coi»
M = Y+ Oikrs Ers— ERO u— 0l C ., (2.17)
@ = ToBumiEir+ToEprs 65,1 — k30, x— Tody. C .,

where the following abbreviations have been introduced

Chiu= Cia+Guid,  Ejges=YiVess B = Bun+Evin> 0, ='—(§;,

¢,
— * * . Cm
s = OixVess i = En+Eoy,  af, = nay, = T ks
[+]
— * __ * —
Eprs = EnVrss kil = ku+Tpéby,  yia=nyum, dy=né,.

Proceeding now to writing the equation of heat conductivity we will use'equation (2.3)
in which we will take into consideration the substitution of (2.5), the derivative with
respect to time of function (2.13);, and relations (2.10) and (2.15);. We get:

T(Byyery—mO—EC) = 0B —qu, i+ M i+ T (2.18)
where g, is defined by relation (2.16);.

Assuming further that {§/T| < 1, i.e. restricting our considerations to small temperature
changes and omitting the non-linear terms ¢f;¢;; and m, u ; as hlgher order smalls, we finally
obtain after taking into account (2.17):

kO ;i + Tom@+dlj C i +dC = Efes €rs, 1+ To Buatua, 1+ To fiséiy—rn» (2.19)
where: |,
El'.tlrs = To&ijrs, difl = Tody; = cnéyy, d= Toé.

The equation of concentration of moisture can be obtained from mass continuity

equation (2.1). After taking into consideration (2.17), we have:

% ; * _ .
a5 Coo— C+ERO i = Ops Ergyia+ Ykt Exty 1~ Fms (2.20)
where:
oF = no ——1 c
ik = Ny, = m &k
T,

Equations (2.2), (2.17), (2.19) and (2.20) represent the full set of equations of cons1dered
medium.

3. Basic plate equations

In this section an attempt will be made to derive the basic differential equations for
thin orthotropic, viscoelastic plate of thickness #, whose median plan lies in the x;x;
plane with x; denoting the distance from this plane. The deflection of the middle surface
1s assumed small in relation to the thickness of the plate. Moreover, it is assumed that all
simplifying assumptions that are usually used in the classical thin plates theory [7, 8]
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are also valid in the present case. In accordance with these assumptions we can write
u3(x1, X2, X3, 1) X w(xy, Xz, 1) where w(x,, x,, t) is the deflection- of the middle surface
of the plate. Moreover, the strain tensor g; can be divided into two parts [7]:

, 1 '
Eop = Egp+ Eap = 5 (Ua,p+1h,e)— X3 W, (2,8=1,2), G.1n

where 12 denotes the displacement due to uniform tension of the middle surface, u), = —
—x3w,, stands for the displacement due to the deflection of the plate.

As it was already mentioned above, we are dealing with the thin plates. In this case
the temperature distribution along the thickness can be assumed to be linear. We shall
introduce this simplification also for the concentration field, i.e.:

@(xl, x2, X3, t) ~ TO(xI’ x2’ t)+X3 T(xl, X2, t)9

C(x1, X2, X3, t) ~ ”O(xly X2, t)+x3x(x1 » X2, t): <32)

where the following notations have been introduced:

ii2
1 Oy+0
To(xl,xz,t) 2—7{ f @(xl,x.z, X3,t)dx3 z—vi)'——l‘-,
—hf2
i hi2
Cy+C
%o (Xy, X3, 1) = 5 f C(xy, X3, X3, dxs = __‘iz_l‘,
—hi2
hi2 @
T(x19x2,t)=':l_§' f x:,@(xl,xl,x3,t)dx3 ~ U;—QL,
—hi2
12 ha C
%(xl,xZ’t)-: F f x3C(x1,x2,x3,t)dx3 ,Q’,_%C'L_
—h/2 ¢

Here 7, and %, are the mean temperature and concentration of moisture which do not
vary in x5 direction, respectively, @; and C; (j = U, L) are temperatures and concentra-
tions on upper (U) and lower (L) sides of the plate. .

Further, let us define forces and moments per unit width of the plate cross-section,
as it is usually done in the plate theory:

hi2 hi2
Naplxi, %z, )= [ pdrs, Myg(xy, %2, )= | X30updxs,
—h{2 —h/2 3 3
a2 (33)
Qua (X1, X2, ). = QaulX1, X2, 1) = f Ouzdxs.
—h2

Making now use of (2.17), (3.1) and (3.3) we obtain:

Nug = h(Clps En +Eopyon Evg B¥ss To,0— Bap To—Vigs%o0,0 - Yap*0) s
Moyp = — 12 (Clovs W, ys+ EupyoaW, yo0 = Biipy T,y — Pap T— Vaps%,0~ Vs %) - '

i



646 i Z. XoNczaxk

Returning to the equation of motion (2.2) we express it in a different form:
Gaﬁ,ﬁ"' Ua3.3+Xa = Qoi;ou
03p,p+ 033,53+ X5 = QoW.

(3.5)

If we integrate now these equations along the thickness of the plate, and later on doing
the same with equation (3.5),, after having first multiplied it by x5, and taking into account
the expressions (3.3) we arrive at the following equations

Nap,p+Po = 00hily, ‘ (3.6)
Q3a,a+P3 = 0ohiv, 37
Maﬂ,ﬁ""naa = Q3 =0, : : (38)

where g, is the plate density per unit area of the middle surface and:
Bj2 B2
Do = Ga3i,:/13/2+ f Xodxs, p3= o33 + f.Xsd—xs,

~hy2
—hi2 —hj2
A2

m3$=(0’3ax3){"_’:lz+ fxsXsdxa-
1)

Equation (3.6) concerns the state of displacement in the plane of the plate.
Let us return now to the equations (3.7) and (3.8). Eliminating Q,, from it we arrive
at the equation of motion:

Mg, pe + 4w = 00 W, 3.9
where:
Gw = D3t M3y

If we now introduce M, from (3.4),, into the equation of motion (3.9), we obtain in the
general case of anisotropy the differential dynamic equation of the bent plate in the form:

C:pyd W oapys + Eaﬁyﬁd) W, aBvdw + ﬂo Qo W= lgow T,ay>
12 (3.10)

12
+ﬁ:wr»“rw+7aﬁ”,!=ﬁ+a;w":ﬁrd'*'ﬁ qws Bo =gz
For the orthotropic plate the equation (3.10) simplified and take the following form:
' . 12
ClorsW,on+Po0o¥ = —= qut Bay T,uy + Vap #,0p» @11
where: ' ;
Ctin = AE +4,0), Chay=A(E2+2,9), Clian = A(E +43),

C#a12 = (G2 +7 B)E A:L P2 —p
12Y: 12: 12(1_’”2), 172,
B E B3 E
ﬂll = 12 (1_;2 a1+012a2)’ /322=_17(G12a1+ﬁd2).

In these formulas E,(o = 1,2) is the Young’s modulus in the x, direction, #, is the Poisson’s
ratio, Gy, is the shear modulus in the x, x, plane, «g is the thermal expansion coefficient
in the xg direction, A, and #,, are the viscosity coefficients.



THE INFLUENCE OF MOISTURE. .. 647

Equation (3.11) must be suplemented by the equations describing heat conduction =
and concentration of the diffusing matter ». In order to derive these equations we turn
to equations (2.19) and (2.20) and integrate over the plate thickness, before this multiplying
them by Xxs.

If, in addition, the boundary conditions of the form:

260 a0
z.o—a;:‘— x3=_h~—'170(x1,x2’t)> Zo_ax_a x3=~£=.pl.(xl7x23t)= "
2
(3.12)
aC aC
DOa—%xFL:fv(xl,xz,t), Do—azx_ h=f1_(x1,x2,t):
=3

are assumed, where 4, and D, are the coefficients of heat conduction and diffusion, respec-
tively, then equations (2.19) and (2.20), in the absence of heat and diffusion sources, for
the considered orthotropic plate reduce to:

. . a
kip T ap—CoT—ay THdgpn ap+di—an = 2/11 (PL—pu)+
]

(3.13)
a .
+ o (fo—f0) = E25ys W, apys— To BupW, s>
2D,

N . " a a
a;yx,ﬂy—%_as x+£aﬂ T,aﬁ—ad» T= 2—)‘; (PL“PU)+ ”2%0_ (fL—fU)— aﬁvda)w.ﬁytswa (314)
where:

ay = k33f0, az={1§‘3ﬂo’ ay = o330, a4 = &33f0.-

The system of equations (3.11), (3.13) and (3.14) formed a mutually coupled system
of differential equations for the case, when the boundary conditions are given by (3.12).
The solution of the set of equations mentioned above must satisfy boundary and initial
conditions appropriate to the given problem.
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Peswme

BIVISIHUE U3MEHEHUA BIIAKHOCTHM W TEMIEPATYPHL HA IIOBEINEHWUE
OPTOTPOITHBIX BA3KOVIIPYIHX ITJIACTHHOK

B paGoTe BLIBEAEHO OCHOBHBIE YPABHEHHMST NI OPTOTPONHBIX BA3KOYNPYFHX, TOHKHX TLIACTHHOK
MOABEPIKEHEIX HEHCTBHIO BIOKHOCTH M TEMIEPATYPH! MEPEMEHHBIX BO BpemeHH. Ipemnonoixeno, urg
PacOpENe/eHNe TAK BIAXKOCTH KAK H TEMIEPATYDhI JiuHeHHOe o TOMIUHHE INAacTHHKH. IIpmwsro, uro
YIPOTIEHMS KJIACCHUECKOM TeopHH TOHKHX IUTACTHHOK 3MECh TAIOKE CpPaBeINBLI.

opMYIHPOBKA NEPEYHCIIEHBIX YPABHEHMI OCHOBANA HA YPABHEHUAX JBIOKEHUS, KOHCTHUTYTYB-
HEIX, 4 TAIOKE YPABHEHUSIX TEIUIONPOBOJHOCTH M KOHIEHTPALMK BIIAKHOCTH A AHH3OTPOIHOM BAa-
KOYIpYrod cpearl. YpaBHEHHSA IOCTPOEHHl B NIEPBOH uacTH paboThI, XPA HCIONB30BAHMK OCHOBHBIX
NPAHUMIOB MEXaHMIKH K TEPMOOHHAMHKHE CIUIOWIHLIX Cpel K OFPAHMUEHUH JO JIMHEHHBIX COOTHOILECHHUH,

Streszczenie

- WPLYW ZMIAN WILGOTNOSCI I TEMPERATURY NA ZACHOWANIE
SIE ORTOTROPOWYCH PLYT LEPKOSPREZYSTYCH

Zasadniczym celem pracy bylo wyprowadzenie podstawowych rownan dla ortotropowych, lepko-
sprgzystych plyt cicnkich poddanych réwnoczesnemu dzialaniu wilgotnoéci 1 temperatury zmiennymi
w czasie. Zalozono, Ze rozklad zar6wno temperatury jak i wilgotnosci na grubosci ptyty jest liniowy. Przyjeto
. réwniez, iz obowiazuja zalozenia upraszczajace stosowane w klasycznej teorii plyt cienkich,

Podstawg do sformulowania wyzej wymienionych réwnan stanowily rownania ruchu, zwiazki konsty-
tutywne oraz réwnania przewodnictwa ciepla i koncentracji wilgotnosci dla anizotropowego ofrodka
lepkosprezystego. Rownania te, co stanowi przedmiot pierwszej czebci pracy, zbudowano wykorzystujac
podstawowe prawa mechaniki i termodynamiki ofrodkow ciaglych, ograniczajac sig do relacji liniowych.

Praca wplynela do Redakcji dnia 24 wrzesnia 1987 -roku.
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ON PROPERTIES OF THERMO-DIFFUSIVE STRESSES IN SOLIDS

ZBIGNIEW S. OLESIAK

University of Warsaw

1. Introduction)

Considering the problems of thermo-diffusion in solid bodies we are interested, as
a rule, in finding the distribution of stresses. The effect of uneven heating and that of mass
diffusion may result in stress concentration. Likewise there are the cases for which the
stresses generated by thermal and (or) diffusive effects can be singular.

In this paper we shall not dwell on the dynamical cases. We shall point out the two-
dimensional distributions of thermo-diffusive effects resulting in solid body deformation
only. It is shown that in the case of simply connected bodies there are no stresses while for
multiconnected bodies the problem can be reduced to that of Volterra’s dislocations,
determining the character of the stresses. Next we show the features of stresses for the
three dimensional layered bodies. Finally we discuss the character of stresses in solids
with cracks, taking as an example a disc shaped crack opened by a flux of heat and that
of mass diffusion. The stress intensity factor depends on the distribution of known tem-
perature and the distribution of diffusion concentration on the crack surfaces.

2. Basic equations

As our point of departure we take the equations of thermo-diffusion, i.e. the generalized
Navier equations, the equation of heat conduction (Fourier’s law) and Fick’s equation. We
have the following system of partial differential equations: .

(1—2v)V2u+-graddiva = 2(1+v) (eegrad@+ o, grade), .1

V2@ =0, V2¢=0, 2.2)

where ¥ = (u, v, w) is the displacement vector, » — Poisson’s ratio, u, A Lamé’s cons-
tants, yo = (34+2u) ae, y. = (34+2u)a,, @(x, y, z) change of temperature with respect
to the natural state, ¢(x, y, z) — concentration of diffusing mass, &g, & coefficients of the
linear thermal and diffusive expansion, respectively. In the considered case the constitutive

equations (generalized Duhamel-Neumann relations), in absolute notation, take the fol-
lowing form: ’

o = 28+ (Adivue—yg@—y.0)1, N )
where ‘o, 8, 1 — denote the stress, strain, and unit tensors, respectively. '

6 Mocch, Teoret. i Stos, 4/88
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3. Two-dimensional state of strain

For two-dimensional state of strain Eqgs. (2.3) reduce in a cartesian coordinate system
to the form:

Oup == 2pt€up+ (Atty, y— V6O =YY 8ap, o, B,y = 1,2, (3.1)
and:
033 == Ay, +uz, 2)—YeO —vcc, (32

since €34 = 0. Here v, = u, u, = v, 13 = w.
Let us assume the representation:

Uy = U+ (1+9) (coud + o ily). (3.3)
We can impose on uf and #, (x = 1,2) the additional conditions, namely:
ul iy =u3,=0(x,y), uf,=—uf,,
and 3.4
g,y =iy, =c(x,y), Uy,z= —ily,.

Then substituting (3.3) into Egs. (3.1) we obtain:
Gaﬁ == y(u;'5+u;;,a)+l(3aﬁ u,',,.,: (35)

In a similar way, substituting into Navier’s equations (3.1), we obtain the system of homo-
geneous equations:

ptee, g+ (A ) up, po = 0. (3.6)

It is evident from (3.5) that for vanishing tractions u; = 0. Thus we obtain for simply
connected bodies:

= (1+» * 1,
Uy ~( + )(aiua"'acua)’ G
Oy =0,0,==1,2, and
033 = —=2u(1+%) (0gO@+acc). (3.8)

Conclusions:

1. -For two-dimensional state of strain and uneven heating and (or) diffusing mass
concentration penetrating through the boundary there are no stresses except o, in a
simply connected body bounded by any (non-intersecting) contour. The displacements
can be found from Eqgs. (3.7) while #¥ and #, from conditions (3.4),

2. This is a generalization of the result given by Muskhelishvili [1] in the case of heat
conduction.

3. The same is true for an infinite body with a fiux of heat and (or) diffusing mass
penetrating through the boundary of a single hole of any shape.

4. The result holds for simply connected two-dimensional solids and plane strain only.
In the case of multiconnected regions the problem can be reduced to Volterra’s distorsions.
Then in the expressions for u¥-+iu¥ and i, +iii, logarithmic terms appear (compare [1],
§46).

5. In the classical theory of elasticity it is shown that the two-dimensional stress cases
differ by magnitude of constants occurring in the equations. In the case of thermo-diffusive
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effects it is difficult to expect that for two-dimensional stress the heat conduction and
diffusion of mass could be in plane only. Thus it does not make much sense to consider
the two-dimensional stress to be analogous to the two-dimensional strain.

4. Stresses in solids bounded by a plane

We assume that the bounding plane is free from tractions and that over certain domains
£, and Q, there act the fluxes of heat and of mass diffusion, respectively. The system
of partial differential equations of thermodiffusion in elastic solids can be reduced by
applying the exponential Fourier transform:

fE ) =Ff(x,9); x> £y - 1,
[, y) = FfE, n); £ - x,m - )],

to the following system of the linear ordinary differential equations in the transformed
space:

@D

[(1—22) (D2 —9?)—2(1 =) E2Ju—Enp —iEDW = —2(1 +9)iE(ag®+ 2.0),

— &g+ [(1=2) (D> = ) —=2(1 =) pRlo —inDw = —2(1 +2)in(ag® + ,©),
—iEDu~inD + [2(1 —v)D? — (1 —2v) (£2+72)]W = 2(1 +%) (¢ DO+ o, Dc),
(D2_§2_n2)@'= 0, (D2—~EZ—7]2)5=0,

@.2)

d
where D = E.

The solution to this system of differential equations, with the regularity conditions at
infinity taken into account, takes the following form:

u=(4,+z ]/WBJexp(—-zVWZ),

o= (Ao + 2V E+ 12 By)exp(—zV E+02),

w = (A3+zV/E* +n2B;)exp( ~z VE+1), 4.3)
O = Aexp(—zy/ E+n?),

¢ =-Acexp(—z]/§+—n2)‘

with the relationships:
' EB,+nB, =iV E+0’By, EBy=nB,,
VE+72(1-9)Bs— d3] = (1 +9)(¢te Ao+ e Ao,
EA 4+ A, +i Y E + 92 [(3— W) By~ A;3] = 2i(1 +»)(aedo+ 2. Ac).
In the case when the shear stress components disappear on the plane z = 0 we obtain:
| nds = Edzy  AVETP (B3~ As) = Az +Edy. “4)

If we also assume that the normal component of the stress tensor vanishes on z = 0,
we obtain the condition: '

VE+n24s+ (1+v)(tede + 2. As) = 0. 4.5

&6*
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This condition results from the formula for the transform of the normal stress tensor
component:

Oy = 12# [ ——v)Dw—w(Eu+m)) { +v)(a@@+ «.0)] =

= T VE A+ (1 49) (o do+ 2 AJ)(1+VEF772). 4.6)

-exp(—z Y/ E+7?).
It is evident from Eq. (4.6) that normal stresses are identically zero in the whole space
Though o, stress tensor component vanishes in the entire solid, the stress components

oxx and oy, exist. The corresponding results for the thermal stresses were obtained by
Sternberg and McDowell [3] and W. Nowacki [4].

5. Stresses generated by thermodiffusion in solid with a crack

In the case of axial symmetry the system of partial differential equations (3.1) can be
reduced by means of the Hankel transforms of the zero and the first order to a system
of ordinary differential equations [7]. The solution can be written down in the form of the
following Hankel's integrals:

wf {2(1+ T b+ o] - w(n)}eXP( o)y (ne) dy,

W= f {w(n)+ %[w(n) + <p(n)]} exp(—Ln)Jo(no) dn,
0

G.1)
= —,;(—H—,,)a— f @1 () exp(—Ln) Jo(no) dn,
~ e f T2 () exp(~ L) JoCre) e,
r=ea, z={CLa, @=¢ +,
and the z component of the stress tensor:
Ozz = — v)a f [ + @] (L + nDexp(— L Jo(ne)dn.- (5.2)

The above solution is valid for the boundary conditions o,.(r,0) = 0, r e [0,00),z=0.
" Function (%) can be determined from the remaining mechanical boundary condition
on z = 0 while ¢,(n) and ¢,(n) from the thermal and diffusion boundary conditions,
respectively. The solution to the problem is obtained from the corresponding dual integral
equations when on the crack surface temperature and diffusion of mass are prescribed.
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1
In the case when the crack surface is traction free the stresses around the crack are genera-
ted by the distribution of uneven heating and (or) mass diffusion through the crack sur-
faces. Here an important remark should be made. For the traction free surfaces the crack
is openend only provided the sum a.co+ @, is negative. If it is positive we deal with
a source of heat and that of mass diffusion in an infinite solid and there is neither crack
opening nor non zero stress intensity factor.
Let us take an example. Over the crack surface 2 = {z = 0,re [0, a)} there act
a flux of heat @ = —Q, and a flux of mass diffusion M = — M. Then we obtain the
solution:

u= 2—(11% @ (o ¢o + o) f {[né —(1 -] [n" RAOES % n“cosn] -
0
— A +nl)yn=2J, (77)}11 (em)exp(—nl)dn,
1 2 -2 ;1 5.3)
==7(1+v)a (“c»co'*'ae‘&o)f [2n=2J,(n)—7n~*cosn— (53)
0
~ sy oS a(enexp(~ o),
02 = =B alucco +aaBOfle, D,

flo, D) = [ (1+nt)cosnTopmexp(—nt)dny =
0

= R~ 1cos~®+R‘3C[Ccos @+ sin 3@]

2
where:
20
4 __ (n2 2 __1)2 2 — ]
R* = (p?+(*—=1)*+4(%, tan® P
We have the special cases, namely:
243 H 2 —1/2 5.4
f(0;5)='(1"_;z.7)-2‘, e, 0) = Hig—1)(e*—-1)~ 1"~ (5.4)
The stress intensity factor assumes the value:
K=515 = 5 [2:0u+ 2o Mola®. (55)

In a similar way we can find the stress 1nten51ty factors in all the cases for which thc c1ass1cal
“mechanical” solution is known.
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Peawme:

O CBOVICTBAX TEPMO-ITHUD®GYIMOHHBIX HAIPSDKEHUN

B paGore paccMOTpPEHb! HEKOTOPLIE 32JaUM TEOPHMM HaNpsHKEHMH BOSHMKAIOIMME KAK PEe3ybTar
IeicTBHA moToKa Teria u muddysnmn maccor. Obobyena ussecrna sagava H, Y. Mycxenmswm, nai-
AeHbI PACHPENENEHUST HanpAMEHUH oT noToxoB Ternna U Auddysma 2 HEKOTOPOH YACTH NMIOCKOCTH
OrPaHHUWBAIOLICH TENO, & TAKIKE HAUACH Ko3(DpPHIIMEHT AHTEHCHBHOCTH HANPSDKEHME B CIIyYae JHCKo-
o0pasHoil TpelHEI.

