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i1, Introduction

%e propose in this article a new, upified approach to
some problemé of artificial intelligence, such as machine
learning, incductive infercrnce, expert syctems, decizion~

making theory, etc.

%e advocate the use of the rough sets concept {rarlak,

1982) as the mathematical basis for these areas.

The suggested approach enables a precise, mathematical
formulation of fundamental concepts of these areas, yields

new theoretical results and offers simple, effective algorithms.

Several experimental applicitions (in medicine, industrial
process control and others) of the ideas presented here con-

tirm tpeoretically obtained results.

The relevant literature concerning .topics discussed in

this article is enclosed at the end of the paver.

2. Basic notions

2.1, Information systemé

In many problems of AI, guch as machine learning, exnpert
systems, etc., We are given a set of otijects {(states, phases}
and each object urnder consideraticn is charscterized in terms
of some features. Moreover the set of objects 1s classiflied
into disjoint family of clasées and we want to characterize
each class in terms of features of objects Lelonging to that

class.,




ie shall investigate the problem‘in detail, and in
oréer to <o so we exploit the concept of information system
{rawlaik, 1981) and rough classification (Pawlak, 1984).

By an information system we measn a collection of data
ccacerning sone objectis, states, processes etce. For example
g date file concerning patients suffering from a ceriasin disea-
ce 15 an information gystem. Each patient in the file is chara=
cieriged by means some symptoms like, for example blood prea=
sure, temperature etc. Each symptom may assume a-certain value

from & fixed set of values ascociated with the symptoﬁ. For

exauple the symptom "blood preasure" may assume one of the follow

wing velues: normal, sbove normal, below normal. Thus each
cbject in an information system is chéragterised by a get of
sreaseuned attributes (features) values.

Formel definition of an information system is given below.

2y an information system we mean the 4=tuple

S (U.Q.V.g) ’
where
U=~ is a finite set of objects,

Q = is a finite set of attributes,

ve U Vo eand V. - is the domain of the attribute . g,
q€Q L = ~

f: UxQ-V = is a total function such that ¢(x,q)e Y4
for every qe¢Q, xeU, called the information function.

The fuaction ¢ %t Q- V such that ?x(q} = ¢(x,q)
for every zeU, qe Q will be called infcrma#ion’(daté, know-
ledge, description) about x 'in S.

Any pair (q,v), g9eQ, stq is called a descriptor in S.

il

Any function from { to V such that 'W(F) &\A

will be called an‘information in S.

Thus'ah information system may be considered as a Tinite
table in which columns are labelled by attributes, rows are
labelied by objects and the entry in tie g-th column and x-ih

row has the value ¢(x,q).

" Each row in the table represents am informatiom {aroutl

some objéct in ZS),

.

V An examﬁle of iﬁformation system iz =hown im Tabh., 1.

Examnle 2.1.1, .
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Tab, 1.



let & = (G,Q,V,g) be an infornmation system, and P ¢X%.
AR infcrmat}on systex S' = (U|F)_V',3‘) (S' = _(X,Q,V’,g'))

such that ¢° = §/U*P ( ¢ =¢/X%x%) and V' is the

domain of g' will he called a P-restrictioﬁ {X-restriction)

of &, ané will be denoted S/P(S/X),

2.2, Indiscernidbility relation

let § = {U,Q,V,g) be an informotion system and let

FE Ly TYe U
3y F we mean & binary relation on U (called an indis-

cernibility relation) = defined as follows:
e o ot
ve gay that x end y ere indiscernible by the set of

cviributes P in S (x%',;j) iff gx(q) =?y(q} for every

- : N
{ne can eesily check that P is an ewuivalence relation

————— T n

in U for every Pre¢d(.

. e
The equivalence classes of the relatiomn F  are called

F-elementary sets in S, (-elementary sets are also calleé

atoms of §,

Thus every PEQ cdefines a classification: {partition)
of U - denoled P, and the equivalence classee of the rela-
tion T are classes (bloecks) of the classification ¥

Certainly v® o /P, e shall use the notation C/;_

when srecting abvout relotions, and F" when speaking about

clasrifications,

a3

[y

_X-omrle 2,

Some elenentory sote ip the infernntion sysiom sresented

in Tab, i, are shown below:

i) p-elementary sets

it

'{"1 ”‘4"5"‘5*"9‘5
5 = {%0.%70%50} '

RO

\y

il

i1) {p,r}-eléme_ntary sets

o
i

1 = {‘1"‘5"9& » :
= {"2"‘7'3103
{x30%g} ,

Parxg} : - "‘ | j

ANt
i |

111) atoms

» = {x10%50%}

Z = {"2”‘7"‘103 o :
= {x3xe}

2y = {457}

: e
1 P and g are equivalence relations, then - T = PAR

=
!

©
[

is called an intersection of T and R, and is defined as
follows: _

xpy  iff xgy and xgzy
It can easily be seen that

F= /)1 for every Peq.
o ge?
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. | Example 2.3.1. S
F&O in every €, Exanples of representations of the information systen

An information system &  is gelective Aff all atoms'in shown in Tab. 1, are given below:

~t
E are onc-element sets, 1.e. § 1is an identity relation,

2.3, Henresentation of an Information System

let & = (U,%,V,9) Dbe an information system and let P &9,

& P-rerresentztinon of £ is an information system

Tab. 2

ot
SP = (U/P!P)vpigp)l

X —t
N ‘ . i U/{p,r} p r
where U/P is the frmily of all egquivalence classes of the
relation ‘?, Vo, = V_, and Yi 12
P qCP q N
Y2 g 1
gp: U/FxP 2V, 3 20
Y4 1 0
is the information funbtion such that Tab '5.

ep(lxlp,a) = glx,q)

.

' _ S S Z 1 0 2
tor every x&U, g€P, ([x]’}‘,’ ~ denotes an -equiv.lence class 1
g z o 1 1
of the relation. P containing the object x). 2 .
. ; ZBA 2 0.0
Thue in a P-reprecentation of S ebjects are P-elementary 7 3 i 0
. : . : 4
sets, and the information function - Sp is an extension of the
function 59 for F-eclementary sets. Of course, every P-repfe- : } Tab, 4

'sentatiop of any. information system § = (UQQ'V-?>D _1>9Q._ 

is selective,
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2.4, Spproximetion of Sets in an Information Svstem

Let S = (U,Q,V,g) be an information system, XCU

and PCZ2. ’,

By the P-lover (P-urper) approximation orxgtfin g,
we mean the sets PX (PX) defined as follows:

ix evy:; [\j;f;x} ' ,

X = {xeu: [xIynx ;é.ﬂ}

]
He]
il

H

The set

is referred to as the P-boundary of X in S,

It is easy to check that each information systen

s = (v,%,V,§) and each subset of attributes P<Q . define

atopol:ogicall space TS'_= (U,De‘fp(s))., where DQIP(S) is

the family of all P-definable sets in S, . and the lower
and upper approximations are _1nterior 'and c’losﬁre in the

topoiogical space Ts., Hence the apprqximati_ons have the

following rroperties: v
1) PXEX &PX
2) ¥4 = B8 = #; FU = FU
3) P(XUY)2 PXUPY
4) B(xvy) = BXUPY
. ] .

it
(=
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5) P(X nY) = FX nPY
5) B(X nf}g PXnBy
-B(x) -
~-P(X)

7) P(-X)
8) P(-x)

i

- Moreover for the .topolozical space T, Wwe have:

9) PPX = PPX
10) BBx = ‘

PPx

PX is czalled the P-positive region of X in Sj

0w

BnPX is .called the P-doubiful region of X iun

U - PX is called the P-negative region of X in &,

Example of approximations in information system given

" in Tab, 1 are shown below:

;: Let X = {"1""?;."‘35"63

e o= gt

X = {xs'?‘é}

pXV = 1:(1\’ XpuX, =0

BX =

-
&

23 '=._£"‘3"‘61! v

X - Zyv ZyVZy = {xi,xz;xs, xs,xs,x.r,xg,xw}.

- 2.5, sceuraey of approximation

§ith every subset XCU we associate a nunber Mp(X)



czlled the accuraey of cnrrorimotion of X dy P in &

or, in siort, the aceuruey of X, where P end §& are

defineé as follows:

(50 card FX
Mplis EE—
P card FX

-

ﬂ?(x) can be expressed as:

) pip(X)
(x) = e
P Ap (3
where
(;) card PX
';b B card U
and
- (%) card'FX
ats card U

0f course, if X&Y, then
) &
#5(x) FplY) .

- Moreover we have

1~ pp(x)

Hpl-Xi
’ 1= ppl%)

- 15 =

Because of properties 3) and 6) (section 2.4;) ve are
unable to express the accuracy of the unior and the inter-

gection of sets X,Y 1in terms of the accuracies of X and Y.

2.6. Non-definable Sets

Let £ = (U,Q,v,g) be an information system and let
pcy, X<SU.

Note that X is P-definable im S iff FX= PX.