Streszczenie
O WEASNOSCIACH NAPREZEN OD' TERMODYFUZJI
W pracy przedstawiono kilka zadaf teorii naprezed wywolanych strumieniem ciepla i dyfuzji masy.
Uogoblniono znane zagadnienie N. 1. Muscheliszwilego, znaleziono naprezenia, gdy strumien ciepla i dyfuzji

masy dziala na czgci plaszczyzny ograniczajacej cieplo. Wyprowadzono réwniez wzor na wspolczynnik
intensywnodci naprezen w przypadku szczeliny osiowo symetryczaej.

Praca wplynela do Redokcji dnia 3 lutego 1988 roku.
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DYNAMIC STABILITY OF ANTISYMMETRICALLY LAMINATED CROSS-PLY
CYLINDRICAL SHELLS

ANDRZEJ TYLIKOWSKI

Warsaw University of Technology

1. Introduction

Dynamic behaviour of thin laminated cylindrical shells is of great importance to
engineers. The coupling between bending and tension in laminates results in the necessity
to modify the classic equilibrium equations and the boundary conditions for thin uniform
cylindrical shells in order to apply them to laminated shells. The reformulation of boundary
conditions and the solution of the static buckling problems for the cylindrical shells was
done by Almroth [1]. Numerous papers are available on free vibrations of laminated
shells (see for example papers by Bert, Baker and Egle [2], Dong [3], Alam and Asnani
f4]). While parametric vibrations and dynamic stability problems for uniform isotropic
cylindrical shells under time-dependent membrane forces have drawn much attention,
the dynamic stability of cylindrical shells has not been investigated yet.

The purpose of the paper is to analyse the dynamic asymptotic stability of thin elastic
cylindrical shells for cross-ply antisymmetric configuration. Membrane forces acting
in the shell midsurface are assumed to be -deterministic functions of time or stochastic
processes with differentiable realizations. The shell consists of an even number of equal
thickness orthotropic laminae laid on each other with principal material directions alter-
nating at 0 and x/2 to the shell axial and circumferential directions. Using the direct
Liapunov method we have derived the sufficient conditions for the asymptotic stability
and the almost sure asymptotic stability. The influence of geometric and material properties
of the shell as well as characteristics of loading on stability regions have been examined
numerically. ’

2. Problem formulation

Let us consider a closed elastic simply supported cylindrical shell of radius a, length /
and total thickness #, a > h, I > h. The shell consists of an even number of equal thickness
orthotropic layers antisymmetrically laminated with respect to its midsurface from both
the geometric and the material property standpoint. The Kirchhoff-Love hypothesis on
nondeformable normal element is taken into account. Tangential, rotary and coupling
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inertias are neglected. For the shell subjected to a concentrated load P and a uniformly
distributed radial loading g, the initial membrane loads can be determined by assuming
that the shell remains circular and undergoes a uniform compression circumferentially,
Consequently:

N, = P/2na,
Np = aq.
Taking into account a linear damping in the radial direction we obtain the equations

of the technical theory of thin laminated shells in terms of displacements #, v, w in tangen-
tial, circumferential and radial direction, respectively [3]:

AUzt Asth,00/@% + (A12+ As6)Px, 0/0— By W, xx + Ay, w,xla=0,
(A + Age)u, wala+ Age?, xxt+ A117,00/8% + BiiW,gsal@> + A1 W gla® = 0,
— By U pet A12, 5 /a4 B10, 000/ + 411V, 0/@% + D W, gaxs+ 0
+2(D;2+2Dg6) W, xx00/@® + Dy 2 W,0000/a* + 2B11 W,00/a* + Ay wla® +
+ 0hW, 1+ 208w, — N .. — NoW,00/a* = 0,
(x,0)e 2 = (0, 1) x(0, 27).
Internal forces and moments are expressed by the displacements as follows:
N, = Ay u +A4;,9,00+A,Ww]a— By W, 4,

No = Aju +A4,;9,6/a+d; wla+ By w,ee/a?,

Nx@ = A66(‘le+u'@/a), (2)
M, = B, u,—D, W, — D12 W,00/a%, '
Mg = ~By,9,6/a—Byywla—D,W,— D3, W, 06/a?,

M,o = —~2D¢sw,c0/a.

The closed shell is assumed to be simply supported without displacement in circum-
ferential direction at x = 0,1. The conditions imposed on displacements, internal forces
and moments, called according to Almroth’s classification S2, can be written down as:

w=0, ©v=0, N,=0, M,=0 at x=0,l1. 3

~ Our purpose is to investigate the stability of undisturbed shell surface # = 2 = w =0
(the trivial solution). A disturbed state is estimated by means of a distance of the solution
of system (1) with nontrivial initial conditions from the ‘trivial solution. Under assumption
that the membrane forces are the deterministic functions of time we will study the asympto-
tic stability of trivial solution, i.e. we will derive conditions that imply:
lim |[(w|| = 0. 4)
t—0
If the forces are stochastic “nonwhite” processes with sufficiently smooth realizations

we shall consider the almost sure asymptotic stability which holds if a probability of event
defined by (4) is equal to one:

P{lim||w|| =0} = 1. )
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We shall examine the foregoing kinds of stability using the direct Liapunov method,
which provides a significant advantage in that the conditions for stability can be obtained
without the explicite solving the equations of motion.

3. Derivation of the sufficient stability conditions

We construct a functional as a sum of a modified kinetic energy and the potential
energy of the shell in order to apply it as a Liapunov functional:

V= %J‘ [224+2zw+ 202w ~ M. W, .. — Mo W, go/a’— M o2, gla+
2 ®
+ Nyt 5+ No(@,0+ W) o+ Nyo(v,  + 1,0/ D] ad®,
where z = w ;.

The functional is positive-definite since the first three terms of integrand can be rear-
ranged as a sum of squares. Therefore, we can choose the square root of functional (6)
as the distance used in the stability definitions. Under the previous assumptions imposed
on the membrane forces the classic differentiation rule can be applied to calculate the time-
derivative of functional (6). Dividing equations of motion (1) by ph and retaining for
convenience the same symbols for coefficients we obtain the time-derivative of functional
(6) in the following form:

aw 1

s Ef [2(Z+ﬁw)(—2ﬁz+ﬁxw,xx+ﬁ6w,@e/az+_'B11u,xxx+
2

~ A1 Ja—By;v,600/a> —A110,0/a* — D1y W, yrxx+ _ )
—2(Dy2+2Dge) W, xx00/a* — D33 W, 0000 /a* — 2By, W, eg/a® — Ay, wla®) + )
~M, W, xx— M. 2, .. — Mo W, 06/0° — Moz, go/0*> —~2M 6, W, xe/a-+
—2M.02, xe/aladl+(11),,

where I; denotes an additional functional:

1
I]. =—2— [qu,,+N9('0,9+w)/a+Nx9(t),x+u,9/a)]adQ.
2
_Integrating by parts, using boundary conditions (3) and periodicity conditions with
respect to variable @ we prove the following formulae:

2n 1 2z 1
fM,_xxzad.Q =f Mx,,zl ad®— fo,xz,xad.Q = -—f sz,x‘ ad® +
a o 9 0

0 b
+ fM,,z,x,ad.Q = foz,x,ad.Q,
s 3 |
fMg'egzadQ= fM@Z,geadQ,
2 Q2

[ Meo,070d2 = [ Myoz,.00d2,
2 : Q2
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fM,,,w,xxad,Q= foz,xxadQ,
0 0
fM@,,w,@@aer— f-M@z,eead.Q,
02 n

fo@_,w,x@adQ = fo@z,x@ad.Q.
@ g
In a similar way integrating by parts we convert the functional 7; to the following form:

111_;_ f [— (N« +Neo 0/@)tt— (Neo, x+No, o/a)v+No w/alads2.
2

Recognizing the expressions in the parentheses as left hand side expressions of the first
two equations of motion (1) we omit them so we can write:

Il :_;..fNQWdQ
Q2

Using the above relations we rewrite the time-derivative of functional (7) as:

av .
S = —2BV+2U, @)
where: .
U= % f [(z+ BW)(NoW, s +Now, go/a?) + 282wz + 252 w?]adQ . ©
0

Now we attempt to construct a bound:
U< WV, (10)

where the function 4 is to be determined.
Proceeding similarly as Kozin [5] we solve an additional variational problem (U~
—AV) = 0 and we obtain: )

A= max |fP+ (NokZ+Nok?)[2[? +Dss kb +2(Dy,+2Dge) K2 K2+

ma=12,...
+ Dy ki ~2By1 k3 [a+ Ay [a* + (2T 3 Tya Tos — Tiy T33— T2 Ts)/ - (1D
[(T11 To2—T32)]72,
where:
kn=mn[l, k,=nla,

Ty = Auka+ Ak}, Ty = —(dyz+ Age) knkn,
Tyo = Ay ki +Agskl, Tya= —'km(Alz/a‘*'-BlikyZn_),
Tys = k(=B ki+4,,/a).

Substituting inequality (10) into equation (8) we obtain the differential inequality,
from which we have the following estimation of functional (6):

V() < V(O)exp{—2t[ﬂ——:—of l(s)ds]}.
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Thus, it immediately follows that the sufficient stability condition for the asymptotic
stability with respect to the distance |- || = VY2 is:
_ 4
B> lim—lt— 2(s)ds, 12)
R Sl h

or for the almost sure asymptotic stability, provided processes N, and N, are ergodic
and stationary is:

B > EA. ' (13)
where E denotes the operator of the mathematical expectation.

i
4. Results

Expression (11) and inequality (13) give us possibility to obtain the critical damping
coefficient guaranteeing the almost sure asymptotic stability as a function of laminate
parameters and statistic characteristics of membrane forces. In order to obtain stability
regions, we choose discrete values of force (N, or Ng) and compute 1,,. Then we choose
the largest value corresponding to the given value of the force and take the expectation
numerically integrating the product of A by the probability density function. This is accom-
plished for various values of parameters by choosing the variance and varying the damping
coefficient until inequality (13) will be satisfied.

oﬂ — — — — Glass-epoxy
6~ ————— Graphite~epoxy
Vs N=20
N=20 //
5 Y, N=4
N=4 4/
///
i N=2 ////
g 7
8 4//
S L / N=2
4
Y/,
7,
2 &
5
& @
6\&’\\\ Gaussion
1= loading
a _ 9=
l—_l . 0 200
1 L >
0 1,0 2,0 B

Damping caefficient

Fig. 1.
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Numerical calculations are performed for the gaussian process with zero mean and
variance o2 and the harmonic process with variance ¢ = 42/2, where A denotes its
amplitude, for different number of layers and the shell aspect ratio /!

The almost sure asymptotic stability regions as functions of §, ¢ and number of layers
N in the case, when the shell with g/l = 1 is loaded by the gaussian process, are shown
in Fig. 1. The stability regions are not changed in going from the axial loading to the
circumferential one. As the number of layers increases the orthotropic solution is rapidly
approached. The coupling between bending and extension depends on the orthotropic

moduli ratio £,/E,. It is seen from the figure that for greater ratios E; to E, the effect
of coupling increases.

8 Stability regions
N Glass epoxy

Damping coefticient

\

Axial Radial
loading loading
W2 - N=2 og=4 %:200

e — —— Harmonic laading

Gaussian loading

)

I . { 1
10 1 2 3 4

Shell aspect ratio
Fig. 2.

_‘g

The dependence of stability regions as functions of 8 and the shell aspect ratio a//
for twolayered shell made of glass-epoxy is shown in Fig. 2. It is found that the stability
regions are not changed substantially in going from the gaussian process to the harmonic
one. The dependence of stability regions on the direction of loading is quite essential.
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Pesome

OUHAMUIYECKAS YVCTOUUWBOCTE AHTUCHMMETPYIUHO
CJIOMCTBIX ITIMNNBIPUYECKNX OBOJIOUYEK

TIpurimasi BO BHUMAHHE , YTO 3aMKHYTAaA KPYroBasi 000J0YKA COCTABJIEHA U3 YETHOrD UHCIA OpTO-
TPOIHBIX CJI0EB BHTHCHMMETPHUHO PACIOJIOYKEHBIX OTHOCMTEIBHO CPEQUEHON NOBEPXHOCTH, HCCNENo-
BAHA ACHMIITOTHUECKAA H IIOYTH HABEPHO ACHMIITOTHYECKASI YCTOMYHBOCTE HeBLITydeHHoit dopmer obo-
JouxH. Cioa 0D0NOUKM HICOTOBJIEHLY M3 OMHOPOMHOTO MaTePUaNia, KOTOPOrO TNABHLIE HAIDABJEHWS
ODTOTPONMH NMEPEMEHHO COBMANAIOT C AKCMANBHBIM H MEDASHOHANLHLIM HANIPABJIEHHEM. B CpexuaHoit
MOBEPXAOCTH OGOJIOUKA MAEHCTBYIOT YCHNIMS 33BMCAIIME OT BPEMEHH oTBEUANONIME HMCKOFHOMY Geamo-
MEHTHOMY cocTosiHMIO. BBoast coorBercrByroumit dyHrumonan Jiamyosa 1 mccnegyst ero NPEpAIEHHE
10 TPAaeKTOPHH DeIUeHusT YPaBHEHMI MBHIKEHHA IONYJYeHbI HOCTATOUHbIE YCIIOBMS ycrodumBsocru. He-
CJIEIOBAHO BIIMSIHHME UMCIIA CJIOEB, TeOMeTPHH 0DOJIOUKH ¥ HaIpaBieHMs HaIDY3KA Ha o0NacTH ycToiuu-~
BOCTH 060JI0UEK M3COTOBIEHBIX U3 CTEKIA H SNOKCHAHON CMONBLI WM rpadara H SIOKCHANONR CMOILI.

Streszczenie

DYNAMICZNA STATECZNOSC ANTYSYMETRYCZNIE POPRZECZNIE LAMINOWANYCH
POWEOK WALCOWYCH

Zakladajac, ze zamknieta powloka walcowa zbudowana jest z parzystej liczby ortotropowych warstw
antysymetrycznie rozmieszczonych wzgledem powierzchni §rodkowej zbadana jest asymptotyczna i prawie
pewnie asymptotyczna stateczno§é nieodksztalconej powierzchni. Warstwy powloki wykonane sa z orto-
tropowego materialu kt6érego kierunki gléwne maja przemiepnie kierunek osiowy lub obwodowy. W po-
wierzchni §rodkowej powloki dzialaja sily membranowe jawnie zalezne od czasu. Konstruujac odpowiedni
funkcjonal Lapunowa i badajgc jego wzrost wzdluz rozwiazafi réwnar ruchu wyznaczono dostateczne
warunki statecznosci. Przedyskutowano wplyw liczby warstw i wsp6lczynnikOw geometrycznych na obszar
statecznoéci powloki wykonanej z wi6kna szklanego na bazie Zywicy epoksydowej i wi6kna grafitowego
na bazie zywicy epoksydowej.

Praca wplynela do Redakcji 14 stycznia 1988 roku.
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GRZEGORZ MUSIELAK
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1. Introduction

The analytical solutions to boundary value problems typical of mechanics of continuous
media are as a rule possible for simple geometries only, such as circular or rectangular
regions. Thus, numerical methods are often the only means for solving boundary value
problems of engineering significance. The most widely used methods are the finite difference
(FDM) and the finite element (FEM) methods. However, in the recent years we have
also witnessed the fast development of the so-called boundary methods, [1 -4]. Thus,
in view if the different approaches now available, it seerms necessary to work out procedures
for effective comparison of them in order to facilitate their optimal choice in a given
situation. ’

A special case of the boundary methods which will be referred to in the present paper
is the boundary collocation method (BCM). The method is not very popular in comparison
with other boundary methods (such as the boundary integral method) as it is applicable
only to linear sets of differential equations for which some general solutions satisfying
the equations inside the region considered are known. An extensive review of BCM
as used in linear continuous mechanics is given in [5]. .

_ There exist a number of papers which attempt to compare the accuracy of results
obtained by BCM against the exact solutions obtained analytically, see [6- 11], for in-
stance. On the other hand, the performance comparisons of BCM and other approximate
methods are not numerous. Shuleshko [12] made comparisons for three different versions
of the collocation procedure: (a) the BCM in which the equations are exactly satisfied
inside the region but only approximately on its boundary, (b) the internal collocation
method in which we satisfy exactly the boundary conditions whereas the equations inside
the region are fulfilled approximately, and (c) the mixed collocation method in which all
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the equations are satisfied in an approximate way only. The comparison was carried out
for a torsion problem of a prismatic beam with a rectangular cross-section. The conclusion
was that the method (a) was superior to the other approaches.

A comparison of nine approximate methods including BCM was presented in [13)
for some thin plate bending problems for which exact solutions were available. Unfortuna-
tely, FEM and FDM were not included. As a conclusion the authors classified each of the
methods as good, fair or poor depending on eleven selected technical criteria. France
[14] compared two versions of BCM in the form of the straightforward boundary colloca-
tion method and the overdetermined boundary collocation method with least squares for
the case of 2D Laplace equation in the rectangular region. The latter version ylelded
slightly better results.

The results reported in [15] may be interpreted in favor of BCM as well. For the case
of the exact solution to the Laplace equation in the square region with discontinuous

boundary conditions five different methods were compared in that paper, including the
- standard FEM approach and the method of “large singular finite elements”, the latter
being just a version of BCM based on large elements. This method yielded the most accurace
results whereas the FEM performance was very poor.

In [16] the application of “large singnlar finite elements” to the solution of a torsion
problem for a quadrangle, for which no exact solution existed, was proposed. The results
were again superior with respect to those obtained by using FEM.

The comparison of BEM and BCM with a special choise of trial functions called by the
authors the superposition method was performed in [17]. Nine exact solutions to some
plane elasto-static problem were used for comparison. BCM turned out again to yield
better results. In [18] some objections as to the results of the paper [17] were raised, but
no definite conclusions were formulated. '

To the best of authors’ knowledge, no paper specifically devoted to the comparison
of FEM and BCM. has ever been published. Taking into account the popularity of the
former method and the simplicity of the latter one, such a comparison seems to desirable,
The more so that the current tendency to combine different methods by exploiting their
virtues and eliminating the faults, cf. [3 - 4], [19 - 20], may in this way be given an additional
perspective.,

The purpose of this paper is to carry out a through comparison of BCM and FEM.
Some harmonic 2D boundary value problems are considered, for which the exact solutions
are available. The key question to be posed below reads: which of the two methods yields
more accurate results given the same “level of discretization” measured by the number
of assumed degrees of freedom.

2. Test problems and the analytical solutions

The problem chosen for this study are as follows, cf. Fig. 1:
Problem I.

V29 =0 in 0<0<f—, 0<R< 05,
3 0s®
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BB o
. 3|
B T ‘
o R R <)
s & - s 3k-0
! X 7 X
problems Tra, ITb, FIC. problem Ma, ¥b Fe,
E£-0.5, 025 0.125 Bi= 1, 5 10
y:: 3
a0
o
o -
s )
Y
R aF
#0 ‘&0
_ 1 1
problem ¥
Y F=l-x
? -
2 &)
R .
(-
! X
problem ¥
Fig. 1.
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with the boundary conditions:

22 _ o o {0, 0< R<O0S5
o =0 for =15 0<r<1"
= —0.5R* for X=05 0<Y<)y32

Problem II.
V2p=0 in 0<O®<xnf4, 0<R<]ljcos®

with the boundary conditions:

odb
—a@‘ZO for @==

Problem III.
V2¢=0 in O<x<l, 0<Y<E,

D 0 f 0 0, 0<Rx1
6 =7 " YT a2, 0< R E
®=-05R> for X=1, 0K Y<KE,
®=—-05R* for Y=E, 0<X<gl.
The values of E = 0.5, E = 0.25, E = 0.125 correspond to subproblems Illa, IIIb, IIic
respectively.
Problem 1V.

V2@ =0 in O0<X<l1, 0<Y<l1

with the boundary conditions:
L)

o0

=0 for X=1, 0<g<Y<I1,

o o <R<
=0 for ={%/2,0<R<

9 | Bi@—1)=0 for Y=1, 0<X<I.

Y
The values of Bi = 1, Bi = 5, Bi = 10 correspond to subproblems IVa, IVb, IVc respec-

tively.
Problem V.
V=0 in —-1<X<1l, 0<Y¥Y<l1

with the boundary conditions:
®=0 for O=mn, O0<g

06

R
% _ 0 for ©=0, 0<R<I,
D=1 for X=1, 0<Y
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oD
W—O for Y=1, —1<X<1,
oD
W_O for X= -1, 0<Y<I.

Problem VI
VO=0 in 0<X<l1l, 0<¥Y<l1

with the boundary conditions:

E.—_o for @_{O, 0<R<1
o0 w4, 0 <R
D=0 for X=1, 0<Y<]1,
P=1-X for Y=1, 0<Xx]l
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Problems I, IT and III may be referred to some solutions of the Saint-Venant torsion
problem, cf. [21], problem IV to some steady state temperature problem, cf. [22], problem
V is the so called Motz problem,[23], and problem VI was employed in [25] for comparing
FEM and BEM. The exact solutions to all the above problems are given in Tabl. 1. The
derivatives d®/0X and 0®P/JY may easily be obtained, if necessary.

Table I. Exact solutions of Problem I- VI

Problem Function @

VI | g N Seosl@ntDmx[dcoshi2nt 1 ¥]2)
- ,g; 2n+1)*n2cosh[(2n+1) 7/2]

Reference
1 1
1 ® = — X=XV~ = [21]
- : -
1 32 1 n-t coshnnY/2] 7. s
11 O = — —(X*+¥H)~ (1) 2 |1 -——— Leos(unX/2 21
2 X*+Y5 73 '% n =1 [ coshinn/2] ]CO (rnX[2) 21]
N n=4,3,
[=e]
1 32 1 r—1 coshnzY/2]
m D= —— (X+YH)—- — (=12 [ 1-—— " lcos(mX]/2 [21]
7 XHYI-35 n;; i [ cosh[;mE/Z]] X 12)
E = 0.5; 0.25; 0,125
- o S (— D" 12Bicos(u, X [exp(u, Y)+ exp(-,u,. )] 021
Ld pnlexp(pan) (n + Bi) + exp(— i) (Bi— pan)]) b. 317
Bi=1;5; 10; .
o 20
v D= > a,R®~blcos[(2n—1) 6[2) [24]
n=1
coefficients a, are given in Table Ia
[25]

T+
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Table Ta. Coefficients a, in solution of Problem V

n an
1 0.80232490749016884047
2 0.17531184039017583405
3 0.0344758301588936187
4 —0.0161424305193962637
5 0.002880545434045715
6 0.000662109771814473
7 0.00055087468901836
8 —0.00017386598905107
9 0.0000672097568531

10 0.0000307687489651

11 0.000014604603348

12 —0.000006368227833

13 0.00000244129222

14 0.00000106193096

15 0.0000005430244

16 —0.0000002400927

17 0.000000101080

18 0.000000046334

19 0.00000002307

20 —0.00000001059

3. The boundary collocation method

The BCM can be summarized as consisting in using the exact solutions to the governing
differential equation(s) of the problem and satisfying the given boundary conditions at
a finite number of discrete points along the boundary. The solutions to boundary value
problems are used by assuming:

.
? = D X,0(R, 0),
k=1

where ¢,(R,®) are trial functions exactly satisfying the 2D Laplace equation and X,
are unknown parameters to be determined from the boundary conditions.