%e shall classify non-defipable sets into the follovw-

ing classes:

" a) X 1is roughly P-definable im S, 1ff PX £ ¢ and

X £ U. |
“b) X ~1s_'intema111 P—nonfdeflnable’. in S, iff

T | , |

} e) X is externally P-non-definzble in S, iff
Px =T o | o

Q) X 1is totally P-non-definable in S, iff X =g
and PX = U. ' B

© Let us remark that if X 1s definable, roughly

defipable, or totally'non-definable! so is F—X; it X 1is

vinterhaily (external;y)'non-definable, then =X " is externally

(1nterna11y) non#définable.

2;1. Aégroximatioh of famjilies of sets

tet ¢ = (U,Q,V,3) be an information system, PER,
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end 1et %= §x1,xg,...,xn}, X;,€U 1)2, be a family

of subksets of U,

By the I'-lower (P-unper) approximation of £ in S,

denoted P (FX), we mean sets
PY = {}.'ixi ;:_12"--v_Pxﬁ‘k
and

b

o, B P,

respectively.

Ir 'f. is aclassification( gartition) of U, i.e.b

};if\AJ=¢ for cvery 1,j‘$n,' i £) and UX = U, then

X, are called classes (blocks) of s,

I1f every class of % is P-definable then the classifi-

cation 3 will be called P~definable.

n o .
Posr,('i‘.) = ngi ©111 be called the P-positive region

of the classification ¥ in g,

Since 1\) in, there is no F-negative region for
1
any P of the claesihcation.,ff.win S,

o .
bu, (3) U BugX, Will be calle¢ the Pxdoubtful region

of the classitication X in S; ' .
it %= &xi',xz,...,xny is a classification of U,

then : ’

F .in._ &,
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:*.‘41 card(PY )
1=
/'}"P(&) = 2
3y card (FX,)
i=1

will be called the accuracy of the anproximation of % by

or simply the accuracy of '&

{bP(E) expresses tie rotio of all positive decisions
to all pOssibleidecisions, when objects/are classified ‘by

the set of attributes F.

Ye can aleo introduce another coefficient called guality

of approximation of the c1a<sit1cauon * {xl.xz...., n}

by the set P of attritutes, definel as follovws:

{y(gj _ Fl card P'x1

card(U)

Quality YP('E,) expresses the ratio of all P-correctly

classified objects to all objects im the system.

obviously p,,('a;) X('{-.) ana  P(E) = fHE) 1rf
is P-definable. T

®
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2.8. Dependencé of attributes

Let S = (U,g,V,g) be an information systenm and let

P,REQ, be subsets of attributes.

T'e say that set of attributes R depends on the .set
of attributes P in ‘s, P >R (or in short P = R) ifr

~
FCR,

One can show by simple computation the following proper— -

ties: ~

Fact 2.8.1.

The following conditions are equivalent:

1) FSoR
~ Cd

2) PE€R
—~— ~

3) PUR =P

o

4) R ie F-definable in
\
3) p(®%) = B(RY)

6) Yp(R®) = Y(RY) =1

Fact_2.8.2.

.

1) If P «»R and P 2 F, then P’ »R,
2) If F R and R'SR, then P R,
3) If P & &, then Fg—=R .
= SPuR

A simple algorithm ror checking whether P R or not
results from pronerties 3 and 5).

Note that 3) and 5) yield the property P 2R irt
:PUP./P is selective.

Thie is to say that if we remove all duplicate rovs,

il

i 1 RS G

|
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and 2ll columns labelled by attributes not telonging to
PUR, then we obtaim PUR representation of S, which is
of course selective. Having done this ne check whether remo-
ving from As,\i'st.kem SPuR all colunms lah_elled by attributes
from R yields a aelective system, 1.e., a systcm with ne
dupliééte rows, If this is the cése, then P R holds,

otherwise the dependence P R is not valid.

Example 2.8,1.

* For example in order to check whether {p,q} +>r in
the information system given in Tab, 1, we first compute
ip,q,r}- representation of that system, which is the following

system:

.

.~ ’
Uf{l’iQor} P 9 r
:Zi 1 0 2
Z, 0 1 1
Za 2 0 O
24 1 1 0

Tsb, 6.

Removing now the column labelled by the attribute r

‘we obtain the fq'llowing'table:.'
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Ir P pR, " thén the dependence P + R holds for some

objects only, namely for all xePosp(R’), i.e., the objects

P g
/ 1 0 belonging to- P—pqssi‘ti’ve 'fegion of the classification R,
o 1 The number KP(RH) indicates the percentage pf» objects for
s o which the dependence P - R boltj's. In other words P g R
<4 ot P sR in S/Posy(RY).
We say t!iat. R 1is totally independent on P in S
' Tab. 7. 1re Yp(B%) = 0.

. ) . - The memning of this definition is obvious,
For the sake of simplicity we omit in the t.abi\e the

column containing objedt.s. Because_qll ‘rows are dif_f'erent 2.9. Reduction of attritutes ..

Ythe svete ’ : . ) .
(the system is selective) the dependence {p,a} +r holds, Let € = (U,Q,V,q) be an information system and let

o e ———
i.e., {'p?,"chr, which is eguivalent to {p,q}u{r} ={f;:a}, PEQ

‘ Table 8 below presents the d . n: :
presents e dependernce function: f ‘ . a._) PSQ 1is independent in S 1iff for every P’c P,

PoF. | |
p al|r b) PSG is dependent imn S iff there exist P'Cc P,
such that P = ¥,
1 0 2 : : ) .
o 1|1 ‘¢) PEQ is reduct of Q im S 1iff P is the great-
i est independent set in Q.
2 0 0 R ] :
1 10 DRI _ A _
* It can easily be shown that the tollowing properties
' . bold: o ' '
Tah, &, olcd
: » ' . i ) .
= B o Fact 2.9.1.
) ) : a) It P 15\1ndependent-in S, then for every p,q&P
We say that & rourhly depends on P . in S, iff - o peither p'sb q nor g pp, i.e., all attributes from P

- N 4 .
-0 < ‘K}‘(Q") <‘1. Then we write P pR, where k= ‘(P(R*.).



are pairwize independent.

¥) If P is dependent in &, then there exists p'cP,

independent in £, such that P’ gP.-P';v

Note ‘that anm information system may have more than omne
reduct. For example in the information system shown in Tab. 1

there are three reducts: {p,q}, ip,r}, and {q,r}f

‘ore properties of reducts can be found in Pawlak (1981).

2.10. The Languagze of Informatiom System (The Description-

Language)
%ith each information system & = (v,Q,v,Q) mwe associate

s languege L. called a description language of Se

¥e recall after Pawlak (1981) the basic definitions con-

cerning the description language needed in this paper.

First we define the set of terms 'I'Q' of the language

L.. It is the least set satisfying the conditloms:

a) Constants 0,1 and all descriptors (i.e., pairs
(q,v), a&P, VEV,) are terms of 1g. (¥e shall also '
write down descriptors in the following form: q:=v).

p) If t and s are terms in Lg, then'so are ~t,

t+s, ts.

Now we chall define the set of formulas F. of ‘Lge

E

e AR

i
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The set. of formulas is the least set satisfying the

conditions:

a) Constants T,R are formulas in ILgj it t;,s are
terms in .LS.' then t.=s and t s are for-
mulas in LS'. '

b) If Y,y ere formules in Lg, then A, ¥V Y

ana YAY ‘are formulas in Lg.

Now we shall détine the semantics of LS

" Phe sementics of terms is a functiomn §. (or § -

when S is understood), which associates the subset of ob-

jects to terms, i.e., S'S:TQ -»@(U), defined as follows:

) 6(0) =48, 6(1) =V

b 6(a,) = @xeu:g (a) =¥
¢) 6y =U -6
a) Bt +8) = 6()ub(s)
o) 8(t «8) = E(t)nbls)

" The semantics of formulas is a function G‘S’ which

assfgns' to each foraula its truth value T or F {(truth

or falsity), 1l.e., §: Fo » {T,F}.

It S 1s known we shall omit the subsceript S - and

" write 6% instead of 6"5*.

6* is -defined 1h the following manner:

&) 6%m =7, &NF) =F




vy F¥(t = 8) =

gfr, it B(t) = B(s)

F, otherwise

c) gh(t %S) =
F, othervwise

{T, it §(t) € 6(s)

i =F
a) 6*-y) =

=T

3] -3
e
L] L)
m RN
B
% 6
I I

]

e) EX(pvy) = 67y v Y
£) R Y AY) §¥(¢) AE™(y)

i

if G’E(\e) =T we say that  1s true in &, and

it 6"‘(\7) = F, then ¢ 1is said to be false in S.

If ¢ is true in € we shall write bgy or Fy
if & 1is known. ' ’

We assume substitutions of the axioms of Boolean algebra
for terms and substnutlons of the propositional calculus
axioms for formulas, moreover We assume one specific axiom

of the form:

(a,v) =~Z (g,u),

ngv
us v

q
for every a€P,
Let § = (U,2,V,¢) be an information systen, .LS;

a descrirtion language.

We say that t&Lg 1s P-elementiry iTf t ' , (q, v)
ey ' qe?P
A\ 2 q.

Aterm t€L is in P-normal form iffi t = Z, tis

vhere "i are P-elementary terms.

' Fact 2.10.1.

For every t€L. and FGQ, there exists vE 14

.

in P-normal form such that Ft =¢ .