The selection of the trial functions is a crusial factor in using the method. For each
b.v. problem we may find trial functions in the literature of differential equations. In this
paper, the selection is made on the basis of the general solutions to the Laplace equation
expressed in polar coordinates, so that we take: .

[20]

® = do+Boln R+ ) [(4; R+ B, R-)cos(4,0)+ (C. R+ D R-#)sin(4O)], (1

k=1

where Ay, By, Ak, By, Ck, Dy and A, are unknown constants. Some of the constans will
be determined from the boundary conditions.
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After introducing the polar coordinate system for each of the problems, there holds

the condition:
3%50 for. O =0.
This condition is satisfied for: _
CGo=D,=0 for k=1,2,.. |
In all the problems the solution at the origin of the coordinate system has a finite value.
Thus:
B,—0 for k=0,1,2..

The value of the coefficients 4, may be found from the boundary condition at @ = const
providéd ® # 0, which reads each for particular problems as:

Problem I
oo s
=5 = 0 for = O = =x/3 which yields 4, == 3k.
Problem II
oo . .
0 = 0 for O = =n/4 which yields 4, = 4k.
Problems III, IV and VI
9 o
0 = 0 for .0 = n/2 which yields 4, = 2k.
Problem V !

®=0 for O == whichyields 2, = (2k—1)/2.

Using the above results in eq. (1) and confining ourselves to a certain number N of the
expansion terms in the solution (1), we proceed by assuming the solution in each particular

problem as:
Problem I
: N
B = D X, R Doos[3(k—1)6).
k=1
Problem I

N
® = ) X, R¥Doos[4(k—1)6].
k=1 .

Problems III, IV and VI
N )
@ = > X, R~ eos[2(k—1)6).
k=1
Problem V

N :
@ = D X, R#*DI20s[(2k~1)0/2)]

k=1 )
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with X' , £ = 1, ..., NV being parameters to be determined from the collocation conditions
imposed on that part of the boundary, along which the boundary conditions are not yet
exactly satisfied. We assume that the collocations points are equally spaced along the
boundary, cf. Fig. 2. Imposing the collocation results in a set of linear algebraic equations

R
| g
problems I £ ¥ problem I
N=4 N=7
R R
g _—T8
problems ¥ § ¥ problem X
N=8 N=lt
Fig. 2.
Problem [l]c £=0.125 Problem V

L1~ -]

N={ NE=8 NN=I0

N AN A0

N=8 NE=16 NN=18 N=0 NE=16 NN=15

AT AT

N=16 NE=32 NN=27

?!‘ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬁﬂﬂﬂn
AAANAANAAANAAANA]

N=32 NE=BL NN=51 N=20 NE=36 NN=28

N=35 NE=64{ NN=45




Problem 11T a £=0.5 Problem IlIb £=0.25
N=4 NE=8 NN=9 N=8 NE=12 NN={2 N={ NE=8 NN=10

N=8 NE=16 NNa15 N=12 NE=24 NN=20 N=8 iNE=16 NN =15
‘ N=15 NE=30 NN=2{ N=18 NE=36 NN=28 Nat§ NE=32 NN=27

N=32 NE=64 NN=45 N=36 NE=72 NN=52

Protlems I & 11

N=3 NE={ N=6 NE=9 N=10 NE=16 N=15 NE=25 N=21 NE=36
NN=6 NN=10 NN=152 NN=21 NN=c8

Problems 1Y & VI

N=6 for IV NE=8  N:=12 for IV NE=18 N=20 for IV NE=32 N=30for IV NE=S0 N=42 for I¥ NE=72
N=4 for VI NNB N=9 /'or'V! NN=16 N=16 for VI NN=25 N =25 for VI NN<36 N=36 for VI NN=49

Fig. 3.

1671]
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for the coefficients X. To illustrate this let us just give the explicit form of this equation
set for Problem II:

- N
D (RE*=Deos[d(k—1)0]}X, = ~O05RZ, i=1,2,..,N,
=1

where:

/1L G _ -1

R, = ]/1 + =1 0, = arctg =l

The number NV (i.e. the number of linear equations to be solved) is reffered to for the
purpose of comparison with the FEM solutions as the number of degrees of freedom.

The linear equation solver used in this study was taken from [26], p. 398 in the form of the
Gauss elimination routine.

4. The finite element method

The constant strain triangular elements are used as the basis for the FEM program
taken from [26]. The discretization patterns are shown in Fig. 3. The number of degrees
of freedom in each case is equal to the number of nodes at which the function @ is unknown.

5. Error criteria

Two different error criteria have been employed. The first one is based on “global”
error measures for @ and its derivatives which are given by:

1 .
_ER]_ = —N—P—Zl@e(X[, j’,‘)_d)a(-xfi’ I’UN)J’

1
ERZ—W

i=1

a¢e(X,, Y)  8Pu(X,, Yl,M\
ERS = NPZ\ |

P
adse(Xi H Yl) aqja(Xl’ Yi’ N)
ox X

>

The subscripts “e” and “a™ above refer to the exact and approximate by means of either
BCM or FEM solutions respectively. The points (X}, ¥;) at which the errors are evaluated
are uniformly distributed over the domains considered, cf. Fig. 4. The parameter NP used
below stands for the number of such points in specyfic problem.

The second error criterion has a local character and is defined by:

PR = max|®,— &,(N)|.
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3 (
Y k 4 |4 [
) > k' 4
= 3 L =N
-~ -
» ) =< SR 3
> > M .
N X
e X problemT '
o .
problem T Y — e >
F o4 > =< x
3 x > > »< k. Sl
i< > b b > VY] ® > >< > k-
) NS X T X
problemsEa, @b, Hc, problems Ea, Eh, Fc § X
* > > = k3
Y
! 1 X
problem ¥
Fig. 4.

To simplify the FEM computations, the maximum is taken over the nodes in the finite
element mesh. In BCM the local criterion was applied in the exact way by looking for the
maximum of the point error along the boundary.

6. Results and conclusions

As noted before, the way of selecting the trial functions in BCM makes it possible
to satisfy exactly not only the differential equation but also the boundary condition on
a part of the domain boundary. Moreover, in Problem I we satisfy the boundary condition
at the entire boundary by taking N = 2. In other words the two first trial functions mul-
tiplied by scalar coefFicients form the exact solution to this problem. Thus ERl = ER2 =
= ER3 = 0, cf. Tabl. 2. It is interesting to note that a further increase in the number of
expansion terms for this case implies the worsening of the results which is due to the deter-
rioration of the equation set conditioning.
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Table II. Global errors and condition number for BCM; Probiem I

N ERI1 ER2 ER3 »
2 0.0 0.0 0.0 0.134 E+
3 0.931 E~1J0 0.124E-9 0.155E-9 0.457E+1
4 0.970 E—-10 0.206 E-9 0.425E-9 0.153 E+2
5 0.128E—9 0.539E-9 0.135E—8 0.536 E+2
6 0.145 E—9 0.501 E-9 0.845E—9 0.196 E+3
7 0.124 E-9 0.542E-9 0.938 E—9 0.756 E+3
8 0970 E-10 0.654 E—8 0.125 E-7 0.291 E+4
9 0.186 E—9 0.861 E~9 0.167TE—8 0.116 E+5
10 0.186 E—-9 0.685E~17 0.120E—6 0.472E+5
11 0.109 E~-9 0911 E-8 0.159 E-7 0.194E+6
12 0.299 E-9 0.521E—6 0913E—6 0.807E+6
13 0.101 E-9 0.434E-6 0.756 E—6 0.340 E+7
14 0.489 E—9 0374 E-5 0.648 E—5 0.242E+38
15 0.640E-9 0.578 E—35 0.100E—4 0.612 E+8
20 0.183E—-6 0.138E—1 0.240E~1 0.934 E+11

The problem of conditioning for the equation set matrix A for BCM requires special
attention. Depending on the relative distribution of the collocation points the matrix may
become ill-conditioned or ever singular. For the equally distributed collocation points
assumed in this study, the increase in & is always followed by the increase in the condition
number defined as [27]:

1
x = N ”AHE“A—1||E

This clearly means that the conditioning of the governing set of equation becomes worse,
cf. Tabls. II and III. This effect allows to formulate a general property of the BCM solu-
tions as obtained in the present study: the increase in N pays off to a certain critical value
of the number of collocation points only, beyond which the overall performance of BCM

Table 1. Global errors of function @ and condition numbers; Problem I

N ERI ®
2 0.110399E~1 0.190000 E+1
3 0.863781 E—3 0.533193 E+1
4 0.178118 E—3 0.151460 E+ 1
5 0245563 E—4 0.467881 E+2
6 0.175982E—-4 0.151932 E+3
7 0.791734E-5 0.507495 E+3
8 "0.365082 E~5 0.174014 E+4
9 0.179495E—35 0.606870°E+ 4
10 0.195945E—~5 0.217053 E+5
15 0.189282 E—5 0.148221 E+6
20 0.194735E—-5 0.849611 E+8
25 0.303794E-5 0.182446 E+ 10
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becomes worse, cf. Tabl. 3 in which the best results are underlined. We may therefore say
that despite the success of using BCM for solving Problem I, the way of selecting trial
function and imposing the boundary conditions employed in this paper (which may be
called the straightforward boundary collocation method) has its inherent weaknesses,

Table V. Comparison of global errors for FEM and BCM; Problem I

ER1 ER2 ER3
N
FEM BCM FEM BCM FEM . BCM
2 0.0 0.0 _ 0.0
3 0.116E—1 0.931 E—-10 0.124 E-9 0.155E-9
6 0.564 E—2 0.144E—9 0.630 E—1 0.501 E—9 | 0.831E—1 | 0.845E-9
10 0.868 E~—3 0.186 E—9
15 0.209 E—-2 0.640E—9 0488 E—1 | O0.578E—5 | 0.428E-1 0.100E—4
21 0.129E—2 0.232E—6 0.138E—-1| 0.7383E—2 | 0.381 E—1 0.128 E—1
Table VI. Comparison of global errors for FEM and BCM; Problem 1T
ER1 ER2 ) ER3
N )
FEM BCM FEM BCM FEM BCM
3 0.225E~3 0.864 E—3
6 0.164 E—1 0.176 E—4 0.J08E+0 | 0238E-2| 0106 E+0 | 0.245E—2
10 0.332E—-2 0.180E—4 '
15 0.325E—2 0.189 E—5 0.893 E—1 0.759 E—3 | 0.473E-1 | 0.757E-3
21 0.252E-2 0.195E—5 0.392E—1 0.537E-3 | 0419E—1 | 0.535E-3
36 0.178E—2 0351 E~1 0406 E—1
Table VII. Comparison of global errors for FEM and BCM; Problem Ila, E = 0.5
ER1 ER2 ER3
N
FEM BCM FEM BCM FEM BCM
4 0.903 E—2 0.132E—2 0444 E—-1| 0480E-2| O0.102E+0 | 0.138E-1
6 0.441 E—2 0.390E—1 0.849 E—1
7 0.313E—-4 0146 E—2 0.623 E—-2
8 0.194 E-2 0368 E—1 0933 E—1
10 0.192E—4 0.832E-—-3 0.367E—2
12 0212 E—2 0308 E—1 0.654 E—1
13 0.154E-5 0.540 E—3 0.279 E—-2
15 0.192 E=2 0.307E-1 0949E—-1 | :
16 0.251 E—-5 0392E-3 0.230 E—2
18 0.189 E—2 0309 E~1 0.889 E—1 .
19 0136 E-5 0301 E-3 0.186 E—-2
31 , 0.239E—4 0.541 E-2 0.875E—-2
32 0.483 E—3 0253 E—1 0.557TE—1
34 0.802E—~5 0.130E-2 0.361 E-3
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As indicated above these are due to sometimes encountered difficulties in making the errors
sufficiently small. For Problem VI, for instance, we were not able to obtain the solution
better then that having the error of 109, cf. Tabl. IV. The only way to improve this result

Table VIII. Comparisor of global errors for FEM and BCM; Problem INb, E = 0.25

ERI1 ER2 ER3
N -
FEM BCM FEM BCM FEM BCM
2 0.122E—-1 0.195E+0 0.109E+40
4 0298 E—2 0.120E+0 0.942E—1
6 0.210E—~3 0.666 E—3 0.839E—-2
8 0449E-3 0.105E+0 0.923E~1
11 0.280E—5 0,182E-3 0.402 E—2
16 0.195 E~-3 0.653E—5 0.646 E—1 0.863 E—4 0.834 E—1 0.250E—1
21 0.163 E—5 0.101E~3 0.237E~2
31 0.159E—2 0.256 E+0 0.917E~1
36 0.291 E-3 0.552E—2 0.476 E-1 | 0.103E+0 | 0.527E—1 | 0.223E—1
Table IX. Comparison of global errors for FEM and BCM; Problem Ilc, E = 0.125
ER1 ER2 ER3
N
FEM BCM FEM BCM FEM BCM
4 0.140E-2 0.113 E+0 0.416E—1
8 0.801 E—3 0.627E—1 0.395E—1
10 0.464E—4 0.672E—4 0.449E—2
16 0.340E—4 0.593 E—1 0.301 E—1
18 0.187E—5 0.436E—4 0.219E-2
28 0.231 E—-4 0.963E—4 0.17S E-2
32 0220 E—4 . 0.350 E—~1 0.307E—1
37 0517E-2 0.565 E—1 0.707E—1
Table X. Comparison of global errors for FEM and BCM; Problem IVa, Bi =1
ER1 ER2 ER3
N
FEM BCM FEM BCM FEM BCM
3 0.399 E—1 0.117E+0 0.498 E—1
4 0.141 E—-1 0.208 E+0 v » 0.791E+0
5 0973 E-2. 0.711E—1 0213 E-1
9 0631 E-2 0211 E—-2 0919E—~1 | 0459E—~1| 0.680E—1| 0.107E-—1
15 0.636 E—3 0.297E—1 0909 E~—1
16 0.191 E-2 0493E~1 0.325E—1
17 0.482 E—3 0.260 E—1 0.872E—2
25 0.146 E~-2 0.208E—3 0.104E+0 | 0.151E—1 | 0.982E~1 | 0.842E—2
35 0.168 E—~3 0.865E—2 0.623 E—2
36 0303 E-3 ) 0.113E~1 0.357 E—1
37 0.214E—-3 0.878E—2 0.562E—2
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is to employ the collocation for the unknown function together with its derivatives, which
yields the relative error ER3 as small as 3%.
Before formulating final conclusions summarizing the findings of this work we note

Table XI. Comparison of global errors for FEM and BCM; Problem IVb, Bi = 5

ER1 ER2 ER3
N
FEM BCM FEM BCM FEM BCM
3 ) 0.807E—1 0.382 E+0 0.125E+0
4 0.374 E—1 0.350 E4+0 0.157E+0 _
5 0206 E—1 0.277E+0 0.641 E~1
9 0.151 E—1 0412E~2 0.327E+0 | 0.197E+0 | 0.J26E+0 | 0.432E~-1
15 0118E—-2
16 0.541 E—2
17 0.899E—3
25 0.325E—2 0.384 E—3 0295E+0 | 0.685E-1 | O0.112E+0 | 0.387E-1
35 0233E—-3 0.256 E—1 0.391 E—1
36 0.425E—2 0.287 E+0 0.649 E—1
37 0.220E-3 0.190 E—1 0.387E—1
Table XXX. Comparison of global errors for FEM and BCM; Problem IVc, Bi = 10
ER1 ER2 ER3
N
FEM BCM FEM BCM FEM BCM
3 0.928E—1 0.585E+0 0.152E+0
4 0.491 E—1 0.566 E+0 0.190 E+0
5 0.247E—-1 0.459 E4-0 0.834 E—1
9 0.192 E—1 0461 E—2 0521 E+0 | 0344E+0 | O0.148E+0 | 0.708E-1
15 0.128E—2 :
16 0.862 E—2
17 0.976 E—3
25 0.436 E—2 0.497E—3 0478E+0 | 0.125E+0 | 0.846E—1 0.74E-1
35 0.350E—3 : 0.464 E—1 0.727E-1
36 0379 E-2 | 0.466 E+0 0.708 E—1
37 0.334E—-3 0.337 E—-1 0.726 E—1
Table XIII. Comparison of global errors for FEM and BCM; Problem V
ER1 ER2 ER3
N
FEM BCM FEM BCM FEM BCM
7 0.169E—2 0.277E-2 0.439E-2
9 0.262 E~1
11 0.900E—4 0253 E-3 0.527E-3
19 : 0.356E—3 0.634 E—3 0.267 E—3
20 0.210 E—-1 0.252E—-1 0.357E-1
35 0.130 E—1 0441 E~-3 0.457E-3 0.100 E-2
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that only a limited class of problems has been considered. It seems that the problems
selected for the analysis happened to favor BCM rather than FEM, because all the pro-
blems allowed to pick out such trial functions which assured the exact satisfaction of the
boundary conditions at least on a part of the boundary. In other words, rather than attemp-

. Table XIV. Comparison of global errors for FEM and BCM; Problem VI

ER1 ER2 ER3
N
FEM BCM FEM BCM FEM BCM
4 0227 E-1 . 0.241 E4+0 0.167 E+0
5 0.432E—1 0910E—1 0.132 E+0
9 0.110 E-1 0.138E—1 0.161E+0 | 0310E—1| O0.I59E+0| O0.8ME—1
13 0.668 E—2 0.259E~1 0.550 E—1
16 0.558 E—2
17 0.346 E~2 0.766 E~2 0.518E—1
25 0426 E—2 0423 E-2 0.112E4+0 | 0.224E-—1 0.101 E4+0 | 0499E-—1
33 0516 E—2 0.289 E—~1 0.123 E+0
Table XV. Comparison of global errors and local ones for BCM;
Problem I
N ERI1 PR
2 0.110E-1 0250E—1
3 0.864 E-3 0.627E—-2
4 0.178 E-3 0259 E—2
5 0.246 E—4 0.137E-2
6 0176 E—4 0.834E—3
7 0.792 E-5 0.548 E—3
8 "0.363E-5 0396 E—3
9 0179 E-5 0292E~3
10 0.196 E-5 0217E~3
11 0.193E-5 0.172E-3
12 0.186 E—5 0.143E—-3
13 0.182 E-5 0.124 E~-3
15 0.189 E-5 0.876 E—4
Table XVI. Comparison of global errors and local ones for FEM
Problem X Problem VI
N ER1 PR N ER1 PR
4 0903E~2 | 0.101E-1 4 0227E-1 0.628 E—1
6 0.441BE—2 | 0.595E-2 9. 0.110E—1  0.383E—1
8 0.194E~2 | 0443 E-2 16 0.558E-2 | 0279 E-—1
12 0.212E-2| 0323E-2| 25 0426 E—2 | 0.220E-1
15 0.192E—2| 0250E-2 [
18 0.189E—2 | 0.202E-2
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ting to draw very general conclusions on performance of the both methods we below
characterize class of problems considered specifically in this paper only.

The conclusions:

1. For the same numbers of the degrees of freedom, BCM leads to more exact results
than FEM (see Tabls. V - XIV).

2. For the same numbers of the degrees of freedom, the accuracy of the BCM depends
heavily on the type of the boundary value problem. For instance for the Saint-Venant
torsion problem Tabls. VI- IX accuracy is much higher than in Problems IV and VI
which describe the steady heat conduction Tabls. X - XII, XIV.

3. In both methods the values of functions are more exact than the values of their
derivatives. However, in the BCM the ratio of the function error to the derivative error
is much greater.

4, As expected in both methods the global errors are smaller than the local ones, but
in the BCM this difference is significantly smaller, (see. Tabls. XV - XVI).

5. In the BCM problems may arise while increasing the number of the degrees of
freedom. This may lead to the ill-conditioning of the problem matrix, quite differently
than in the FEM.
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Pesome

CPABHEHUE METOJA TPAHHUYHOY KOJJIOKALIMHM ¥ METOIA KOHEUHBIX
SJIEMEHTOB I HEKOTOPBIX TAPMOHNUYECKHX IBYMEPHLIX TPAHHMYHBIX
3ATAY

ITpenmerom pafoTer smeRfercA npobirema cpaBHeAMA 3hhEKTARHOCTHE M TOUHOCTH BLIYHCIEHRHA
METONOM I'DAaHMUHON KOJUIOKALKK M METOZIOM KOHEUHBIX 3JIEMEHTOB. KICCNEXYHOTCA INBYMEDHLIE Tap-
MOHMYECKRE KpaeBble 3ajaud. Merol TPaHMIHOA KOMIOKAITMH NPUMEHAETCA B NPAMOI BepcHM.

Peimermst mosiydeHHbIE C IOMOLIO BEILUE YIIOMAHYTBIX METONOB OBUIM CPAaBHEHBI JUIA (hyHKUML
U MX TPOH3BOJHBLIX C TOUHBIMH pelueHMAMH. C UYMCICHHBIX HCCAEHOBAHMM MOMXHO BBIBECTH, UTO JJIA
TOTO K& CaMOTO YKCJIA CTENEHEH CBOGOMBI PEIyNbTaThl MONMYUEHHEIE C IIOMOIFO METOMA IPARMYHONA Koil-
JIOKAIMA ABNAOTCA GoJree TOUHLIME UeM IOIYUEHHbIE C IIOMOLO METoJa KOHEUHBIX siemenToB. OmHo-
KO 2Ta HOJIOMHTENBHA YEPTa Mox«¢eT GbITh YMEHBINEHA TOM (hakTOM, UT0 METOH IPAHMYHON KOJUIOKAITA
TpebyeT pemenus CRCTeMbI YPaBHeHWH C XONHOH MaTpMueHd, TaK KaK B METOJE KOHEURBIX 3JIEMEHTOB
IOyuaeM JIEHTOYHYIO M XOPOIIo 00YCHOBIEHRYIO MATPHILY -

. \ )
8 Mech. Teoret. i Stos. 4/88 ’ '
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Streszczenie

POROWNANIE METODY KOLLOKACJI BRZEGOWEJ Z METODA ELEMENTOW
SKONCZONYCH DLA NIEKTORYCH HARMONICZNYCH DWUWYMIAROWYCH
PROBLEMOW BRZEGOWYCH

W pracy poréwnano efektywnoé¢ i dokladnos¢ obliczeniowa metody kollokacji brzegowej i metody
elementow skonczonych. Rozwazano dwuwymiarowe, harmoniczne problemy brzegowe. Metoda kollokacji
brzegowej byla stosowana w tzw. prostej wersji.

Rozwiazania uzyskane przy pomocy wyZej wymienionych metod byly poréwnywane dla funkeji i ich
pochodnych z rozwigzaniami dokladnymi.

Z badan numerycznych mozna wyciagna¢ wniosek, ze dla tej samej liczby stopni swobody wyniki
uzyskane przy pomocy metody kollokacji brzegowej sa dokladniejsze od uzyskanych przy pomocy metody
elementow skoriczonych. Jednakze ta cecha dodatnia moze by¢ pomniejszona przez fakt, ze metoda kollo-
kacji brzegowej wymaga rozwigzania ukladu réwnan liniowych z calkowicie wypelniona macierza wspoél-
czynnikéw gdy tymczasem metoda elementéw skoficzonych daje pasmowa § zwykle lepiej uwarupkowana
macierz.

Praca wplynela do Redakcji dnia 17 lipca 1987 roku.
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METODA ELEMENTOW CZASOPRZESTRZENNYCH W ZAGADNIENIACH
GEOMETRYCZNIE NIELINIOWYCH

ANNA PODHORECKA/

Akademia Techniczno-Rolnicza, Bydgoszcz

1. Wstep

Zagadnienia formutowane i analizowane w nieliniowej mechanice continuum sprowa-
dzaja si¢ do rozwiazywania zloZzonych ukladéw réwnaf rézniczkowych czastkowych
wzgledem zmiennych przestrzennych i czasu. Znamy szereg prob zastosowania rézno-
rodnych metod analitycznych i numerycznych do rozwigzywania tego typu probleméw.
Jedna ze stosowanych z powodzeniem metod jest metoda elementéw skorczonych, ktorej
podstawowa zaleta, to fatwo$¢ automatyzowania obliczen. O licznych zastosowaniach
tej metody traktuje monografia Zienkiewicza [1]. Zrobiono tam tez wzmianke o mozliwosci
stosowania clementéw skonczonych w przestrzeni i czasie, odsylajac zainteresowanych
do prac zrédiowych [2, 3]. Jednakze ani w zadnej z tych prac, ani w rozprawach Argyrisa,
Scharpfa i Chana [4, 5] nie wprowadzono pojgcia elementu czasoprzestrzennego. Jedynie
Oden w pracy [6] potraktowal czasoprzestrzen jako obiekt dzielony na elementy skonczone,
ale w péZniejszych jego publikacjach nie napotkano Zadnych §ladow rozwijania tego
pomyshu. W 1975 roku Kaczkowski [7, 8] wykorzystujac do konca wszystkie konsekwencje
wynikajace z wprowadzenia czwartego wymiaru i nadajac wiclkosciom dynamiczonym
wlasne interpretacje geometryczne Iub statyczne opracowal metod¢ elementéw czaso-
przestrzennych (MECZ).

W metodzie tej traktowanie na réwni czasu i przestrzeni umozliwia wprowadzenie
pojecia elementu czasoprzestrzennego i pozwala na formalne stosowanie znanych procedur
wyznaczania macierzy sztywno$ci ustroju, bez potrzeby jakichkolwiek ich modyfikacji.
Idea metody Kaczkowskiego (MECZ) polega na dyskretyzacji continuum czasoprzestrzen-
nego, w wyniku czego przejscie od réwnan rézniczkowych czastkowych do réwnan alge-
braicznych odbywa si¢ w jednym etapie. W klasycznym podej$ciu do numerycznej analizy
zjawisk dynamicznych postepuje sie inaczej; z réwnan czgstkowych przechodzi si¢ do
réwnan rézniczkowych zwyczajnych, ktére dopiero po wykonaniu odpowiedniej dyskrety-
zacji zastepujemy réwnaniami algebraicznymi, Prébe wykorzystania MECZ do zagadnien
geometrycznie nieliniowych przedstawit Witkowski w swojej pracy habilitacyjnej [9].

W niniejszej pracy pokazano inne rozwigzanie dynamicznych probleméw geometrycznie
nieliniowych metoda elementéw czasoprzestrzennych.

8%
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2. Odksztalcenia

Przyjeto opis materialny zmiennych konfiguracji (opis Lagrange’a). Jezeli korzystamy
z tego samego kartezjariskiego (prostoliniowego i ortogonalnego) uktadu wspdtrzednych
do ‘opisu zaréwno konfiguracji pierwotnej jak tez koncowej, to tensor odksztalcenia
Greena E;; mozna wyrazi¢ wzorem [10]:

_ 1 ou, + duy; + duy, 3uk]
T 21lox;, T oox, T ax, aX,

(ES — odksztalcenia wstgpne, u — wektor przemieszczen).
Sktadowe stanu napreZenia odniesione do stanu pierwotnego reprezentuje tensor napre-
zenia Kirchhoffa (II tensor Pioli-Kirchhoffa) Sy;:

Siy = Dyi(E) Eyy+ S5, 22
gdzie D, jest tensorem zaleznym od cech materialowych 1 odksztalcen, a SP oznacza
napregZenia wstgpne. Jawne sformutowanie tensora Dy, np. dla ciala liniowo sprezystego,
nie jest tatwe, gdyz sktadowe tensora odksztalcenia F;; nie maja interpretacji geometrycznej,

Taka interpretacje maja natomiast wydluzenia wzgledne ¢, i odksztalcenia postaciowe
v [10]:

Ey —Ej, 2.1

=V 1+2E4—1,
2E; Q.3).
1/(1 +2E,;)(14+2Ey) ’

coS @y = cos (90°— ) = sin2e, =

Yu = 2Ey,
gdzie y;;, oznacza miarg zmiany kata prostego. Rozk6zmy funkcje (2.3) w szereg potegowy:

e -1 1.
Eux :‘/1+2Ekk—1 = Ekk (1——2— Ekk+~2' E,?L’i‘ ...),

28y, = arcsin 2B = E”c{ 2 -+
V(A +2E,)(1+2E,) VA+2E)(+2Ey)

4 E.Ey 2.4

Wi E (2B } ey
2E,

l YV A+2E,) 1+2Ey)

Symetryczny tensor Pioli-Kirchhoffa Sj; mozna zapisa¢ w formie prawa liniowego stosujac
miary & (2.4):

S“ = C”k;e,,,+S3. '~ (2.5)

Tensor wlasnosci materialowych C; , nie zalezy od odksztalcen i np. dla ciala izotropowego
opisuje go wzor:

Cia = A0y Oy +p' (811 65+ 811 650, Qe
(X i w — state Lamégo).
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Wprowadzajac zwiazki (2.4) do wzoru (2.5) uzykamy prawo fizyczne w postaci (2.2),
przy czym tensor Dyj(E;;) ma postac:

C[jklakk dla = k;
Dyy(Ey) = {Cu“bk, dla [ #k, @D
gdzie:
, 1 1
akk =3 1—-—2—— Ekk'l‘a'EkkEkk_
by = 1 { s " } .
V(1 +2E,)(1 +2E,) 3 2E) (1 +2Ey)

Przy zatozeniu malych odksztalcen Ej, mozna przyjaé, ze tensor D;j, nie zalezy od od-
ksztalcen:
Dy = Cipas ' 2.9
gdyz:
a1, byx=1
Majac Sy; 1 #; mozna wyznaczyé tensor naprezenia Cauchy [10] odniesiony do konfiguracji
aktualnej:

'_ Q auj 3u, 3uj 3u,
T, [S”+ (‘s”‘ ax, T O ax, ok, ax, ) e (2-10)

Liniowa zalezno$¢ tensora Pioli-Kirchhoffa S;; od odksztalcei wcale nie oznacza jedno-
czesnej liniowoéci tensora Cauchy’ego oy, co wprost wynika z wzoru (2.10).

3. Rownanie czteropracy wirtualnej

Rozpatrujemy cialo stanowiace osrodek ciagly, ktére w konfiguracji poczatkowej
charakteryzujg objetosé %4,, powierzchnia brzegowa 3.@’0 i gestos¢ go, a W konfiguracji
aktualnej odpowiednio 2, 04, o. ~

Prace sit zewnetrznych (po; — sity powxcrzchmowc, 00 fo1 — sity masowe, po1; — sily
bezwladnosci) na wirtnalnych przemieszczeniach duw; wyraza wzor:

f 8uyporddo + f‘sthofo:dVo f‘sulQouidVo 3.n
B

Podobnie mozemy opisaé pracg sit wcwngtrznych (naprezen) na wirtualnych odksztalce-
-niach 6E1 .

6Lw = f 5E”SUdVo. (3‘2)
#o
Korzystajac z réwnoéci prac sit wewnetrznych i zewngtrznych mamy:
8L = 8L,~ 6L, =0,
0L = f du porddo+ faut(?ofotho“ f‘autéo'ﬁidVo‘ f‘SEu‘Su‘sVo=0- 3.3
#o By #o

ad
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Roéwno$¢ pracy sit zewngtrznych na wirtualnych przemieszezeniach i pracy sit wewngtrz-
nych na wirtualnych odksztaiceniach musi zachodzi¢ w kaidej chwili ¢ m.in. nalezacej
do przedzialu czasu od f, do # [11].

Ix

ox= | { [ buipordao+ [ du0fordVo~ fduon'ﬁtho~f‘SEuSudVO}dt=0’ (3.4)
tp 0%, N Bo B0

Wykonujac catkowanie przez czesci trzeciej catki:

3

! 143
’ fk féu,go't},dVodt = f@utgofl,‘ dVo—f féiltéoi‘thodt, (35)
HBo I o ’

tp B ‘s

uzyskujemy ostatecznie réwnie czteropracy wirtualnej [8]:

tk . Ik
8y = f { f 5”1Poszo+f5u190f01dVo}dt—f5uté’0£‘i dve+
Ho Bo

tp aHo

1/

1 7 (3.6)
+ [ {Jéz’z,goilidVo—-U 8E,ySyydVo)dt =0.
1 (] Ba

Jezeli wprowadzimy ograniczenie, 2e w chwilach ¢, i ¢, wariacje du; zanikaja [12,13]:
, Ouy(t,) = du(8) =0, ' 3.7
to réwuam'e (3.6) przyjmie prostsza formeg:

‘K

Ik
o= | {ai 6u,p0,dAo+ﬁf'Bulgofo,dVo}dt+f{f SiugoindVo [ 6,;S,,dV,) dt =0,
o [ o

Ip tp Ao
(3.8)
Kolejne catki réwnania (3.8) reprezentuja:
— wariacje energii potencjalnej obcigzen:
ar = f SupodAo+ faulQOfOIdVOs 3.9
o®o o :
— wariacje energii kinetycznej:
8E.= [ i goindVy, (3.10)
o
— wariacje energil potencjalnej odksztalcen:
OE, = [ OE,S,av,. G.11)
Bo

Wprowadzajac oznaczenia calek (3.9)+ (3.11) do réwnania (3.8) uzyskamy zasade Hamil-
tona [10]:

fx
g =8 [ L+E~E)dt=0, (.12
i
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gdzie:
A= L+E—E, (3.13)
jest funkcja Lagrange’a.

Z powyzszych rozwazan wynika, Ze rownanie czteropracy wirtualnej (3.6) ma charakter
bardziej ogdlny niz zasada Hamiltona (3.8).

4. Réwnanie ruchu dla zdyskretyzowanej czasoprzestrzeni

Czasoprzestrzen dyskretyzujemy na skonczong liczbe elementow czasopizestrzennych
o dowolnym ksztalcie (rys. 1).

Rys. 1.

Pole przemieszczenn elementu i pole predkoéci tych przemieszczen opisuja funkcije:
ui (X, 1) = Ni(X, t)rg,
(X, 1) = Ng(X, 0re, @.1)
e=12,...,m,

gdzie NE(X, 1) jest funkcja ksztaltu zalezna od X i ¢, a r§ — przedstawia przemieszczenia
weztow., ’
Wariacje przemieszczenn i wariacje predkosci przemieszczen mozna opisa¢ innymi
funkcjami ksztaltu (w szczegélnoSci Wi, = Ni, — sposob Galerkina) [1]:
dul(X, t) = WE(X, 1) ore,

_ @.2)
Sis(X, 1) = WE(X, 1) bre.

Odksztalcenia E;; (2.1) elementu czasoprzestrzennego sa W nastgpujacy sposéb zaleine
od przemieszczen wezldw: :

1o ous  oug auz] , "
e j— — = Be¢ ¢ ;, 4-3
(X, 1) = 5 [an + 7%, 0%, 7%, UBfjet+ " Bialra, @43
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gdzie:

1
’Bleja = 'E[Nicm,j +Nicoc,l]:
4.4
rrpe 1 e e e ( )
o = ENka.lNkﬂ.jrﬂ-

Podobnie od przemieszczen weztowych elementu czasoprzestrzennego uzalezniamy wariacje
odksztakceni:

o 1] aup) | a(oup) A0u)) A0uD) | g e 1
6E1J(X, t) -—7[ aX] =+ aXi +2 aXl 3XJ = [B‘-J¢+2 B”a]éla. (4.5)
gdzie: :
~ 1
‘Bfje = —Z—(Wiea.j+ Wi,
I (4.6)
"By = 5 Wia, i Wiis, 575 -
Naprezenia (2.2) po wykorzystaniu wzoru (4.3) opiszemy nast@pujqco:
St = Dija B = Diya('Bite+ "Bio) 1. @7

Dla ciala liniowo sprezystego tensor Dy okresla wzér (2.7), przy czym wielkosci ay,
i b, wyrazaja si¢ nastgpujaco:

1 e |
alfk = l—i(l‘Bkeka'i' Bkka)’ft'*' sty (4'8)

1
bﬁl: ! .N - r 1 {1+
VU +2[ Biu+ " Biiadre} {1+ 20'Biig+""Biiglrg)
2['Bio+ "Bl e Beig+" Bl r " }
3{14+2['Bia+ "Bl re} {1 +20'Bis+ " Biplr }

Wprowadzajac zwiazki (4.1)=(4.9) do rOwnania czteropracy wirtualnej (3.6) otrzymamy:

4.9)
+

by = 2}{ afa [ srepeNE.d(22)+ {, [ oreosfeNGdR+

1k
dB+ [ [ oreog NENSrdQ + (4.10)
2¢

?

— [ sreosig it
g P

— [ [ ore Dyl Bru+ 2" BRI Biyp+ " Biglrsd@ | = 0.
e

gdzie £2, oznacza obszar elementu czasoprzestrzennego. :

Relacja (4.10) musi zachodzié dla dowolnej wariacji przemieszczen dr,. Ostatecznie uzysku-
jemy nieliniowe réwnania ruchu, ktére maja charakter réwnan rownowagi i sa waine
dla calej zdyskretyzowanej czasoprzestrzeni:

m

Z {[BKés‘m) + eKO(ZE) +eK(u)_ eMaﬂ] )'f;—‘Ra} — 0’ (411)

e=1
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gdzie: _
K¢ = [ [ Dgy' B Bepd0, 4.12)
e
Ky = | f D' Bfo ' B dQ, (4.13)
¢

kP =2 [ [ D Bel B+ " Bpl d2 = [ [ Dfy ' Bip+
Qe Qe

4.14
+" BEip)Wiee,; Wi, 152 = f f SEWE, W5.,d2, (4.14)
. ) 2e
¢ aff =ff@é 'ieaNieﬁan . (415)
. Q¢

tk
R,= [ [ poiNed@@) + [ [ o8fsiNed2~ [ osNgiss| avs. (4.16)

e Qe Hoe ip

Analogicznie do terminologii wprowadzonej w metodzie elementéw skofczonych [12]
symbole “K$™, KR, °KEP, M. i °R, oznaczaja odpowiednio skladowe: macierzy sztyw-
nofci konstytutywnej, macierzy sztywnosci przemieszczeniowej (obrotowej), macierzy
sztywnoéci napreZeniowej (geometrycznej), macierzy bezwladnoéci i macierzy impulséw
wezlowych.

Ogdlny wzdr opisujacy skladowe macierzy sztywnosci unkiadu ma postaé:

m
K; =2 {BKéﬁo")+2Ké5)+eKéa)_eMaﬂ}- . (4_17)
e=1 ’

ObciaZenie wyrazajace impulsy weztowe °R, (4.16) zalezy m.in. od predkosdci poczatkowej
przemieszezen i(t,) (fo — czas rozpoczecia obserwacii ciata). Impuls od predkosci prze-
mieszczeh moze wystapié takze w innej chwili, np. i (), jezeli takie obciazenie zostanie
dodatkowo w chwili ¢, przylozone. W przeciwnym wypadku #(z,) = 0. Ostatecznie nie-
liniowe réwnania ruchu (4.11) mozemy zapisaé w nastgpujgcej postaci:

. b

¥, = ) {(Kory—Rgy =0, (4.18)

. ) e=1 :
lub: ' : .
Kr=R (4.19)

gdzie K-— jest globalna macierza sztywnoSci zdyskretyzowanej czasoprzestrzeni.
5. Rozwigzywanie réwnan ruchu
Réwnania ruchu (4.18), przy. znanych warunkach poczatkowych, mozna zawsze

sprowadzi¢ do formuly rekurencyjnej, niezaleznie od ksztaltu elementu czasoprzestrzen-
nego (od sposobu dyskretyzacji po czasie). Przyktadowo, przy réwnomiernej dyskretyzaciji
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rozwazana slruktura

element czasoprzesirzenny

Rys. 2.

po wspdirzednej czasowej (rys. 2), uklad réwnan (4.18) mozemy zapisaé macierzowo
w nastepujacej formie:
CAc BN . | R ]

o

Do ALz igis

______ i - R' , D)

gdzie r' zawiera przemieszczenia rozwazanej struktury przestrzennej w chwili ,,i”’, natomias
ALt BRIL RIS | D=1 g3 macierzami sztywnoSci struktury zaleznymi m.in. od prze-
mieszczen ri=i, ' lub rit1,

Znanymi warunkami poczatkowymi sa przemieszczenia r° oraz predkosci przemieszezesi
u(t,) sprowadzone do impulséw °R wg wzoru (4.16). Formula rekurencyjna wynikajaca
z (5.1) przedstawia sig nastgpujaco:

!pl — Cl'i—lr'_lﬁ—i— [Dt.l—l +Al.i+1]ri+ Bl,i+1r(+1_Ri =0, (52)

Z wzoru tego mozna obliczyé r'+1, gdyz r'=? oraz r' zostaly wyznaczone w poprzednich
krokach rekurencyjnych. Macierze C"'~1 i D*-1 g3 od razu w pelni okreflone, gdy?
zaleza od znanych juz przemieszczed r'=? i r' natomiast macierze AbI+!j B+ pie sg
calkowicie wyznaczalne, poniewaz zaleza od nieznanego przemieszczenia »'+!, Réwnanie
(5.2) jest zatem réwnaniem nieliniowym, ktére mozna rozwigzywac réznymi sposobami
(np.: metoda kolejnych przyblizer, metoda poczatkowych obcigZen, metoda Newtona-
Raphsona itp.). '

6. Drgania podluzne preta

Dalsze rozwazania zmierzajace do zilustrowania zaproponowanego algorytmu rozwig-
zywania zagadnien nieliniowych przeprowadzimy na elementarnym przykladzie preta
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prostego wspornika o dtugoéci 1, = 2.0 [m], polu przekroju poprzecznego Ao = 0.005 [m?]
(rys. 3a). Dzialajace obciazenie po, (X, t) wywoluje drgania podtuzne u, (X, , ¢). Materiat
charakteryzuje: modut Younga E; = 2-10° [MPa], gestosé go = 7500 [kg/m?], wspol-
czynnik Poissona » = 0.29.

a)

Poy (%, £)

.a&——hg_.__.__x‘,u,
Aanqo

Ia'?ﬂ

Jon
4 o)

b)

Rys. 3.
W przypadku osiowego stanu naprezenia, wzér (2.4) przedstawiajacy skladowe odksztal-
cenia, mozna w $cisty sposéb sprowadzié do postaci:

ou ou
&1 = _3—X1T’ €32 = —"’—‘:5‘1‘7!1" = &33. ©.1)

Jezeli dokonamy réwnomiernej dyskretyzacji czasoprzestrzeni (rys. 2), to element czaso-
przestrzenny bedzie miat ksztalt prostokata o wymiarach 2ax 2k (rys. 3b), gdzie a =
= 1.0 [m]. Funkcje¢ ksztaltu Nyo(X1,8) = N(X, 1) mozna opisaé zwiazkami Jiniowymi:

N, 1) = 5 (L+EH+7.7),

1 dla a«a=2,3 1 dla a«a=3,4 62
bu = -1 dla a=14 Ta=Y11 dla =12’ 2)
Eed—1;1), Tel(-1;1), a=12734.
Nastepnie opiszmy w obszarze elementu czasoprzestrzennego:
— przemieszczenia i wariacje przemieszczen:
ui = Nara,
6.3
dul = NEOrg, ©3)
— predkoéci przemieszezen i ich wariagje:
i = Ngrs,
= e (6.4)

8us = N ore,
— odksztatcenia i ich wariagje:
E$, = U'Be+"Bilrs,
11 [’ + . ]er . (6.5)
OEf, = ['Bg+2"Bg]drg,
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gdzie:

'rpe 1
.Ba == 'az Em(l + Tﬂlr)’
) (6.6)
r e 1 %
B = Wgsasﬁa + 7)1+ 7).