Te say that XeU 1is ‘-deecrib ble in Lg iff there exists
a term teLS/P such that 5’ (t) = X. The term t {is

called the description of X 'in ls/P’

Fact 2.10.2.

 X€U' is P-describable in Lc 1iff X is P-definable

in S.

Kote that P-elementcry terms are deecriptions of P-ele-

mentary sets.

, More details concerning the description lanzuage can
be found in Marek and Pawlak (1976),
Let 4_ s = (U,?,V,8) be an informati. m svstea, let
P,REQ and f;eLs/'P, .t"E Le/g-
Each f«orninla ‘“ the form t 2t will be celled a

R)-»declsxon (cl assification) rule in LQ. It t 2t

is a (P R)-decieion rule we sh:*ll also ‘vsrlt.e t Q)t".-
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The term t is referred to 2t a predecéssor and t°  successor

of the rule,
If t and t° are FP-elementary end li-elementary terms
in LS/P and LS/R' respectively, then the rule t >t

is called (r,R)-elementary.

’

If t° is R-elementary, then the rule 't at’ will

be called R-detzrmipistic; if t’ . is a union of R-element-

ary ternms, then 't 9 t° 1ie called P-non-deterministie.
let £ = (U,Q,V,g) be an information system, P,R&Q,
ane t s a (F,R)-decision rule in Lg. A rule RN aé'
such that t° and s’ are Q-pormal forms of terms t
and s, respectively, will be eb.lied 5::—n6rma1 form of
(P,K)-decision rule t s, and denoted by t as.‘ oF

R

course, t s is true iff t' §>s' is true.

Fact_2.10.3.

4 (P,R)~decision rule t »>s  is f.,rue in § {ff all
Q-—elementary terms occuring in a Q-permal form of t - ocecurg

in a (-normal form of 8. .

This_jaroperty enables us to prove the validity of any

decision rule in a simple éyhtactieal way.

PRl SR . .

Excmple 2.10.1.

Consider the information system given 1in Taﬁ.e,

J
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Tab., 9.

snd the (p,r)-decision rule {(p:=t} 3 (r:=0). In order ‘to

check whether this rule is true or not, we present it in

{p,r} - nornal form aé, shiown below:

. (pi=1)(r:=0) + (p:=1)(r:=1) 3 (p:=1)(r:=0)
Becausé the .e_lement.var'yv term (p:=1)r:=1) occurs only in the

prédecessor of the'xiormal'.for'm_ decision rule, for the rule

{p:=1) = (r:=0) 1is false.

- %e cap elso check the validity of the formula Girectly

' ~ from the definitiéu of the semantics of formulas, nanely:

B s(p:gi) M - {xivxz}

and.

Rne §(r:=0) = {,1} . BRE .

" hence -the 'deu'siop"'rdl'e is mot true. -
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on the otirer hend the decisiom rule (r:=0} = (p:=1)
is true bheocause the pormal form of the rule has the form:

{p::i)(;::@) 3 {pr=1)(r:=90) + (pr=1)(r:=1)

ané the only ome (p,r)-elcmentary term (p:=1)(r:=0) 1in

the nrefecessor occurs in the successor of the rule.

Fron the seﬁantic gefinition we have that
§{r:=0) € §(p:=1)

awence the decision rule is true.

fny finite set of decision rules in Ls will be called
- i

a decision (clas:rification] algorithm in Lg.

*e ghall also write decision algorithme’as'bclow:'

tpn #tn .

A4 decision algorithm 1s deterninistic if all its decision
rules are geterministic; otherwise the clgerithe is non—deteri

ministic.

L

If a1l decision rules of an algorithm are (p,i)~elemen-

tary then the algorithm jc saie to be in (T R}-normcl fornm.

lLet

be a decision algorithm O, then the forrula

n R
YYo= i/_\1 ty >ty

will be called a decision (classificction) formula of the

algorithm oL

»-We say that the algorithe oL ig correct in & 1if

\}‘a; is true in S.

~ An algorithm in (P,RE)-normal form in S is moximol
jo § iff O is the set of all (P,F)-elementery rules

ty @ ti' in € such that there exists a nom-ewpty

-

PU R-elementary term t; * bty in LS/P\JR’

i

Exemple 2.10.2.

N e et s

In the information system given in Tab. 4 (Section 2.3)
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tie folloning is the maximal decision algorithm in

({p,q},r}-narmal form:

(pr=1)(y:=0} = (r:=2)
(q:=1)} = {r:=1}
:=0) 2 (r:=0)

q
q:=1) = {r:=0)

of course there 1is ekly one maximal decision algorithm
in {F,R)-normel form for every P, REG in every 1nformatioﬁ
system S = (U,qQ,Vv, g,. ‘

lLet Ol be a maximz2l decision algorit“m ‘in (P R)-normal
form in S. One can ensxly show the Iollowing 1mportapt

property:

Fact 2. 10.4

s qa. iff there coes not e:.:.s'. in ot two decision
rules ~ith the same prcdeoeseor and oifferent ’

- successors. -

Thus we have two methods of cheéking:w:hethex"v P. :o'R '

or not: we e:m nse the semantic method nsing property 2).'