Podobnie od przemieszczen weztowych elementu czasoprzestrzennego uzalezniamy tensor
naprezenia Sj;. Rozpatrywaé bedziemy trzy postacie zwiazkéw konstytutywnych.

1. Drugi tensor naprgzenia Pioli-Kirchhoffa S;; jest proporcjonalny do tensora od-
ksztalcenia Greena Ej;:

ous +l oui ous
oX, 2 ox, ox, /|’
Sti = ES['Bi+"Bre.

Sty = EGE}, = ES(
6.7

2. Drugi tensor naprgZenia Pioli-Kirchhoffa Sj; jest proporcjonalny do wydtuZenia
wzglednego ustalonego w konfiguracji nieodksztaicone;j:
ouf
3X1 ’
Sty = E§'Birs.

e ___ e p— e
Sty = E§¢f; = E§

6.8)
3. Tensor Cauchy oy; jest proporcjonalny do wydiuzenia wzglgdnego ustalonego
w konfiguracji odksztalconej:

du,
oxy’

o1 = E

(6.9)
gdzie:
x=u+X,

opisuje wspélrzedne punktéw preta odksztalconego. -
Sprowadzajac oy; (6.9) do wspdtrzednych Lagrange’a mamy:

du,

X,
0y, = E, ——7;1—. (6.10)

1+3X1

W celu okreSlenia drugiego tensora Pioli-Kirchhoffa .S;; korzystamy ze wzoru (2.10):

2
0y = Qi (1 +——) Sis. (6.11)

Z prawa zachowania masy wynika, Ze:

Qo Juy ou, Jusy ¢
Lo hac 3 =2 el 12
e (1+3X1)(1+3X2)(1+3X3)’ ¢12
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gdzie (por. (6.1)):

. duy . du,
2= ox, ~ TV,
6.13
e _ 3u3 — aul ( )
B0, X,
Wprowadzajac zwigzki (6.12) i (6.13) do (6.11) ostatecznie otrzymamy:
au,
14
X,
Oy = ——2s S)4. (6.14)
- 52)
axX;
lub:
2
o)
Sy = ! (6.15)

—_—— - o' .
(l +-_aiu—l 11

)
Podstawiajac (6.10) do (6.15) uzyskamy jawny opis tensora naprezenia Pioli-Kirchhoffa
SU: .

) 2
(l_v.a_@
x| Juy
3u1 2 aXl '
(‘ +ox, )

Su. =E,

(6.16)

Przyjecie w tym przypadku réznych od zera skladowych e,, i &5 jest réGwnoznaczne
z uwzglednieniem zmiany pola przekroju poprzecznego preta. Zwiazek (6.16) dla elementu
czasoprzestrzennego bedzie mial postaé:

1—2v"Beré+2v*" ' Bers
(+"Berd)(1+'Bere

$1=E§ "Bgrs. {6.17)
Korzystajac z wzoréw (4.12)+(4.16) ustalamy wyrazy macierzy sztywnoSci elementu
czasoprzestrzennego (kolejno we wszystkich analizowanych przypadkach; przyjeto W =
- = N).

1. Drugi tensor Pioli-Kirchhoffa .Si; proporcjonalny do tensora Greena Ej;:

4
E Aok 3
:ﬁz 32: Eaéﬁ{3+rurﬁ—ZzTaTﬁ(l+3£¢§ﬁ)+'gz‘Z{[?)‘*‘
y=l
) 4 4
+r,(ra+rﬂ)+r¢rﬂ]§,r;}+m;22{15+5{(r¢+ (6.18)
=1 ¢=1

+ 7p)(7) + Tp) + Tu Tp+ T, Tl + 37,75 T, rq,}é',,E,,,l",’,l‘;},
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2. Drugi tensor Pioli-Kirchhoffa Si;. proporcjonalny do wydluzenia wzglednego:

. .
.= E(iz;‘:/z £.5p {3+-;¢ 75+ 2121—2 B+ r.7p+ (tat+ 7p) 7, ] F2+
y=1 (619)
—AZTGTp(l +3§a§ﬂ)},

3. Tensor Cauchy ¢y; proporcjonalny do wydluzenia wzglednego:

* *
. _EOA hgfﬁ{ [a,,,,] ‘A +B*

2 A* A*—B*
+baﬁ(B* -+ B#2 ln‘ ‘)

aff — A-k_ A*+B‘| +
A* 4 B¥ x| Pas (2
B*3 (A*Zl AX_B¥ 2A*B¥) B*4(3 B2 —24%B*+ 6.20)
A +B* [\ | elpd* (4% | 4% 4 B 2 pua
T !
—_— /12'[0! Tﬁ(l"‘ 35@ Eﬁ‘)},
gdzie:
a: == 1—"—257 ‘y+ 1602 Z 2, EHE‘P"V"?”
1!._. q:=l
bo:.ﬁ — Ta+1ﬂ____2 Eyry(ra+1ﬂ+rv)+ 16 ) 225 E ryr¢(Ta+ T,B+TV+T@)
y=1 ¢=
= Ta'fﬁ“”— ZE rlvezs+ (o + tﬂ)ry]-i- 16 = szyfnpr;r;[l’a-i-
y=1 @p=1
+ 75+ (T + ) (7, F rq,)+ T, Ty, ©21)
4 4 4
d% ~ — 2 ey »ro
af = _2;‘[“ Tg EYT‘V I}ﬁ"ﬁi‘ 2 §y§,,r),rq,[-_,;a ‘L’ﬁ(’l’,,‘*"fw)'*‘
y=1 y=1 g=1
+ (T + rﬂ) 7, rq,],
ey = 16a zTaTﬂZZEV‘EqﬁIVI rf,rf,,
y=1 @=
A* 24a+25'y";, 'B*:Zg’)’r?r;’
y=1 y=1
7 0

E h?? &, /3’ v, 9=1,234. (622)
0
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W zadaniach dotyczacych zagadnien geometrycznie liniowych wystarczajacym warunkiem
stabilnoéci rozwigzania numerycznego jest takie dobranie wymiaréw elementéw czaso-
przestrzennych, aby byla spelniona nieréwnos$¢ [8]:

a E
" > ]/—Q (6.23)

Z warunku tego skorzystano takze przy rozwiagzywaniu zadan geometrycznie nieliniowych.
Obcigzenie (we wszystkich trzech przypadkach zwiazkdéw konstytutywnych) stanowi
nagle przytozona do korica wspornika sita podtuzna (4ciskajaca lub rozciagajaca) (rys.
4):

P(t)y = PH(t), (6.24)
gdzie H(t) jest funkcja Heaviside’a.

P - sila przytezona do
korica wsporntka

P=const

1 :zas
Rys. 4.

Warunki poczatkowe przyjeto w postaci:
u@=0=0, u@x=0=0, £=0, S°=0.

Przeliczono wiele zadaf dla réznych wartoéci sity P. Na rys. 5 przedstawiono zmiang
w czasie przemieszczen kofica wspornika od sity P = 5- 10 [N] przy réznych definicjach
zwigzkow konstytutywnych (6.7)-(6.9).

Poréwnujac otrzymane wyniki z rozwigzaniem georsetryczaie liniowym mozna sformuto-
waé kilka uwag.

1. W przypadku zwiazkéw konstytutywnych (6.7) i (6.8) przemieszczenia przy rozcig-
ganiu sg mniejsze a przy $ciskaniu wigksze. Podobnej zmianie ulega okres drgan (rys. 5a,
b).

2. Jezeli zwiazek konstytutywny jest opisany wzorem (6.9) to przemieszczenia przy
rozciaganiu sg wieksze a przy §ciskaniu mniejsze. Analogicznie rownieZ zmienia si¢ okres
drgan (rys. 5¢).

3. Warto$é obcigzenia P = 3.0 [MN] stanowi w przybliZeniu maksymalng sil¢ spelnia-
jaca warunki wytrzymaloéciowe rozpatrywanego preta. Przy tak dobranym obciaZzeniu
wyniki analizy geometrycznie liniowej i nieliniowej réznia si¢ o okoto 0.6%.

Amplituda przemieszczen jest dwa razy wigksza od ugiecia statycznego (od statycznego
dziatania sity P). Ugigcie statyczne policzono metoda elementéw skoriczonych przy takich
samych zaloZeniach jak w metodzie elementdw czasoprzestrzennych.

W celu uzasadnienia poprawno$ci uzyskanych rezultatéw przeprowadzimy analizg
sztywnosci preta. Rzeczywisty stan naprezen opisuje tensor Cauchy oy; (naprezenia w kon-
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a)
] - 1072 {m]
J Przypadek |
20 1
E
10 Fo=—df--oo o
0.0 N e S -
AN ¥ . .
10 15 20 25 30 35 40 45 50 N
0 ol o +-956824-10"[¢]
b) ] 407 [m]

0.0

c)

50 5
‘ -9,6824-10 " [s]
analiza geometrycznie liniowa
6
=*5.
nieliniowa P 5-10°IN]

Uy ~ ugigele od stalycznego dzintama sidy

————~ sciskanie analiza geometrycnie
.............. - yazciqqanie

RyS. 5.

figuracji odksztalconej i do niej odniesione). Opiszmy ten tensor w konfiguracji nicodksztal-
conej (Lagrange’a):

(1) Drugi tensor Pioli-Kirchhoffa proporcjonalny do tensora Greena (6.7):
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011 = E(eq1) ey,

1 (6.25)
(1+"2—E“ )(1+8“) aul

(1‘—’9811)2 ’ = 6X1 ’

(2) Drugi tensor Pioli-Kirchhoffa proporcjonalny do wydluzenia wzglednego w kon-
figuracji nieodksztalconej (6.8):

E(s;,) = E,

01y = E(eq1) &1,
144, (6.26)

(1-vey)*’

(3) tensor Cauchy proporcjonalny do wydtuzenia wzglednego w konfiguracji odksztal-
conej (6.9):

E(ey) = E,

oy, = E(&yy) &4y
1 : 6.27)
1+eq

E(er) = By
Wprowadzimy parametr % opisujacy zmiang sztywnosci:

7(11) = E(Ee; ) . (6.28).

Analizujac ten parametr sztywnosci w poszczegdlnych przypadkach prawa fizycznego
(1,2, 3) mozemy podad kilka istotnych uwag (rys. 6).

r'l

€

l

------ Sciskanie

rozelgganie

Rys. 6.

9 Mech. Teoret. i Stos. 4/88
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1. Jezeli tensor naprezenia Pioli-Kirchhoffa S, jest liniowo zalezny od tensora odksztat-
cenia Greena E;; lub wydluzen wzglednych (wzgledem konfiguracji nieodksztalcone;j),
to sztywnos$¢ przy rozcigganiu ro$nie || > 1, a przy $ciskaniu maleje [ < 1. Z tego
wlaénie powodu wynikaja mniejsze przemieszczenia przy rozcigganiu a wigksze przy $cis-
kaniu (rys. 5a, b).

2. Liniowa zalezno$é tensora Cauchy od odksztalcen wzglednych (wzgledem kon-
figuracji odksztalconej) oznacza mniejsza sztywno$¢ przy rozciaganiu |n| < 1, a wigksza
przy Sciskaniu [y > 1. Dlatego tez przemieszczenia przy rozciaganiu sa wigksze niz przy
$ciskaniu (rys. 5c).

3. Przy matych odksztalceniach |du, | /3X1| < 1, sposéb definiowania prawa fizycznego
nie ma praktycznego znaczenia, gdyz:

-E(EII) =~ .Eo lub 7?(511) = ’? = 1. ’ (6.29)

Przedstawiony przyklad wyraznie pokazuje jak dalece istotne jest wlasciwe sformutowanie
réwnan konstytutywnych zwlaszcza przy duzych odksztalceniach. Przypadek I i IY zadania
wykazal, 2e dowolne formulowanie zaleznoéci naprezen od odksztalcen (spotykane w li-
teraturze, np. [10] str. 470) moZe spowodowaé uzyskanie wynikéw niezgodnych z do$wiad-

" czeniem. Trudno sobie wyobrazié, aby sztywnoéé rozciaganego preta stalowego rosta
wraz ze wzrostem sily, skoro wiadomo, Ze pole jego przekroju poprzecznego maleje.
Ostatnia wersja prawa konstytutywnego jest prawidlowa, stad uzyskane wyniki sa zgodne
z oczekiwaniami i nie budza watpliwoéci.
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Pesmwme

METOI BPEMEHHO-ITPOCTPACTBEHHbBIX 3JIEMEHTOB B TEOMETPHUECKU
HEJIMHEHHBIX 3AJAYAX

B paGore NpeNCTaBIIEHO METOX DEWEHMA JHHAMHUECKHMX H [EOMETPWUECKUX HENMHeHHbIX 3agau
C TIOMOINBIO METOLA BPEMEHHO-IIPOCTPACTBEHHLIX 3JIEMEHTOB. 3aKOH HaNpsHKEHHe — AedopManus o~ -
peReNIATCA B pasnmuxol ¢opme. B cnyuae Gonbumx JedopManmit KOHCTYTUBHbIE YPABHCHHSA BIAMJIAIOT
3HAYMTEIBHO HA OCTATOUHLIH Pe3ysbTaT. DTOT 3h(ERT YKa3al0 HA HECKONLKHX NPHMEDAX,

Summary

THE SPACE-TIME ELEMENT METHOD IN GEOMETRICALLY
NON-LINEAR PROBLEMS

The paper contains a method of solution of dynamically and geometrically non-linear problems by
the use of the space — time element method (STEM). The stress — strain relation (the 2-nd Piola-Kirchh-
off tensor — the Green tensor) has been defined in differcnt form. It has been proved that the method of
formulation of the constitutive relations plays a significant role in the case of large strains. This effect has
been demonstrated on examples,

Praca wplynela do Redakcji dnia 26 maja 1986 roku.






BIULETYN INFORMACYIJNY

PROTOKO¥.

z XXII Zjazdu Delegatéw i Sesji Naukowej Polskiego Towarzystwa Mechaniki Teoretycznej
1 Stosowanej 9 - 10 pazdziernika 1986, Czegstochowa — Kokotek

1 dzien Zjazdu

Delegatébw, a w szczegdlnodci czlonkéw honorowych profesoréw Janusza Dietrycha i Zbigniewa
Kaczkowskiego, ktoérzy przybyli na XXII Zjazd, powital Przewodniczacy Zarzadu Gléwnego PTMTS
prof. Jozef Wojnarowski. Na wstepie zaproponowal uczezenie pamigci czionkéw PTMTS, ktérzy w minionej
kadencji odeszli od nas na zawsze. Byli to:

prof. Witold Nowacki doc. Jozef Szpilecki

prof. Jozef Gil dr Kazimierz Borsuk

prof. Janusz Walczak doc. Edmund Lubicniccki
prof. Jozef Ledwoh prof. Witold Kreglewski
prof. Antoni Pietraniec prof. Jan Brosch

doc. Zbigniew Bogucki dr Edward Piotrowski

doc. Zbigniew Ggbicki doc. Jerzy Unigjewski

doc. Jerzy Gluza prof. Kazimierz Niewiarowski

Barbara Michalska-Czachor (kierownik biura ZG).

Zebrani uczcili ich pamieé minuty ciszy. )

W imieniju Zarzadu Glownego prof. J. Wojnarowski podzigkowat, Przewodniczacemu Oddziatu w Czgsto-

chowie profesorowi Januszowi Elsnerowi za trud zwiazany z organizacja Zjazdu Delegatow. Prof. J. Elsner

zostal wybrany przewodniczacym XXII Zjazdu Delegatéw przez aklamacje.

Prof. J. Blsner podzickowal za okazane mu zaufanie i zaproponowatl zatwierdzenie wezesniej dostar-
czonego delegatom szczegdlowego programu Zjazdu.

W dyskusji nad szczegblowym programem Zjazdu prof. Z. Olesiak zglosil wniosek uzupelnienia
programu o dwa dodatkowe punkty: T
1. wspomnienie pos$miertne o zyciu i dzxalalnoécl wybitnego polskiego uczonego, jednego z- zalozycieli

PTMTS, bylego prezesa PAN — prof. Witolda Nowackiego,

2. powolanie zespolu, ktory by zajal sig¢ problematyka postawy etycznej nauczycnela akademickiego oraz
przedstawil ja do przedyskutowania na Zjezdzie. Sprawa jest wazna i aktualna zwlaszcza wobec poja-
wiajacych si¢ w prasie publikacji na temat naruszania norm etycznych przez niektorych nauczycieli
akademickich.

Whiosek pierwszy przyjeli jednomysinie wszyscy uczestnicy Zjazdu. Wniosek drugi, ktory poparli w dyskusji:

prof. J. Dietrych i prof. M. Zakrzewski, zostal réwniez zaaprobowany w glosowamu Jawnym przez wigk-

szo$¢ delegatow.

Nizej wymienieni Koledzy zgodzili sig na udziat w pracy zespotu: prof. R. Ganowicz, doc. W. Szuécik,
prof. Z. Olesiak, doc. A. Styczek, prof. K. Sobczyk, prof. M. Wizmut, doc. K. Wernerowski, prof. M. Za-
krzewski oraz prof. A Tylikowski — jako przewodniczacy Zespohu.

Ostatecznie przyjeto nastepujacy szczegélowy program Zjazdu: godz. 10°° - 13%° — otwarcie Zjazdu:
1. Wyb6r Przewodniczacego, Z-cy Przewodniczacego oraz Sekretarzy Zjazdu,

2. wspomnienie po$miertne o #yciu i dzialalnoéci prof. Witolda Nowackiego,
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(5%

. wybér Komisji Mandatowej,

. przyjecie protokolu z XXI Zjazdu Delegatow odbytego w Bielsku Bialej w dniach 9 - 11 maja 1984
roku,

. powolanie Komisji: Matki, Skrutacyjnej i Wnioskowej,

przedstawienie sprawozdania z dzialalnosci Towarzystwa w XXI kadencii,

przedstawienie sprawozdania finansowego,

. sprawozdanic Glownej Komisji Rewizyjnej,

. dyskusja nad sprawozdaniami, przyjecie sprawozdan i postawienie wniosku o udzielenie Zarzadowi
absolutorium, glosowanic nad wnioskiem,

godz. 15°° - 18°°

10. Sesja Naukowa z referatami:

prof, dr'hab. inz. Janusz Elsner: ,,Rola struktur koherentnych w procesach turbulentnego transportu”

prof. dr hab. Michal Kieiber: ,,Metody sztucznej inteligencji w modelowaniu i analizie zagadnieri me-

chaniki” '

prof. dr hab. Kazimierz Biernatowski: ,,Geologia w ujeciu stochastycznym”

prof. dr Marek Zakrzewski: ,,O0 zmgczeniu cieploym”

prof. dr hab. Andrzej Wilczyfiski: ,,Tensory wytrzymalosci materiatu’

dr inz. Henryk Walukiewicz: ,,Zastosowanie teorii grup w dynamice stochastycznej”

11, dyskusja nad wygloszonymi referatami

D

©e AW

11 dzien Zjazdu

12, O etyce nauczyciela akademickiego w zwiazku z incydentem w Bydgoszczy — ref., prof. A. Tylikowski
13. Wybbr przewodniczacego PTMTS, :
14, Wybér Czlonkow i Zastgpcow Czlonkow Zarzqdu Giownego PTMTS.
15, Wybor Glownej Komisji Rewizyjnej,
16. Sprawy organizacyjne,
17. Zamkniecie Zjazdu.
Ad. 1. Przewodniczacy Zjazdu prof. J. Elsner w imieniu ustgpujacego Zarzadu Gléwnego zaproponowal
wybor:
— Zastgpcow Przewodniczgcego Zjazdu prof. A Oledzkiego 1 doc. R. Dzu;cxelakd,
— Sekretarzy Zjazdu:

— doc. W. Bachmacza i doc. J. Kubika — 1 dzied Zjazdu,

— doc. K. Wernerowskiego i dra W. Brzakale — II dziefi Zjazdu.
Delegaci zaakceptowali proponowane kandydatury jednomysinie.
Ad. 2, Prof. Z. Olesiak wyglosil wspomnienie o Zyciu i dzialalnoéci prof. Witolda Nowackiego, wybltnego
uczonego w zakresie mechaniki, wspoltworcy Polskiego Towarzystwa Mechaniki Teoretycznej i Stosowanej, -
wspdlzalozyciela ,,Archiwum Mechaniki Stosowanej”. Byt to cztowiek dobry i madry, Trudno przecenié
Jego wplyw na rozwéj mechaniki. Zebrani uczcili minutg ciszy pamieé o prof. Nowackim.
Ad. 3. Ustepujacy Zarzad Glowny zaproponowal do Komisji Mandatowej nastepujace kandydatury:
prof. A. Negrusz, dr J. Rakowski, doc. Z. Rotter (przewodniczaca), doc. B. Siotkowski.
Delegaci jednomy$inie zatwierdzili proponowany sklad Komisji Mandatowej.
Ad. 4. Zgloszono nastgpujace uwagi i poprawki do protokolu z XXI Zjazdu Delegatéw odbytego w Bielsku
Bialej w dniach 9 - 11 majg 1984: Prof. R. Gutowski zglosit watpliwo$§¢ jak weryfikowaé protokot z XXI
Zjazdu, podczas gdy obecni delegaci stanowia inny zespdt ludzki, :
Prof. J. Elsner odpowiedzial, iz nie mozna znaleZ¢ bardziej kompetentnego gremium dla zatwierdzenia
protokotu, niz Zjazd De)egatéw
Doc. W. Szuscik stwierdzil, iz na str. 24 pkt 13 winno byé iz Zjazd Delegatow ustalil wysokosé skiadki
rocznej na 200,— zi. a od emerytow — 1,— zl,
Doc. Z. Koficzak z Oddzialu Poznasnskiego stwierdzil, iz do protokotu z XXI Zjazdu nie dolaczono Uchwaly
zobowiazujacej Zarzad Gléwny do podjecia staran o pozyskanie §rodkéw na prenumerate czasopism za-
granicznych z II obszaru platniczego.
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Doc. W, Bachmacz stwierdzil, iz dla ujednolicenia danych o delegatach na XXI Zjazd w protokole na str. 3

przy nazwisku W. Bachmacz — winno by¢ ,,z-ca Sekretarza Generaluego i Delegat” oraz przy nazwisku
Z. Sulimowski — str, 4 — winno by¢ ,,Z-ca Skarbnika Generalnego i Delegat na Zjazd”.
Doc. R. Dzigcielak zauwazyl, iz w protokole z XXI Zjazdu nie ma uchwaly zaproponowanej przez Oddzial