- sectxon 2.8, or we can use the svnt;ct.ic method, proving

the valu‘n; of the correevondin" tormula vith th& aid of

i 85 ﬂ"g o -

b s
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Fact 2.10.4.a).

let us notice that the maxiamal decision ¢lzorithm is
a countcrypart of the dependence function; in other‘vords,
the decision algorithm ie a linguistic representetion of the

dependence function.

To this end let us the property of algeritiuns which car

be uced as trancforqatlcn rules for classification &lgo-~

rithms .

Fact 2.10.5. - * !

; v
F A (b 9t) afe B
1=t

3. Agﬁlications
3.1, Static Learning -
Machine learnivg from examples (see Michalski ed. (19c~/)

can he very eaeily formuluteu in our approach leading to new

—’1mportant theoretical cnd rra"ticﬁl results.

In order to avoid confusion with the e\1=tinz termino-

logy we introcduce new terms ‘for machine learning: ste tic and

dynamic learning, discussed in two successlve scctions of

this paper.
Let us first consider static learrning.

Suppose we are given a fimite set U of cbjects




Elements of U are calleed traininz exomples {instarces)

and U is called training set, Assume further that U
1e classified into disjoint classes X, ,Xp,...,%p (np2)

by o teccher (expert, environmert). The classification re-

presents the teacher ‘s knowledge of objecis ftom. u.
Furthermore let us assume that a student is aﬁle to cha-
racterize each objeci from U in terms of attritutes from
set P. Description o: objects in terms of attributes from

P renresents the student’s knowledge of objécts'from C.

Ve con say that the teacher has sementic knowledgé

and the student, syntoctical knowledge of objcets from ﬁ.

The problem we &re going to discussvin thls'section
is whether the stucent’ s knowledge can be matehed Figh ihe
teacher ‘s knowledge, or, more preciself,4whether the teacher’s
classification can be described in terms of attritutes avail-

able to the stundent, .

Thus stztic learning consists in descrihing classes
XgoEgaeeneXy 1In terms of attributes from F, or more
exacﬁly, in finding a classification z2lgoriihm which pro-
" vides the teacher’s classification en the baéié of rroper~-

tice of objects expressed in terms ofiattfibutes rrom P}‘

The problem of static learning can be formulated pre~
cisely in terms of ooncebts introduced in the previous

sectiones as folloﬁs:

Let € = (ﬁ,?,v,g) be an information system, associated

SR

with the student s knowledge of elements of U, Nate that

9x is student s knowledce (information) about x im £,

Let us extend system & by adding a new attribute e re-

presenting the classificatiocn proVided by the teacher, i.e.,

¥ = {zivxzi’;"xn}‘ Phus we obtain a new informoticm system
s’ = (-U,Q,V’,g’), where 4 = P U {e}, Pn {e} = §#,

. ‘ )
Vi =V {1,2,...,n}, g'/Ux P =9, and g, (e) =1 1iff

x&Xi‘. 3»'1(6)’ be called teacher s ‘knowledge of x 1imn
S', is the number of the class tea which Xx belongs accord-
ing to the teacher’s knowledge. '

Thus the problem of static learning reduces to the gues-

tion whether the classification e® is P-definable. Iu

virtue of property 1) section 2.8, . e® 1is P-definable 1iff
P3>e, i.e., the problem of whether there exists ah algo-
) %

rithm to "learn" classification e by checking the proper-

ties of objects reduces to proving whether the atiribute e

’

depends on the set of sttributes P im £,

This cam easily be doné by methods shown in previous

sections.

If the dehendenca P 5 e holds, oﬁe can formulate a
(P,e)-decision algorithm O, which represents the depend-
ence function. In other words the elgorithm can be used

directly as a learning algorithm.,

Because the algorithm is a set of decision (classifi-
cation) rules, this means that learning a . classification

consists in finding eclassification rules.



ixample 2.1.1.