Poznanski, a przyjetej przez Zjazd, n.t. prenumeraty czasopism zagranicznych i §rodkéw na ten cel.
Po uwzglednieniu zgloszonych poprawek Delegaci przyjeli protokédt jednomys$lnie.
Ad. 5. Do Komisji Matki zostali wybrani przy 2 glosach wstrzymujacych si¢ nastepujacy Koledzy:
dr Z. Goraj, doc. K. Grudzifski (przewodniczacy), dr Z. Lis, doc. W. Szuscik.
Do Komisji Skrutacyjnej przy 1 glosie wstrzymujacym sie zostali wybrani:
doc. R, Bogacz, doc. E. Goss, dr J. Grabacki, doc. M. Trombski (przewodniczacy).
Do Komisji Wnioskowej przy 1 glosie wstrzymujacym sie zostali wybrani;
dr M. Hardygora, doc. T. Przedecki, doc. A. Radowicz (przewodniczacy).
Ad. 6. Przed przedstawieniem sprawozdanja z dzialalnoéci Towarzystwa w XX kadencji, przewodniczaca
Komisji Mandatowe]j doc. Z. Rotter stwierdzila, ze na 109 uprawnionych Delegatéw, na sali znajduje sie
89 delegatow, zatem XXII Zjazd jest prawomocny. .
Sprawozdanie z dzialalnosci Zarzadu Giéwnego XXI kadencji zostalo wydrukowane i dorgczone
Delegatom. Ustgpujacy Przewodniczacy w swoim wystapieniu oméwit zatem tylko najwazniejsze punkty.
Na wstepie podkreslit rolg i zadania Towarzystwa, m.in. inspirowanie badaf naukowych, integrowanie
srodowisk naukowych, szkolenie miodej kadry oraz wspéipracg z innymi Towarzystwami. Stwierdzit
nastepnie, iz w okresie XXI kadencji nastgpit liczbowy wzrost Towarzystwa (liczy ono 1138 0séb skupionych
w 16 oddziatach). Zarzad Giowny wydrukowal szereg materialow szkoleniowych, m.n. ,,Sterowanie
w mechanice” (szczegbly w sprawozdaniu).
Do niewatpliwych osiggnie¢ ustgpujacego Zarzadu Gléwnego nalezy zahczyé
1. Zatwierdzenie Statutu Towarzystwa.
2. Rozszerzenie plenarnych posiedzein Zarzadu o cze$¢ naukowa.
3. Odbycie 3 wyjazdowych posiedzenn Z.GlL
4. Podpisanie umowy ze Slowackim Towarzystwemn Mechaniki — przy wydatnej pomocy doc. J. Kubika
z Opola.
5. Opracowanie deklaracji czlonka wspierajacego, umozliwiajacej przyjecie dotacji przez Towarzystwo.
Omawiajac trudnos$ci w pracy Towarzystwa, prof. J. Wojnarowski wskazal na zbyt sztywne przepisy
finansowe, ktére powoduja, ze przyjecie darowizny automatycznie obniza dotacje z PAN. Podzigkowal
nastepnie instytucjom za pomo¢ finansowa przy wydawnictwach Z.Gl. a imiennie profesorom: J. Antonia-
kowi i E. Wlodarczykowi za sfinansowanie i druk materialow p.t. ,,Sterowanie w mechanice”.
W dalszej czedci swego wystapienia Przewodniczacy Z.Gl. podzigkowal prof. Z. Olesiakowi za redagowanie
kwartalnika ,,Mechanika Teoretyczna i Stosowana” i prof. S. Dubielowi za zorganizowanie szkoly naukowej
p.t. ,,Sterowanie w mechanice”,
Nastepnie wreczyt pisma z podzigkowaniem za wspolprace nastepujacym Kolegom: prof, W. Krzysiowi,
prof. E. Brzuchowskiemu, prof. Z. Dzygadle, prof. A. Wilczyfiskiemu, doc. J. Lipiniskiernu, prof. R. Parkit-
nemu, prof. M. Wizmurowi, prof. B. Skalmierskiemu, prof. K. Sobczykowd, doc. J. Golasiowi, doc. Cz. Mic-
kiewiczowi, doc. Z. Sulimowskiemu, prof. Z. Olesiakowi, doc. A. Radowiczowi oraz prof. E. Bielewiczowi.
Ad. 7. Sprawozdanie finansowe zlozy! Skarbnik ustgpujacego Zarzadu, prof. A. Wilczyr’)ski: Szczegdlowy

tekst sprawozdania zostal doreczony delegatom. Prof. A. Wilczynski zaznaczyl, ze sprawozdanie nie obej-
muje okresu od wrze$nia 1983 r. do konca czerwca 1984. Zwréceil réwniez uwage na fakt, ze sktadki czion-
kowskie nie wplywaja systematycznie z Oddziatow. -

Ad. 8. Sprawozdanie Gléwnej Komisji Rewizyjnej ztozy! prof. A. Tylikowski. Stwierdzil, iz pod wzglgdem
merytorycznym dzialalno§é Zarzadu Glownego byla poprawna. Zwrocit tez uwage na nowe formy dzia-
lalnoéci Z.Gl., ktére Glowna Komisja Rewizyjna ocenifa pozytywnie. Zauwazyl réwniez, ze nie wszystkie
wnioski z XXI kadencji zostaly zrealizowane, a m.in. wniosek o otwarty charakter Zjazdu dla czlonk6w
PTMTS. Zwrécil uwage na spadek zainteresowania konkursami naukowymi. Nalezy zmieni¢ ich forme
lub wogdle zrezygnowaé z tych imprez, W podsumowaniu prof. A. Tylikowski stwierdzil, ze w XXI kadencji
Towarzystwo prowadzito dzialalno$é¢ zgodna ze Statutem i dlatego wnioskuje o udzielenie absolutorium
ustepujacemnu Zarzgdowi. '
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Ad. 9. W dyskusji udzial wzigli:

Prof. J. Dietrych: w swojej wypowiedzi stwierdzil, ze przynaleznoé¢ do PTMTS jest zaszczytem, a rowno-

cze$nie wy;ai_kﬂmwolnego wyboru jednostki. Przy przyjmowaniu kandydatow do Towarzystwa nalezy zwra-

caé wigksza uwage na ich oblicze moralne. Prof. J. Dietrych zasugerowal delegatom, aby do przyszlego

Zarzadu wybrali odpowiedzialnych i godnych tego zaszczytu czlonkéw PTMTS. Nalezy podnie$é¢ prestiz

i znaczenie Towarzystwa, Podkreslit rowniez elitarny charakter Towarzystwa.

Prof. Z. Olesiak stwierdzil, ze Z.G1. XXI kadencji podjal szereg interesujacych inicjatyw, a mianowicie:

ze Slowackim Towarzystwem Mechaniki, zakonczenie prac nad Statutem i jego zatwierdzenie przez Urzad

Miasta Warszawy. W uwagach do sprawozdania Z.Gl zgtosil nastepujace zastrzezenia:

— na str. 27 sprawozdania nie podano, ze ukazal sie t. 24 z. 1-2/86 MTiS, wydrukowany w sierpnin
1986 r.

— Pominieto w sprawozdaniu fakt, ze Kol. Z. Olesiak napisal list z rezygnacja z funkcji Redaktora Naczel-
nego MTIS (4.IX.1985) na skutek niemoznoSci dojscia do porozumienia z Przewodniczacym Z.Gl.
na temat spraw zwigzanych z obsluga administracyjng Redakgji. Podtrzymat On swojg decyzje na
specjalnym zebraniu w dn. 17.IX.1985 r. W zwiazku z Uchwala Z.Gl. z dn. 14.XI1.1985 przekazana
listem Przewodniczacego Z.Gl w dn. 3.1.1986 oraz opinia Komitetu Redakcyjnego, podjal sie ponownie
pelnienia obowiazk6éw Redaktora Naczelnego. Prof. Z. Olesiak przyjal uchwale Zarzadu Gléwnego
z dn. 14.XI1.1985 r. z pelnym uznaniem dla Z.GL

Nastepnie prof. Z. Olesiak przedstawil nastepujace uwagi szczegdlowe:

— str. 28, wiersz 5 od dotu ,,Kongres Mechaniki’® — nazwa niepoprawna.

— Str. 29— nie byli to goscie Towarzystwa lecz goicie Uczelni, ktorzy wyglosili referaty w ramach

PTMTS.

— Str. 29— nie podano kto wnioskowal powotanie prof, J. Brilli?

— Punkt 4.4 nic dotyczy XXI kadencji.

— Str." 49 p. 8 —od sléw ,,Prof. Gutowski...” nie dotyczy obecnej kadencji.

— Str. 50 — winno by¢: Barbara Michalska do 12 marca 86.

— Str. 51 — podobnie jak na str. 29, nie byli to goécie Towarzystwa

— W sprawozdaniu nie znalazlo odzwierciedlenia kilka spraw, ktore w czasie XXI kadencji miaty miejsce,
a nawet bulwersowaly czlonkéw PTMTS. Byly to sprawy zwigzane z dzialalnoécia Redakcji Mechaniki
Teoretycznej i Stosowanej, Biuletynu ,,Polish Society of Theoretical and Applied Mechanics” oraz
powody zmiany Zarzadu Oddzialu w Bydgoszezy.

— Termin Zjazdu Delegatow zosta} tak ustalony, Ze nie byl mozliwy przyjazd kilku wybitnych kolegébw
z Oddzialu warszawskiego, zajgtych organizacja Sympozjum ,,Badania do$wiadczalne w mechanice”.
Termin Sympozjum byl od dawna znany.

— Komisja Rewizyjna w swoim sprawozdaniu pomingla ponadto milczeniem pisma, ktore wplywaly do
P. Przewodniczacego Komisji w sprawie Biuletynu ,,Polish Society...”

— Zar6wno w sprawozdaniu Zarzadu Gléwnego jak i sprawozdaniu Komisji Rewizyjnej nie znalazia
w ogdle odzwierciedlenia sprawa bydgoska, ktoérej omoéwienie znalazio si¢ nawet w prasie ogédlno-
polskiej 1 bydgoskiej.

Doc. St. Bednarz stwierdzil, ze na str. 23 sprawozdania Jutozsamiono go z innym czlonkiem PTMTS

o tym samym nazwisku — dr St. Gracjanem Bednarzem, ktéry wyglosit referat p.t. ,,Dynamika mechanizmu

udarowego- hydrogeologicznej maszyny wiertniczej”.

Prof. R. Gutowski zaapelowat, aby w planach pracy przyszlego Zarzadu znalazlo si¢ haslo ,,Mechanika

analityczna”. Nie wystepuje ono na str. 44 sprawozdania. Rowniez na III Kongresie Nauki Polskiej sprawg

. te potraktowano marginesowo.

Doc. Z. Rotter wniosla poprawke do sprawozdanija na str. 12. Nie wymieniono tam referatu prof. R. Gu-

towskiego na zebraniu w Lublinie, .

Doc. K. Wernerowski zglosit wniosek, aby w przyszloici podawaé w sprawozdaniach skiady osobowe

oddziatowych komisji rewizyjnych.

Doc. R. Dzigcielak zwrocil uwage, ze na str. 36 sprawozdania nie podano nazwisk skarbnikéw oddziatu

w Poznaniu:
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do 14.1V.1986 — dra Jana Kolodzieja, a od 14.IV.1986 —dra Jerzego Rakowskiego.

Doc. Kasprzyk zaapelowal, aby organizowaé nadal szkoly naukowe na wzér szkoly ,,Sterowanie w me-

chanice”.

Prof. K. Sobczyk w obszernej wypowiedzi podnidst problem prestizu Towarzystwa, zwlaszcza w sytuacji

spadku aktywno$ci naukowej komitetéw naukowych PAN, zajmujacych si¢ mechanika. Komitety naukowe

PAN maja ograniczony zasi¢g dzialania na mechanike¢ w Polsce, podczas gdy PTMTS obejmuje swoim

oddzialywaniem caly kraj. Jest to szansa Towarzystwa, ktorej nie powinno si¢ zmarnowad.

Prof. E. Brzuchowski w swojej wypowiedzi zaproponowal powolanic w Towarzystwie Sadu Kolezenskiego.

Podkretlit rowniez trudne warunki pracy Sekretariatu Z.Gl., ktorego lokal znajduje sie obok Sali Kongre-

sowej Palacu Kultury i Nauki i w zwiazku z tym czgsto musi by¢ okresowo opuszczany. Méwea zwrécit

ponadto uwage na brak malej poligrafii i dostepu do niej w Oddzialach,

Doc. K. Grudzifiski jako przewodniczacy Komisji Matki stwierdzil, ze dziala ona w oparciu o regulamin

uchwalony na XXI ZjeZdzie.

Komisja Matka proponuje:

1. Skiad Z.Gl. w liczbie 9 0s6b+3 zastepcow.

2. Skiad Glownej Komisji Rewizyjnej — 5 osdb, Ukonstytuowanie si¢ G.K.R. winno nastapié¢ w czasie
trwania Zjazdu. )

3. Zaproponowal rowniez, aby cztonkowie Z.G. i ich zastepcy zostali wybrani ré6wnoczesnie z zachowaniem
warunku uzyskania minimum 50%; gloséw. Zaapelowal o zgloszenie kandydatéw, Trzy osoby wstrzymaly
si¢ przy glosowaniu ostatniego wniosku.

Dalszy ciag dyskusji przeniesiony zostal na II dzien Zjazdu.

Ad. 10. Po przerwie obiadowej odbyla si¢ Sesja Naukowa, na ktérej wygtoszono 6 referatdéw, zgodnie

z wykazem podanym w programie, ’

Ad. 11. W dyskusji nad referatami udzial wzigli Koledzy: profesorowie K. Sobczyk, J. Dietrych, Z. Dzygadlo,

A. Wilczynski, B. Skalmierski, J. Wojnarowski, M. Zakrzewski, J. Osiecki i doc. W. Krzys.

Na tym zakonczono 1 dzieh Zjazdu.

O dzied Zjazdu Delegatéw

W dniu 10 pazdziernika 1986 r. obrady otworzyl prof. J. Elsner, przedstawiajgc porzadek obrad zgodnie
z programem Zjazdu zatwierdzonym w dniu poprzednim:

Dokoniczenie dyskusji i podjecie uchwaly w sprawie wniosku o udzielenie absolutorium ust¢pujgcemu
Zarzadowi Glownemu, oraz realizacje punktéw 12 - 17.
Ad. 9. (c.d.) Prof. Z. Kaczkowski wni6st swoje uwagi do sprawozdania finansowego wskazujac na pewne

zawarte w nim sprzeczno$ci. Zdaniem prof. Z. Kaczkowskiego przedstawiony w sprawozdaniu podzial
wplywow jest niewlasciwy przez swoja nieprecyzyjnosc. Wszystkie wplywy powinny by¢ zestawione razem,
podobnie jak zestawienie wszystkich wydatkéw. Wg obliczes prof. Kgczkowskiego 1aczna suma wplywow
wyniosla 8.325.511,— 21. i z tej sumy nalezalo rozliczy¢ si¢ w wydatkach (op. jak zostaly rozdysponowane
§rodki pozostawione do dyspozycji Oddzialow i-Zarzadu Gloéwnego z dotacji Politechniki Slaskiej). Z wyli-
czenia tego wynika, ze skladki czlonkowskie stanowia niespelna 45/ ogblnej sumy wplywéw. Reszta — to
pieniadze spoleczenstwa, wyplacone przez kasjera tego spoleczefistwa, czyli pafnstwo. Dotyczy to tez ,,wplat
na konferencje naukowe’, dokonywanych tylko z innej kieszeni tego samego kasjera.

Gtéwna Komisja Rewizyjna uznala, ze Zarzad Glowny gospodarowal powierzonymi mu funduszami
prawidiowo. Prof. Kaczkowski przychyla si¢ do tcj opinii i zamierza glosowa¢ za udzieleniem Zarzadowi
Gléwnemu absolutorium. Na zakoriczenie moéwca zwrécit uwage na ,,niektére razace objawy rozrzutnoei
i beztroskiego wydawania pieniedzy spolecznych na cele nieuzasadnione” (np. blankiety pism firmowych
Z.GlL). W dobie najglebszego kryzysu braku papieru, trudnodci poligraficznych i wszystkich innych — nie
wypada zdaniem Profesora — wydawaé spolecznych pienigdzy na watpliwej wartoéci autoreklame. Po-
dobne odczucia wyrazit odnoénie zaproszen na Zjazd. Prof. Kaczkowski zwrécit si¢ z apelem do Zarzadu
Gléwnego, ktory zostanie wybrany — o wicksza skromnoéé w gospodarowaniu §rodkami finansowymi
dla dobra nauki i spoteczefistwa. : !

L0 Mech. Teoret. I Stos. 4/88
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Prof. K. Biernatowski stwierdzit, ze dzialalno$¢ Zarzadu Gidbwnego podczas ostatniej kadencji byla po-
zytywna. Wystapily tylko drobne usterki oraz minimalne obniZenie aktywnofci i terminowosci placenia
skladek. Zarzad w swej dzialalnoéci wykorzystal dobre tradycje Towarzystwa, i nalezy nadal dba¢ o umac-
nianie jego prestizu. Prof. K. Biernatowski wyrazit zamiar glosowania za udzieleniem absolutorium uste-
pujacemu Zarzadowi Glowpemu. _
Prof. W. Krzy$ ustosunkowal si¢ do uwag prof. Olesiaka w zwiazku z konfliktem: Zarzad Gléwny —
Redakcja ,,Mechaniki Teoretycznej i Stosowanej”. Sprawe uznano za wzajemnie wyjasniong i z tej racji
Zarzad Gloéwny zdecydowal si¢ nic porusza¢ tej kwestii w sprawozdaniu. :
Prof, M. Zakrzewski stwierdzil, ze jednym z celow PTMTS jest dbanie o kulturg techniczng, w tym rOwniez
i o kulture jezyka technicznego. Nie wolno za§miecaé polszczyzny. Jest ona dobrem, ktérego nalezy bronié
wszelkimi sposobami Zaproponowatl, aby przyszly Zarzad stworzyl Zespo6t dbajgcy o te sprawe.
Prof. A. Wilczynski — w odpowiedzi prof, Tylikowskiemu wyjasnit, ze braki w sprawozdaniu finansowym
wystepuja od wyboréw do 30.IX. (sprawozdanie Komisji Rewizyjnej z dn. 9.X.86).
Nieroziliczenie dwoch okreséw wyniklo z przejsciowych klopotow na stanowisku ksiegowej. Uzupetnienia
_ beda dolaczone w terminie pbzniejszym. W odpowicdzi prof. Kaczkowskiemu — nie zgodzil si¢ z zarzutami
niegospodarnoéci. Prof. A. Wilczyfiski stwierdzil ponadto ze:

— ,,sprawa bydgoska” — nie ma jeszcze wyroku sadowego, postgpowanie. nie jest jeszcze zamknigte nawet
w uczelni macierzystej docenta W. Inne kroki (oprécz zmiany Przewodniczacego Oddzialu Bydgoskicgo)
uznano za przedwczesne. )

— Nadwyzki finansowe ze szkoly naukowej pochodzace z wplat uczestnikéw konferencji — oddano do
dyspozycji oddzialéw.

Prof. J. Wojnarowski na poczatku swego wystapienia zwracajac si¢ do prof. A. Tylikowskiego wreczyt mu

pisemne podzigkowanie za przejSciowe pelnienie funkcji Redaktora Naczelnego kwartalnika ,,Mechanika
Teoretyczna i Stosowana”. Zjazd Delegatéw przyjal to z pelna aprobata. Z kolei ustgpujacy przewodniczacy
odpowiedzial obszernie na wysunigte w czasie obrad zastrzezenia.

W szczegdlnosci wyjasnit prof. Z. Olesiakowi, Ze:

— w chwili skladania sprawozdania do druku zeszyty MTiS nr 3 i 4 z 1985 jeszcze nie ukazaly sig drukiem,
nie mozna wigc byto tego ujaé w sprawozdaniu,
— zarzut, ze nie podano opiniodawcéw prof. J. Brilli jest niestuszny, bowiem na str. 42 wiersz 18 od gory
znajduje si¢ informacja, ze opinie przygotowali: prof. Z. Olesiak i doc. J. Kubik,
biuletyn o PTMTS w jezyku angielskim ma pewne nie$cistoéci, tym niemniej wydanie tego zeszytu
byto akcja potrzebna i spotkalo sie z pelna aprobata, takze cztonkéw zagranicznych, niektbrzy z nich
padestali listy wyrazajace podzigkowanie za przeslang korespondencje,
~ w incydentalnej sprawie zwiazanej z bylym przewodniczacym Oddzialu w Bydgoszczy prof. J. Wojna-
rowski stwierdzil, ze nikt oficjalnie nie podjat tej kwestii na posiedzeniach Zarzadu Gléwnego. Z chwila
gdy dowiedzial si¢ o tym, powiedzial prof. J. Wojnarowski, wystosowal pismo do przewodniczacego
Komisji Rewizyjnej Oddziatu o podjecie wlasciwych dzialan, wynik ktérych jest znany. Umieszczanie
tego rodzaju spraw w sprawozdaniu uznali§my za niecelowe.
W odpowiedzi na uwagi prof. Z. Kaczkowskiego prof. J. Wojnarowski stwierdzil, ze zarzut o rozrzutnosci
i beztroskim wydawaniu pieniedzy jest bezzasadny. Dzialalnoéé merytoryczna Zarzadu Gléwnego byla na
wlasciwym poziomie i pelna troski o dalszy rozwdj Polskiego Towarzystwa Mechaniki Teoretycznej i Sto-
sowanej. Wszystkie natomiast dziatania Czlonké6w Zarzadu byly spoleczne, a w zakresie wydatkow zgodne
ze Statutem i przepisami finansowymi. Prof, J, Wojnarowski dodat, ze koszt firméwki Towarzystwa wydru-
kowangej jednolicie dla wszystkich Oddzialow jest wlaSciwie mniejszy od drukéw czastkowych. Zawarta
w niej informacja o skladzie Zarzadu, Komisji Rewizyjnej i przewodniczacych Oddzialéw utatwia dziatal-
noéé Towarzystwa. Odnoénie papieru, to nie czerpany ale kserograficzny jest obecnie niedostepny i bardzo
drogi. Koszt druku materiatow Szkoly ,,Sterowanie w mechanice” w kwocie 435.000,— z!. zostat pokryty
bezposrednio przez Fundatora i suma ta nie przechodzila przez konto PTMTS, nie mogla zatem by¢ ksig-
gowana. Natomiast nadwyzka pochodzila z tej czesci wplat, ktorej nie wydatkowano na ten druk i zostala
przekazana na dzialalno$¢ w Oddzialach. '
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Na zakonczenie swego wystapienia Przewodniczacy Z.G. goraco podzigkowal wszystkim czlonkom Zarzadu
Gléwnego za wspolprace, Komitetowi Organizacyjnemu za trud przygotowan XXII Zjazdu a Delegatom
za zyczliwod¢ i podkre§lang w dyskusji akceptacje dziatan Zarzadu Gloéwnego.