Let us conéider for example an information system
eiven in Tab, 1, section 2.1, and let us assume that the
attribute T in that system represents a clagsifibation
r¥, provided by the teacher. %e ask whether the classifica-

tion ¢ n be expressed by attributes p  and q. i

Becaure the dependehce {p,q} 4+ r holds, the learning

algoritha exists, and it has the form (see Tab. 8):

(p:= 1)(q:=0) = (r:=2)

Ap:= 0)(q:=1) = (r:=1)

(p:=2)(g:=0) = (r:=0)

(p:= 1)(q:=1) = (r:=0)

. R

¥ote that we are nmot allowed to remove p Or . q be-
ceuse the set {p;q} is independent in S,

It may happen, honever. that the teacher classification
™ is mot Q—definable. That is to mean that the learning
zlgorithm does not exist, and it is impossible ‘to classify

objects correctly by examining their features

In such a case it is possible to classify objects'
only approximately, i.e., ;o approximate the clesvificatiun
e® by the set of attributes Q. This is to say that we
are unable to classify every object correcf}y; bnly‘some ob-
jects.(possibly zZero) cén'be cléssi}ied properly in this

case,

obviously there ie no deterninistic clessification
algorithm in the cace of an approximate classificatiorn,

but there is non-deterministic one,

The dependence function must be replacéd Ly denentience
relation {(or dependence multifunction) for arproximate

classifications.

The co-efficients of accuracy and gquality of the appro-
ximate classification show what part of objects can e classi-
fied correctly (gﬁalit}) and what part of decisions c#n be

correct (accuracy).
0f course both co-efficients are less than one.

The example below illustrates the above situation.

Example 3.1.2.

Let us consider an information gystem shown in Tab., 9.
1

3 U P QT
x4 1 0 2

L, |0 11

x4 2 0 O

X f4 1 0 2

x. |1 00

X 0 11

x, {2 00

xg 11 00
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Xg 0 1 1
X0 2 0 O
%44 1 0 O
X4 1 0 2
Tab, 9

. ; . N B N
Let us assume that the attribute r represents the

'teachef knowledge, so,that r¥ is the teacher classification.

The represenﬁation of the system (with respect to all

attrihﬁtes) is showa in Tab., 10.

v/S|p ar
z, (10 2
z, |0 1 1 )
z; |2 0 0
2, |1 0 ©
Tab. 10

where

21 = {Xi 'X4'112}
2, = {x3:%g1%e}
2z, = {xa,x7,x103
Z‘ =

%'—svxetxii‘k

l - 37 -

are atoms of the system.

It can easily be seen Irom Tab. 10 that the classifica-~
tion r¥ is not (p,q)-definable. lience we can approxiaate

the classification ‘r* by set of attributes {D;Q}.

In order to do that let us first compute classes of the
classification r® (equivalence classes of relation T},

which are as foiléws:

Yy = §x00% %08
Y, = {X5:%G1%g}

Y3 = {xa'xs'x7’x9'x1o"111
X o= {xi"4"5"8"11"12}
X, = ixa,xe,JQ}

Xy = §X31%7:%10}

ﬁ__No' are the eguivalence classes of relation ip.QE.

Let us set P = {p,qg. Then the following sets are

the lower P-approximation of r*:

‘!_,Yi:”
BY, = X,
PYg = X3

and the upper P-approximation of ¥ is:




AN

PYi =X

?Ya X,

PY3 = Xiu Xq

Thus the -class Y1 is internally P-non-definable,
T

x, is P-~definable, and Y:3 is roughly P-definable.
The corresponding accuracy cb-eff:l,cients are:
- _
Apl¥y) =0 ~
,”P(Yz)' =1
/"P(Y-'}) = 0'50
Thus it is impossible to learn positive instances of
Y1, but it is possible to learn negative instméea of Yi’

(if. x €Y,V Y, ‘we knmow that x 1is mot in 1),

In other words, it is impossible to oclassify corx_-gcily '

Xy9Xy9X40 by observing their features expressed. by p_‘ ‘and

'Y, can be iear'ned fully, i.e., all elements of AYa
can be classifical correctly on the basis of their features

expressed by ' p and q.

3

Y can be learned only roughly, i.e,, only obj'e‘ctsv
Xq,X7,X4q ©an be recognized om the ‘basis of 'p and q

as elements of Y3; - objects X5 X511 Xg can be .excluded

"from Y,, and X, = {’_1'x4_'15’x8’x11’x12»} is the doubtful

rezion of Y, 1.e., 1t cannot be decided on the basis
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of p and q \%het.her the elements of 11 are, or are not,

in Y3.

The non%determlnist_lc claseification algoritam is shown

.

beloﬁ: .

2) &+ (r:= O)v
(p:= 1)(g:=0) = (r:= 1)

" (pt= 2)(gq:= 0) = (r:= 0)

(pr= ('))(q:=' 1) > (r:

The dependence relation.(ultiruncuon) is shown in

Tab. 11.