Prof. Z. Olesiak poprosit o glos w sprawie dodatkowych wyjasnien. Biorac pod uwage ograniczony czas

obrad zarzadzono glosowanie w wyniku ktbrego zamknieto dyskusje.

Po dyskusji Delegaci udzielili ustgpujacemu Zarzadowi Gléwnemu absolutorium przy jednym glosie
wstrzymujacym sie.

Ad. 12, Prof. A. Tylikowski przedstawil opini¢ komisji powolanej do oceny ,,casusu® z Bydgoszczy.
Wyciag z protokétu Xomisji XXII Zjazdu Delegatbw PTMTS do spraw etyki nauczycieli akademic-
kich, pod przewodnictwem prof. Andrzeja Tylikowskiego.

Komisja jednomyslnie stwierdza co nastepuje:

1. Komisja nie zna dokumentdw wskazujacych na dzialanie Oddzialu w Bydgoszczy oraz Zarzadu
Glownego w kwestii wyjaSnienia wydarzeh zwiazanych z dzialalnoscia bylego Przewodniczacego
Oddzialu w Bydgoszczy,

2. Komisja uwaza za celowe przedstawienie Zjazdowi Delegatéw wniosku o przekazanie dalszych
prac w tej materii Komisji Rewizyjnej XXII kadencji wladz PTMTS,

3. Komisja uwaza za istotne prosi¢ Zjazd Delegatdow o podkre§lenic wysokich wymagan ctyczanych
stawianych cztonkom PTMTS — jako towarzystwu naukowemu,

4. Komisja wnioskuje o wszczecie prac zmierzajacych do vzupelnienia Statutu PTMTS przez wprowa-
dzenie instytucji sadu kolezenskiego.

Prof. J. Elsner stwierdzil, ze sprawa ta ma tak oczywisty aspekt moralny, ze dalsza dyskusja na ten temat
jest niecelowa. W wyniku jednomys$lnego glosowania zamknieto dyskusje pa ten temat.

Ad. 13. Przewodniczacy Komisji Matki doc. K. Grudzifiski przedstawit kandydatéw na Przewodniczacego
Zarzadu Glownego w osobach:
1. prof. A. Oledzkiego,
2. prof. J. Wojnarowskiego,
3. prof. Cz. WoZniaka.
Kandydaci przedstawili krétko swoje programy wyborcze. Przewodniczaca Komisji Mandatowej doc.
Z. Rotter podala, iz na 109 os6b uprawionych do glosowania, jest obecnych w IT dniu Zjazdu 99 delegatow.
W pierwszym tajnym glosowaniu przy 99 obecnych delegatach oddano waznych 98 gloséw:
prof. A. Oledzki otrzymat 12 gloséw, prof. J. Wojnarowski 49, prof. Cz. Wozniak 36.
Poniewaz zaden z kandydatéw nie otrzymal wymaganego minimum 50 glos6w — przeprowadzono pow-
térne glosowanie, w ktorym na Przewodniczacego Zarzadu Giéwnego kandydowali profesorowie:
J. Wojnarowski, Cz. Wozniak.
W wyniku powtérnego tajnego glosowania Przewodniczacym Zarzadu Glownego zostat wybrany prof.
J. Wojnarowski, ktéry otrzymat 63 glosy. Prof. Cz. WoZniak otrzymal 35 glos6w, przy czym jedna osoba
wstrzymata si¢ od glosowania. Wyniki I i 1I glosowania przedstawil przewodniczacy Komisji Skrutacyjnej
doc. M. Trombski.
Nowo wybrany Przewodniczacy w serdecznych slowach podzigkowal wszystkim zebranym za wybf')r
i okazane zaufanie.
Ad. 14. Po przerwie, Komisja Matka przedstawila listg kandydatéw na cztonkéw Zarzadu Gibéwnego.
Na liScie umieszczeni zostali:
prof. K. Biernatowski, doc. R. Bogacz, prof. E. Brzuchowski, prof. Z. Dzygadlo, prof. J. Gdula, d.oc.
J. Gola§, prof. R. Gutowski, doc. Z. Koficzak, prof. W. Krzy$, doc. J. Lipinski, doc. Cz. Mickiewicz,
prof. R, Parkitny, prof. B. Skalmierski, prof. K. Sobczyk, doc. Z. Sulimowski, prof. A. Wilczynski, prof.
M. Wizmur, prof, Cz. Wozniak.
Na tym liste kandydat6éw zamknigto i przystapiono do wyboréw cztonkéw Zarzadu Gléwnegq. W glo-
sowaniu tajnym bralo udziat 99 delegatow a uzyskane wyniki przedstawit przewodniczacy Komisji Skruta-
_ cyjnej, doc. M. Trombski stwierdzajac, ze najwigksza a jednoczeSnie kwalifikowana liczbe glosdéw otrzymali
nast¢pujacy Koledzy:

10*
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Cz. Wozniak (86), R. Parkitny (76), K. Biernatowski (74), R. Gutowski (73), J. Lipinski (73), B. Skal-
mierski (73), M. Wizmur (73), Z. Dzygadio (71), Z. Sulimowski (66), W. Krzy§ (62), K. Sobczyk (59),
Z. Kosiczak (54).

Na czlonkéw Zarzadu Gldéwnego wybrano zatem: Cz. WoZniaka, R. Parkitnego, K. Biernatowskiego,
R. Gutowskiego, J. Lipinskiego, B. Skalmierskiego, M. Wizmura, Z. Dzygadio, Z. Sulimowskiego.

Zastepcami czlonkéw Zarzadu Gidwnego zostali natomiast Koledzy:

W. Krzy§, K. Sobezyk, Z. Kornczak.

Ad. 15. Z kolei Komisja Matka przedstawila kandydatury do Gléwnej Komisji Rewizyjnej Kolegow:
R. Baka, O. Dabrowskicgo, S. Dubiela, R. Ganowicza, A. Tylikowskiego.

W glosowaniu tajnym wzxglo udziat 99 Delegatéw a poszczegblni Kandydaci otrzymali nastgpujacy hcsz
glosow:

A. Tylikowski (92), O. Dabrowski (87), S. Dubiel (83), R. Ganowicz (79), R. Bak (71).

Na przewodniczacego Komisji Rewizyjnej wybrano prof. A. Tylikowskiego.
Ad. 16. W dyskusji nad sprawami organizacyjnymi glos zabierali nastepujacy Koledzy:
Doc. J. Kubik (Opole) — sugerowal nawigzanie przez Zarzad $cistych kontaktow ze Stowackim Towa-

rzystwem Mechaniki.
Prof. M. Zakrzewski poparl przedmoéwce.

Prof. Z. Dzygadto zglosit wniosek, aby zwycigzcy konkursu na najlepsza pracg w mechanice przyznawac
obok nagrody pienigznej rbwnoczesme medal, natomlast zdobywcom dalszych miejsc przyznawaé réwniez
dyplomy.

Prof. A. Wilczyiski zaproponowal wydanie ,,slownika terminologii” w dziedzinie mechaniki.

Doc. W. Kosinski (Warszawa) zastanawial sig, kto ma finansowaé prace nad ww slownikiem oraz zglosit

wniosek formalny aby konsekwentnie uzywaé okreflenia ,,Towarzystwo’ a nie ,,Stowarzyszenie”.
Prof. M. Zakrzewski podkre§lit potrzebe powolania Sadu Kolezenskiego.

Prof. E. Brzuchowski opowiedzial si¢ rowniez za powolaniem tego rodzaju Sadu.

Prof. W. Krzy§ byt przéeciwnego zdania; nie widzac potrzeby takiej formalizacji.

Prof. M. Dietrich popart przedmowce stwierdzajac, ze powolanie takiego Sadu bedzie trudne oraz dhugo-
trwale. Zaproponowat natomiast powotanie Komisji Etyki.

Prof. Z. Dzygadio wyrazil opinig, ze wystarczajace w tym zakresie sg Komisje Rewizyjne.

Doc. R. Dzigcielak zwrocit uwage na istnienie w obecnym statucie mozliwosci ukarania cztonka Towarzy-
stwa przez Zarzgad Oddzialu bez koniecznoSci powolania Sadu Kolezenskiego.

Prof. A. Jakubowicz opowiedzial si¢ za powolaniem Komisji Jezykowej uwazajac, ze cala praca nad stowni-
kiem to raczej zajecie redakciji.

Doc. B. Siotkowski z Bydgoszczy w nawigzaniu do omawianej szeroko na ZjeZdzie sprawy oznajmit, ze
Zarzad Oddzialu czeka na ostateczna decyzje Sadu i decyzje Uczelnianej Komisji Dyscyplinarnej, co bedzie
podstawa dalszych dzialan Zarzadu Oddziatu.

Doc. A. Radowicz wnibst o glosowanie nad potrzebg wprowadzenia zmian statutowych (w przyszloéci) —
t.J. Sadu Kolezenskiego.

Prof. M. Zakrzewski stwierdzil, ze w obecnej sytuacji Zarzad Gléwny nia ma zadnej mozliwosci ingerencii

poprzez np. zawieszenie czlonkdéw w jego prawach.

Doc. W. Bachmacz wyrazil opinie, Ze niepotrzebny jest nadmierny po$piech. Poparl sposob dzialania
Oddziahn Bydgoskiego. i

Prof. R. Gutowski wyrazil poglad przeciwny powolaniu Komisji Dyscyplinarnej, uwa.iajqc_, ze jest dosta-
tecznie wiele innych $rodkéw.

Doc. A. Radowicz poparl propozycie prof. Gutowskiego.

Prof. J. Elsner zaproponowat delegatom przeglosowanie wniosku dotyczacego powotama Sadu Kolezef-
skiego. Za wnioskiem, w glosowaniu jawnym opowiedziala si¢ wigkszo$é delegatow.

Nastepnie doc. A. Radowicz odczytal wnioski sformulowane przez Komisje Wnioskowa w nastgpujacej
redakcji:




BIULBTYN INFORMACYINY 709

1. Whioski z XXI Zjazdu Delegatéw nalezy nadal traktowaé jako aktualne wytyczne dzialalnoéci Towa-
rzystwa na okres rozpoczynajacej si¢ XXII kadencji (za wyjatkiem punktow 8 i 13).

2. Oddzialy PTMTS przy przyjmowaniu nowych czlonkéw powinny zgodnie z wymaganiami statutowymi,
zwraca¢ uwage na wysoki prestiz Towarzystwa.

3. Nalezy podjaé¢ prace zmierzajace do uzupetinienia Statutu PTMTS przez wprowadzenie instytucji Sadu
Kolezenskiego oraz innych uzupetnies.

4. Zobowiazuje si¢ Zarzad Gléwny do powolania Komisji ds Nomenklatury w dyscyplinach reprezento-
wanych przez PTMTS.

5. Zobowiazuje si¢ Zarzad Glowny do podjecia w mozliwie najkrotszym czasie dalszych roboczych kon-
taktéw ze Stowackim Towarzystwem Mechaniki oraz rozwazanie mozliwosci rozszerzenia tej wspol-
pracy na Czeskie Towarzystwo Mechaniki.

W glosowaniu jawnym delegaci jednomyslnie zatwierdzili powyisze wnioski jako wytyczne dzialania

w nowej kadencji Zarzadu Gidéwnego.

Ad. 17. Prof. J. Elsner zamkngt XXII Zjazd Delegatéw dzigkujac zebranym za udzial w obradach. Na

rece prof. R. Parkitnego zlozyl podzigkowanie zespotowi organizacyjnemu za sprawne przygotowanie

Zjazdu.

Przewodniczqcy XXII Zjazdu
Prof. dr hab. inz. J. W. Elsner

I POLSKO-SEOWACKIE
SYMPOZJUM MECHANIKI STOSOWANEJ
Jez. Turawskie k. Opola, 3 - 5.06.87

W czerwcu 87 r., w ofrodku wypoczynkowym Relax nad Jeziorem Turawskim odbylo sie spotkanie
mechanikow polskich z sgsiadami zza Tatr — Stowakami. Stowackich mechanikoéw reprezentowato 10 profe-
soréw i docentéw gléwnie z Politechniki w Bratyslawie (Slovenska Vysoka Skola Technicka) oraz Prof.
J. Brilla z Uniwersytetu Komenskiego w Bratyslawie i doc. S. Lichardus z SAV. Strone polska reprezento-
wali zaproszeni przedstawiciele oddziatéw PTMTS z poludnia Polski i Warszawy. Wygtoszono ogdlem
19 referatdbw z réznych dzialdw mechaniki ciala stalego. Tematyka wystapien dotyczyla zaréwno teorii
ofrodka sprezystego, plastycznego, reologii i teorii zniszczenia jak i teorii powlok oraz mechaniki budowli.
Szeroki wachlarz tematyczny konferencji wynikat z checi zaprezentowania kierunkéw badan prowadzonych
w obu krajach, stanowié¢ mialy one réwniez propozycje do podjecia wspdlnych badan. Taka tez byla intencja
organizatoréw spotkania — PTMTS i sponsora, ktorym by} Instytut Inzynierii Ladowej WSI w Opolu.
Na poczatku obrad wreczono uroczy$cie dyplom czionka zagranicznego PTMTS Prof. J. Brilli — Prezesowi
Stowackiego Towarzystwa Mechaniki (SSM), ktéry od lat byt rzeczaikiem wspolpracy mechanikéw z obu
krajow. ) '

Matematyczne podstawy mechaniki byly gléwnie przedmiotem wystapied J. Brilli (SSM) i G. Szefera.

Pierwszy z tych referatébw dotyczyl adaptacji poje¢¢ i metod analizy funkcjonalnej w lepkosprezystosci
i byl zatytulowany: ,,Matematyczny aspekt liniowej lepkosprezystosci’’. Natomiast w refercie G. Szefera
»Analiza wrazliwo§ci w problemie kontaktowyim z wigzami jednostronnymi’ wykorzystano teori¢ nierdw-
noéci funkcjonalnych do badania wlasnosci zadan kontaktowych z jednostronnymi wigzami.
J. Murin (SSM) w referacie ,,0 przyrostowych réwnaniach nieliniowych zadan mechaniki ciala stalego®
przedstawil przyrostowe sformulowania réwnar reologii i mechaniki ciala plastycznego wraz z uwypukle-
piem numerycznych mozliwodci tego ujecia. Zaawansowane opisy przemian energetycznych towarzy-
szacych uplastycznienin z udzialem przeplywéw ciepla zaprezentowal S. Benta w pracy: ,,Model ciala
termoplastycznego z mieszanym wzmocnieniem”. Stabsza strong zaproponowanego ujgcia byt brak pelnej
analizy termodynamicznej proceséw dysypatywnych. Jedyny referat z zakresu pél sprzgzonych przed-
stawil J. Stefaniak (,,Warunki skoku w magnetotermosprezystoéci’”), ktéry zawierat opis ztozonych prze-
plywow dyfuzyjnych obojetnego elektrycznie skiadnika pod wplywem zewnetrznego pola elekiromag-
netycznego. .

Znaczne zainteresowanie wywolalo wystapienie M. Kleibera, ktéry przedstawit pracg ,,Zastosowanie
sztucznej inteligencji w komputerowej analizie konstrukcji”’. Przedstawiono w nim nowe tendencje w me-
chanice konstrukcji zwigzane z pekniejszym wykorzystaniem mozliwosci komputer6w.
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Referaty zwiazane z teorig szczelin przedstawit F. Vadowi¢ (SSM) — ,,0 analizie haprezeni w wierz-
cholku szczeliny’’ oraz K. Sobczyk, ktéry zaprezentowal prace ,,Probabilistyczne modelowanie wzrostu
szczelin zmeczeniowych”. :

Klasyczne zagadnicnia teorii mechanizméw przedstawil J. Hormann (SSM) w referacie ,,Algorytm
analizy strukturalnej zlozonych mechanizméw”, natomiast zastosowanie teorii grafow J. Wojnarowski
w referacie ’O zastosowaniu graféw w mechanice”.

Zagadnieniom heterogenicznych kompozytéw lepkosprezystych poswiecil swoje wystapienie S. Lichar-
dus (SSM), ktéry przedstawit prace ,,Modelowanie lepkosprezystych materialéow kompozytowych”.

Spora grupa referatbw dotyczyla mechaniki konstrukcji. Byly to prace zardbwno z teorii powlok,
statyki i dynamiki konstrukcji warstwowych jak i niestandardowych zadan dynamiki konstrukcji. Statyke
konstrukeji warstwowych przedstawil P. Marton za$ analogiczne zadania dynamiki F. Trawnicek, W refe-
racie P. Martona (SSM) ,,Analiza numeryczna wielowarstwowych konstrukeji” przedstawiono programy
obliczen statyki belek i ptyt uwarstwionych, za§ ¥. Trawnicek (SSM) w pracy ,,Niektore problemy drgan
wielowarstwowych plyt” omoéwil réwnania drgai wilasnych i wymuszonych belek i plyt warstwowych.

Teorie nieliniowych powlok sprezystych przedstawil J. Makowski w referacie ,,Wybrane zagadnienia
nieliniowej teorii powlok”, ktéry obejmowal skorficzone przemieszczenia i obroty cienkich powlok lacznie
z rozwigzaniami numerycznymi. Natomiast problem wyznaczenia naprgzes w uzebrowanych powtokach
drewnianych podjal J. Kaiser (SSM) w opracowaniu ,,Analiza statyczna kopul drewnianych duzej roz-
pietosci”.

Zastosowan technicznych dotyczyl rbwniez referat L. Starka (SSM) ,,Dzialanie sejsmicznego impulsu
na konstrukcje elektrowni jadrowej”. W wystapieniu tym podano propozycj¢ modelowania zagadnien
sejsmicznych i parasejsmicznych w zakresie energetyki jadrowej. Podobnie, ogblnie ujeta tematyke nie-
zawodnosci konstrukeji podjat T. Chmielewski w wystapieniu ,,Niezawodno§¢ stochastyczna ukladéw
dynamicznych’. _

Aktualne tendencje w mechanice gruntéw przedstawit M. Gryczmanski, a jego referat ,,Sprezysto-
plastyczne modele gruntu® dotyczyt mozliwoéci opisu ujecia wlasnosci gruntdéw w ramach teorii plastycz-
nosci i lepkoplastycznosci.

Referaty wygtaszane byly w jezyku polskim i stowackim, co nie przeszkadzalo w ich dobrym zrozu-
mieniu.

Spotkanie bylo praktyczna realizacja umowy o wspdlpracy miedzy PTMTS a SSM, ktérg po wiela
zabiegach podpisano w 1986 r. Wydaje sig, ze sam fakt dojécia do skutku tego spotkania ma juz swoja
wymowe, zwazywszy ze od wielu lat organizuje si¢ konferencje polsko-francuskie, polsko-wloskie itp.
natomiast brak byto takich spotkaf z najblizszymi nam duchowo i jezykowo sgsiadami z potudnia Polski.
Mozna zywié¢ nadzieje, ze spotkania te wejda na stale do kalendarza imprez organizowanych przez $rodo-
wisko mechanikéw w Polsce. Warto wiec podkresli¢, ze za 2 lata zostanie zorganizowana podobna kon-
ferencja przez Slowackie Towarzystwo Mechaniki (SSM) w Smolenicach — domu pracy tworczej Stowackiej
Akademii Nauk (SAV). '

Jan Kubik

FIRST INTERNATIONAL CONFERENCE ON INDUSTRIAL AND APPLIED MATHEMATICS —
Paryz, 29.6 - 03.7.87

Miedzynarodowa konferencja naukowa ICIAM’87 (First International Conference on Industrial
and Applied Mathematics) odbyla si¢ w Paryzu w terminie od 29 czerwca do 3 lipca 1987 r. Tym samym
zostaly pomyS$lnie uwiericzone starania kilku znanych migdzynarodowych towarzystw naukowych, ktbre
podjety wspdlna inicjatywe zorganizowania $wiatowego, interdyscyplinarnego sympozjum po$wigconego
zastosowaniom matematyki w wielu dziedzinach nauki.

Organizatorami konferencji byly nastgpujace towarzystwa:
— GAMM (Gesellschaft fiir Angewandte Mathematik und Mechanik)
— IMA (Institute of Mathematics and its Applications) — WIk. Bryt.
— SIAM (Society for Industrial and Applied Mathematics) — USA
— SMAI (Société de Mathématiques Appliquées et Industrielles) — Francja.
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Trudu jej technicznej organizacji podjal si¢ francuski Institut National de Recherche en Informatique et en
Automatique (INRIA). Obrady pod honorowym patronatem Prezydenta Republiki Francuskiej odbyly si¢
w Migdzyrnarodowym Centrum Konferencyjnym zlokalizowanym na terenie nowowybudowanego, nowo-
czesnego Ofrodka Nauki i Przemyslu (Cité des Sciences et de I'Industrie) w paryskiej dzielnicy La Villette.
Zainteresowanie Konferencja bylo ogromne i przekroczyto oczekiwania organizatoréw. Uczestnikoéw bylo
ponad 1350 z 50 krajéw. Najliczniej, oprébcz Francji, reprezentowane byly Stany Zjednoczone (280 uczest-
nikow). W trakcie Konferencji odbywala si¢ wystawa ksigzek i publikacji renomowanych wydawnictw
naukowych oraz demonstracja zastosowai sprzgtu komputerowego. Uczestnicy Konferencji mogli réwniez
zwiedza¢ aktualne wystawy osiggnie¢ techniki i nauki przedstawiane na terenie calego O$rodka Nauki
1 Przemystu,

Organizacja Konferencji, mimo duzej liczby uczestnik 6w i zgtoszonych referatéw, byla bardzo sprawna.
Jej przebieg zrealizowany zostal w czterech nurtach: sesje ranne i popoludniowe rozpoczynaly wyklady
zaproszonych gofci, nastepnie odbywaly si¢ tzw. minisympozja oraz prezentacje przyjetych referatow
w poszczegblnych sekcjach. Jednocze$nie w wydzielonych pomieszczeniach Centrum przedstawiane byly
prace na sesji plakatowe;j.
Mimo réinorodno$ci tematycznej, znaczna czesé prac prezentowanych na Konferencji zwiazana byla
z problemami mechaniki teoretycznej i stosowanej, Zaproszeni naukowcy wyglosili 17 wykladéw, a wérdd
nich:
— A. J. Majda (USA) — Vortex Dynamics-the Interaction of Numerical Analysis, Scientific Computing
and Mathematical Theory,
— P. Perrier (Francja) — Numerical Flow Simulation in Aerospace Industry,
— W. Hackbusch (RFN) — The Multi-Grid Method. Algorithm, Software and New Developments,
— J. Hopcroft (USA) — Model Driven Simulation,
— M. 1. D. Powell (W. Bryt.) — Algorithms for Nonlinear Equations and Unconstrained Optimiza-
tion.

Cickawsa forma obrad byly minisympozja, stanowiace przeglad aktualnego stanu wiedzy w okre§lonych,
waskich galeziach tematycznych. W trakcie ich trwania przedstawiano kilka referatéw $cisle powiazanych
z soba tematycznie. Temat wiodacy zostal wezeéniej zgloszony przez jednego z zainteresowanych naukow-
cbw, ktory jednoczesnie podawal nazwiska innych specjalistéw zaproszonych do dyskus_u i prezentacji
swoich prac. Zorganizowano 65 minisympozjéw, a wérdd nich:

— Finite Rotations in Nonlinear Plates and Shells (R. Schmidt-RFN)

~— Minisymposium Dedicated to the Memory of J. H. Wilkinson (G. H. Golub — USA)

-— Nonlinear Optimization — Principles and Technical Applications (H. P. Priifer — RFN)
— New Methods for Numerical Turbulence Modeling (O. Pironneau — Francja) ’
— Expert and Knowledge Based Systems for Scientific Computing (B. Ford — W. Bryt.).

Wobec duzej liczby zgloszonych i przyjetych referatéw wyglaszane one byly w siedmiu, réwnolegle
odbywajacych sie sekcjach tematycznych. W sumie przedstawiono 920 prac w nastgpujacych sekcjach
(na pojedynczg prezentacje przeznaczono 15 min.):

— Zastosowania

— Sterowanie

— Matematyka dyskretna

— Piyny

— Informatyka

~— Metody numeryczne

— Statystyka

Sesja plakatows zostalo objetych 110 prac. Tematyka prac prezentowanych na konferencji dotyczyla
zar6éwno probleméw podstawowych w matematyce jak i wielu szeroko rozumianych zastosowan w takich
naukach jak mechanika, automatyka, biologia, cybernetyka, chemia, astronomia, astronautyka, informa-
tyka i wielu innych.

Jerzy Rakowski
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VI SZKOEA LETNIA MECHANIKI PEYNOW
(Mikolajki 26 - 30 wrzesnia 1987 r.)

We wrzes$niu 1987 roku, odbyla si¢ w Mikolajkach VI-ta Szkota Letnia Mechaniki Plynow, stanowiaca
kontynuacje rozpoczgtego w roku 1977 i powtarzajacego sig co dwa lata cyklu szkolenia mlodych pra-
cownikow nauki w zakresie Mechaniki Plynow.

Fakt ten oznacza, ze uplynglo okragto 10 lat od chwili zainicjowania Szk6l Letnich, co sklania do
pewnych reflekcji i podsumowan.

Przypominamy zatem, ze Szkoly Letnie stanowia wyraz interpretacji postulatdéw II Kongresu Nauki
Polskiej, dotyczacych rozwoju Mechaniki Plynéw w Polsce. Postulaty te, opublikowane w Materialach
Kongresowych Sekcji VI Mechaniki, opieraly si¢ na ocenie ogélnej, stwierdzajacej (wowczas) niedorozwoj
Mechaniki Plynéw w Polsce (Materialy, str. 23), zwlaszcza w poréwnaniu z Mechanika Cial Statych Qd-
ksztalcalnych. Wyrazaly konieczno$é zmiany tego stanu rzeczy, okre§lanego wrecz jako zagrozenie harmo-
nijnej realizacji niektoérych programéw panstwowych.

Upatrujac w zaktywizowaniu §rodowiska hydro- i aeromechanikéw w Polsce podstawowy §rodek
podniesienia poziomu tego $rodowiska naukowego, Sekcja Mechaniki Plynéw Komitetu Mechaniki PAN,
kierowana od roku 1973 przez czlonka rzeczywistego PAN Wlodzimierza J. Prosnaka, powolala do zycia
dwie regularnie odbywajace si¢ imprezy naukowo-szkoleniowe, a mianowicie Krajowe Konferencje Me-
chaniki Plynéw (I Xonferencja — Jaszowiec, 2 - 7.12.1974) oraz Szkoly Letnie (I Szkota — Mikolajki,
19 - 24.09.1977). Odpowiednie uchwaly i ustalenia zawiera artykul sprawozdawczy z I Konferencji Mecha-
niki Plyn6w (Nauka Polska nr. 7, 1975). :

Niniejszy artykul dotyczy Szkoty Letniej. Oto tematyka i daty Szkol poprzednich:

I Szkola Letnia — Mikolajki, 19 -24.09.1977 — Zdgadnienia nauczania mechaniki plynow

II Szkola Letnia — Rudziska Pasymskie, 17 -22.09.1979 — Numeryczna mechanika plynow

IIT Szkola Letnia — Mikolajki, 14 - 19.09.1981 — Metody doswiadczalne w mechanice plynéw

IV Szkola Letnia — Mikolajki, 19 - 24.09.1983 — Metody analityczne i numeryczne w mechanice
plynow

V Szkola Letnia — Mikolajki, 16 - 21.09.1985 — Podstawy turbulencji

VI Szkola Letnia — Mikolajki, 26 - 30.09.1987 — Przeplywy wielofazowe.

Nie wdajac sie w drobiazgowe oceny stwierdzi¢ mozna, Zze zarowno Szkoly jak i Konferencje osiggnely
w zupelno$ci zamierzony cel: nastapit znaczny rozwdj i podniesienie poziomu naukowego hydro- i aero-
mechanikow w Polsce, Analize szczegblowa odkladamy do innego opracowania.

VI Szkole po§wiecono zagadnieniom przeptyw6éw wielofazowych. Kierunek ten w ostatnim okresie,
ze wzgledu na liczne zastosowania, rozwija sig¢ na $wiecie bardzo intensywnie — nie znajduje to jednak —
jak dotychczas, wlasciwego odbicia w kraju.

VI Szkola Letnia podobnie jak poprzednie odbyla sig z inicjatywy Sekcji Mechaniki Plynéw Komitetu
Mechaniki Polskiej Akademii Nauk, a osobiscie jej przewodniczacego cztonka rzeczywistego PAN Wio-
dzimierza J. Prosnaka, oraz przewodniczacego Podsekcji Szkolenia i Szkot Letnich prof. Eustachego S. Bur-
ki. Przygotowanie merytoryczno-naukowe Szkoly powierzono Podsekcji Przeplywow Wielofazowych,
kierowanej przez prof. Jaroslawa Mikielewicza.

Wspolorganizatorem Szkoly byla tradycyjnie Katedra Mechaniki i Podstaw Konstrukcji Maszyn
Akademii Rolniczo-Technicznej w Olsztynie oraz Instytut Maszyn Przeplywowych Polskiej Akademii
Nauk w Gdarisku. Bezposrednimi organizatorami Szkoly byli: Eustachy S. Burka, Jarostaw Mikielewicz
i Mieczyslaw Oz6g, a sekretariat Szkoty prowadzilt Waclaw Ciania,

Ideq przewodnia Szkoly bylo przedstawienie podstaw i specyfiki przeplywow dwufazowych, pokazanie
zlozonosci tej problematyki — i w ten spos6b zachecenie miodych pracownikéw nauki do podjgeia badaf
w tej interesujacej i burzliwie rozwijajacej sie dzisiaj dziedzinie.

Z obszernej tematyki zwiazanej z przeplywami wielofazowymi wybrano dwa zagadnienia: przeplywy
dwufazowe gazciecz oraz procesy hydrodynamiczne w podlozu morskim traktowanym jako ofrodek
wielofazowy.

Wybor tematyki podyktowany byl nie tylko potrzeba rozwijania jej na gruncie krajowym, ale rowniez
nie mniejsza potrzeba wdrazania nauki §wiatowej w gospodarce narodowej.
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W programie wykladéw przewidziano przedstawienie fizyki zjawisk, podstaw matematycznych modeli
opisujacych zjawiska, jak tez przyklady zastosowar modeli oraz wyniki badai doswiadczalnych.

W pierwszym cyklu dotyczacym modeli przeplywéw dwufazowych para-ciecz, zwrdécono uwage na
szczegblng rolg réwnan zamykajacych. Wykazano, ze na budowg tych réwnan majg wplyw struktury
przeplywu dwufazowego. Stad tez niektére z tych réwnar nosza umowng nazwe réwnan topologicznych.

Istotna role¢ w weryfikacji do§wiadczalnej modelu przeplywu dwufazowego (wielofazowego) odgrywa
przeplyw krytyczny. W wykladzie dotyczacym modelowania przeptywdw wielofazowych podkreflono fakt,
ze informacje o przeptywach krytycznych mozna w zasadzie uzyskaé z hiperbolicznych ukladéw réwnank
rézniczkowych opisujacych przeplywy wielofazowe.

Kolejny wykiad poswiecony problematyce przeptywdw para-ciecz dotyczyt kondensacji homogenicznej
podczas przeplywu przez dysz¢ de Lavala. Wyjasniono w nim pojecie zarodzi kondensacji — tzw. kropli
krytycznej. Preedstawiono zwigzek pomigdzy kinetyka kondensacii, a rozkladem parametréw wzdiuz dyszy.
Spos6b budowy oraz efektywnoé¢ prostych modeli opisujacych przeplyw dwufazowy przedstawiono w kolej-
nym wykiadzie na przykladzie przeplywu przez tak zwany trdjnik.

Drugi cykl wykladéw poswiecony hydrodynamice podioza morskiego ujawnial ztozonoé¢ probleméw
wystepujacych w przeplywach wielofazowych i ich bezpoéredni zwigzek z praktyks inZynierskg — w tym
przypadku — z inZynieria morska. '

W podstawowym wykladzie zwiazanym z ta problematyka przedstawiono zastosowanie teorii o§rodkow
wielofazowych do opisu ruchu wody w przepuszczalnym podiozu morskim. W nastgpnych wykladach
zilustrowano teorig — zastosowaniem modeli teoretycznych do inzynierii morskiej.

Organizatorzy zaprosili do Szkoly dwu specjalistbw z Uniwersytetu w Manchesterze, profesora
I. D. Jacksona i dr M. Christodoulou, ktérzy wyglosili w jezyku angielskim bardzo interesujace wyklady
o wplywic konwekcji naturalnej na przeplyw jedno i dwufazowy (prof. I. D. Jackson), oraz o metodzie
pomiaru kropel i czastek ciala stalego (dr M. Christodoulou).

Zrealizowany program Szkoly obejmowatl nastepujace wyklady:

J. Mikielewicz — Zjawiska i modele przeplywéw dwufazowych — 4 godziny,

R. Puzyrewski — Homogeniczna kondensacja w dyszach de Lavala—2 godziny,

E. Sliwicki — Przeplywy dwufazowe w rozgalezieniach kanatu — 2 godziny,

St. Massel — Procesy hydrodynamiczoe w podlozu morskim traktowanym jako osrodek wielofazowy —

5 godzin,

H. Zaradny — Wybrane zagadnienia dwufazowego przeplywu wody i powietrza w oérodkach poro-
watych — 5 godzin,

I.D. Jackson — Wplyw konwekcji natura.lnej na przeplyw dwufazowy—(w jez. ang.)—2 godziny,

M. Christodoulou — Problemy pomiarowe predko$ci i wielkosci kropel (w jez. ang.) — 2 godziny.

Ponadto w materialach Szkoly opublikowano nie wygloszony wyklad A. Konorskiego — Odparo-
wanie i kondensacja na powierzchniach kropel w przeplywie dwufazowym o silnoym rozdrobnieniu fazy
ciektej.

Zajecia w Szkole objely lacznie 22 godziny wykladow oraz kilkugodzinne zebranie dyskusyjne poSwie-
cone podsumowaniu zaje¢ Szkoly, omoéwieniu programu, trafno$ci dobomn trefci wykladéw, tematyki
nastgpnych Szkél i spraw organizacyjnych.

Uczestnicy Szkoty wskazywali w dyskusji na celowo§é kontynuowania dobrych — dziesigcioletnich
juz — tradycji organizowania Szk6t Letnich Mechaniki Plynéw, ktore nie tylko spetniaja wazna w kraju
role szkoleniowa, ale réwniez — nie mniej wazna — rolg integrujaca srodowisko hydro- i aeromechanikow
w kraju.

Dodatkowa atrakc;q Szkoly byla dwugodzinna wycieczka statkiem po jeziorze Sniardwy.

Zainteresowanie VI Szkola Letnia w $rodowisku hydro-aero- i termomechanikéw bylo bardzo duze
Szkola nie mogla niestety przyjaé wszystkich chetnych. W Szkole wzigto udziat 107 oséb (w tym 19 pro-
fesoréw i docentdw), reprezentujacych 22 uczelnie krajowe, oraz 9 instytutéw Polskiej Akademii Nauk
i resortowych.

Uczestnicy Szkoly. otrzymali dwa skrypty:

1 — Przeplywy wielofazowe — materialy wykladowe—-—-203 str. wydawnictwo Szkoly,
2 — Katalog odwzorowan konforemnych — autorzy: W. J. Prosnak i Z.J. Kosma — 137 str., Zeszyty
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Naukowe Instytutu Maszyn Przeplywowych PAN, nr 240/1180/87, Gdansk-1987. Wydawnictwo ofia-

rowane Szkole przez Instytut Maszyn Przeplywowych PAN w Gdansku, jako wyraz poparcia jej dazes

i zamierzen.

Opublikowane i oddane w rgce uczestnikébw materialy wykladowe wypelniaja po czeéci luke w kra-
jowym piémiennictwie naukowym w dziedzinie przeptywoéw wielofazowych. Uzupelniaja tez, wylozone
w ramach poprzednich Szkol po$wieconych Numerycznej Mechanice Piyndéw, metody wyznaczania prze-
plywéw oparte na wstgpnej transformacji obszaru przeplywu.

Instytut Maszyn Przeplywowych Eustachy S. Burka
PAN w Gdansku : Jaroslaw Mikielewicz

VIII MIEDZYNARODOWA. KONFERENCJA MASZYN PRZEPEYWOWYCH
(WRL, Budapeszt, 15- 18 wrzesnia 1987 roku)

Kolejna 6sma Migdzynarodowa Konferencja Maszyn Przeplywowych odbyla si¢ w dniach 15-18
wrze$nia 1987 roku w Budapeszcie,

Organizatorami, zgodnie z tradycja byly: Hungarian Scientific Society of Mechanical Engineers;
Section of Technical Sciences of the Hungarian Academy of Sciences; TAHR oraz TUTAM HNC.

W roku 1987 minglo 25 lat od zorganizowania w roku 1962 w Budapeszcie pierwszej Konferencji
Maszyn Przeplywowych.

Z uplywem lat, konferencje te nabieraly w1@kszego migdzynarodowego prestizu naukowego i przycia-
galy stale wzrastajaca liczbe badaczy z calego $wiata,

Na pierwszej Konferenciji przedstawiono 23 referaty z czterech krajéw europejskich. Na 6smej za$,
zaprezentowano 119 referatow z 22 krajoéw §wiata,

Od roku 1962 Konferencje te sa regularnie organizowane przez Wydzial Nauk Technicznych Wegierskiej
Akademii Nauk oraz Wegierskie Stowarzyszenie Inzynier6w Mechanikéw.

Wszystkie referaty (119), zostaly opublikowane w jezyku angielskim w dwu tomach materialéw kon-
ferencyjnych (962 strony), pod redakcja profesorow Laszlé Kisbocskéi oraz Akos Szab6, (Proceedings
of the Eighth Conference on Fluid Machinery, Vol. 1 and 2, Akadémiai Kiadé, Budapest 1987).

Organizatorzy Konferencji dopuscili do prezentacji prace o nastgpujacej tematyce:

— przeplyw cieczy idealnej oraz cieczy rzeczywistych przez palisady lopatkowe,
— warstwy przy§cienne,

— przeplywy wielofazowe, mieszanie,

— kawitacja, erozja kawitacyjna, szum kawitacyjny, fale uderzeniowe,
— pompy wyporowe,

— turbiny wodne,

— wentylatory i sprezarki osiowe,

~— wentylatory, pompy i spr¢zarki od$rodkowe,

— uszczelnienia,

— rozgalezienia sieci i systemy rozdzielcze,

— strumienice. )

Obrady odbywaly si¢ w Palacu Kongresowym Wegierskiei Akademii Nauk na sesjach plenarnych.
Odbylo sig 12 Sesji Plenarnych. Po kazdej Sesji przewidziano czas na dyskusje.

W trakcie obrad plenarnych uczestnicy z Polski przedstawili 25 referatow. Byla to po gospodarzach
najliczniejsza grupa uczestnikow. Wegrzy (28 referatéw) i Polacy (25 referatow) prezentowali 5094 materialu
konferencyjnego. Konferencja uzyskala nieoficjalng nazwe Wegiersko-Polska.

Uczestnicy z Polski przedstawili nastepujace referaty szczegélowe:

1 — Adamkowski A. — Waterhammer reduction in the delivery pipe of a hydraulic machine by means
of flow control.
2— Burka E.S., Aerts K.— Dynamics of a laser pulse generated vapour-gaseous bubble,

3 — Burka E. S., Ciania W. — An approximate method determining volumetric losses in radial clearance
of a gear pump. : :
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4 —Burka E.S., Wilamowska M, — Numerical analysis of a liquid flow in radial clearance.

5 — Chmielniak T., Kosman G., Witkowski A., Rusin A. — Basic constructional problems of high-
temperature fans and examples of their solution.

6 — Dzida M. — Experimental investigation of the distribution and the pulsation of temperature of a
pas stream at the gas turbine inlet in the stationary regime.

7 — Fortua S. — Investigations of centrifugal fans having discontinuous characteristics with hysteresis.

8 — Jedryszek J. — The vorticity method design for the modelling of rotor — stator interaction.

9 — Korczak A., Lamboj J. — Oscillation of axial force in the centrifugal pump working in cavitation.

10 — Kosowski K. — The effect of the degree of reaction and other design parameters on the optimum
value of the nozzle outlet angle in' turbine stages.

11 — Nalecz T. — Experimental determination of volumetric coefficient of flow intensity through regula-
tory clearances of a variable section.

12 — 026g M. — Investigations of volumetric rate of liquid flow through properly configurated seal
of shaft terminals.

13 — Pakula G., Rduch J. — Laminar outward flow in a gap between rotating discs.

14 — Perycz S. — Estimation of the optimum velocity ratio of the last stage of great output condensing
turbine.

15 — Piatkowski R.— Flow losses in blower centrifugal impellers.

16 — Plutecki J., Wisniewski P. — Influence of the selected properties of oil on cavitation process.

17 — Pronobis-Profiska A. M. — Unsteady flow in rotating cascades of profiles.

18 — Rohatynski R.— On representation of potential velocity fields by various singularities.

19 — Rokita J. — Experimental estimation of the operating parameters of free-flow pumps with the increa-
sed specific work.

20 — Sentek J., Gniewek B., Odziewa B. — Noise generated by centrifugal fans.

21 — Steller J.— On prediction of Kaplan turbine performance and cavitation characteristics.

22 — Steller K. — On molecular metals applicability to the repair of cavitation-damaged hydraulic ma-
chines.

23 — Steller K., Reymann Z. — Some test results on Banki turbine.

24 — Walczak J. — Velocity distributions and tangential stresses on the wall of a three-dimensional tur-
bulent boundary layer in a parallel-disk vanelles diffuser.

25 — Zielinski A. — Recording of blade shape of fluid-flow machines.

W dyskusji koncowej wysoko oceniono materiat prezentowany przez referentéw. Uznano za znaczacy
fakt, ze coraz wiecej mlodych poczatkujacych pracownikéw naukowo-badawczych, angazuje sie w prace
badawcze z zakresu teorii i badan do$wiadczalnych maszyn przeplywowych.

Konferencja byla doskonale zorganizowana. Jezykami konferencyjnymi byt jezyk angielski, niemiecki,
rosyjski i wegierski. ’

Wyglaszane referaty w wybranym jezyku byly biezaco thumaczone na wszystkie pozostale jezyki
konferencyjne. Dotyczyto to rowniez dyskusji.

W drugim dniu Konferencji Przewodniczacy Stowarzyszenia Wegierskich Inzynier6w Mechanikéw
i jednocze$nie Przewodniczacy Komitetu Organizacyjnego Konferencji Profesor Jozsef J. Varaga podejmo-
wa} uczestnikdw Konferencji kolacja w salach Hotelu Gellerta.

Kolejna IX Miedzynarodowa Konferencja Maszyn Przeplywowych odbg¢dzie si¢ w Budapeszcie w 1990
roku.

Instytut Maszyn Przeplywowych Eustachy S. Burka
PAN w Gdansku
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Zeszyt 1

‘Wspomnienie o Profesorze Zbigniewie Brzosce

A. MARANDA, E. WLODARCZYK, J. SERAFINOWICZ, Analiza parametréow detonacyjnych materialow
wybuchowych emulsyinych (MWE) uczulanych szklanymi mikrosferami zawierajacymi po-
wietrze
AHANM3 [EeTOHALIMOHHBIX HAapamMeTpoB OMYJIBCHOHHBIX B3PBIBUATHIX BellecrB (OBB) cencntn-
JNU3HPOBAHHBIX CTEKILTHHBIMM MUKpOCchEpaMy 3alIOMHEHHbIME BO3ZYXOM
Analysis of the detonation parameters of emulsion explosives (EM) depending on glass micro-
spheres filled with air
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