’ ’ i Tab. 11.
The accufacy and quality of learning arc:

+

/’Jp(r‘) card(Py,) + card(FY,)

= 9/15 =
card(PYi) + c_ard(PYz) + card(FYS)

N

card(PY,) + eard(_lfYa)

(™)

= 9/12 = 0,15,
card(U)

9,6,




which means that ot most
clascified correctly and

correct.
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75 per. cent of instances can be

at most 60 per cent decision can be

Note also that {p.q} has one reduct, 'namely ' p.

This means that it is not
to learn the classificati
only. The c]asxiflcatxon

as follows:

(p:= 0) = (r:=2) +
(pi= 1) > (r:=1)
(p:= 2) > (r:= o)

necessary to have both. p apd q
on r® but it is enough to use p

algoritnm can thus be simnlified

(r:: 0)

.

and the dependence relation takes on the form:

The ideas presented im this section were applied to com-

" puter-supported medical d

i

Tab. 12.

iacnosis algorizhﬁs, resulting 1n

:‘léarning in terms of conceptsfintroduced,in previous sections.
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a new simple method of medical data analysis.

3.2, Dynamic‘LearnLgé.

Statie learning consists in a description of objects
by a student classification provided by the tencher,_or in
other words, in leérnlng classificdtion (decision) rules on -
the basis of traiping examples provided by the teuchen. The
classification rules learned from trainlng examples can be
assumed as the background knowledge of the student, Tue

question arises whether the background knowledge can be used

to classify'cofrectly new objects not occurring in training

examples.

\

Classification‘dt ner objects on the basis of background
knowledge previously acquired from’training examples will be

v

called dyhamié learning.

. The problem’of dynamic learning can also be viewved as

.a kind of inductive generalization (inference), but we shall

not consider this problem here.

DiScussiop on induction cén be found in Barr and Fingen-

baum (1981).

Orlowska (1984) discusses inductive generalization from

" the rough set theory point of viey, hovever in our approach

we assume a <omewhere different approach.

We.shall consider in this section the problea of dynamic
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Let ¢ = (U,%,V,9) be an information system, where U
1w = Pufel,

buteg assocliated with student, e

is the troining set, P - is the set of attri=-
-~ is the teacher attribute
rroviding classification e¥ of training examples, and let
0L be the classificatiom algoritim resulting from the set
U of training examples.

Assume that the student has to classify a new object X
{pot belonging to the training set U) usging the classifica-

tion algoritim OL, Let t be a P-elementary term describ-

x
ing object X.
1f in the classification algorithm Ol there is a
7 -
classification rule t such that t, = tg, = the

e(tl') . (one

’
i =%
student will assign object x to the set

lgorithm is deterministic;

class if the union of some classes

1f the alporithm is non-deterministic).

If therc is no such rule the student is unable to
claseify the new object by means of algorithm (- A

We assume that the teacher also clagsifies the new

ohjects according to bis knowledge. - If both decisions, that

of the student and that of the teacher, agree, the student .

classifiéaﬁioﬁ is corrget‘-gotheryige the glassification is
4incorrect. . '

~ Thus by adding a.npew object x, we face the following
possibilities: '

{

1) the stiident classification of Vx' is correect,
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2) the studont clessification of x  is incd}rect,

AY 2 - :
2) the stucdent is unublie to classify the new objeet .

In order to show how the background Xnowledge influences
the correctness of ctudert decisions we have to investigate .
how the accuracy ond ruality of learning ciitnges in all asbova

mentioned three situations.

Since adding a mew object x to the sct U results
in a new informcticn system E', cur task if to coapare the
/5’,@‘ for. ‘& and &7,

_co—efficients {3,6) and resgpect-

ively, in the three zbove mentioned situations (correct, in-

" eorrect, clascification imrosgible);

The accuracy co-efficient for thece three situations

‘is given below:

a) Correct classification:

‘eard P( e®) +1

= ﬁpl(ex) =

card T(e®) + kp(x)

where

g(e‘)(ﬁ(ex)) is the ‘lover (uprer) approximation of tie

classification e¥ = X, ,X;,...,X in -€
N 172! ’n 1

card P(e®) = Zn_: card FX,,

i=1

carg ?(e¥)

n :
2., cerd [

i=1 -



7
ip{x) - arity of x in £,

b} Incorrect classificoation:

card F(e®) - cardtk]

ﬂp’(ex) =

3

card T(e®) + kP(XJ

where [x] jc the set of all objects in

the same description as X,

¢) Classification impossible:

card g(e‘)’ -

L ’( K)’,=A
/xp ¢ card ?(ex) + 1

The quality co-efficient has the value:

d) Correct classification:

card g(ex) + 1

e (e™) =
- cecard T + 1

e) Incorrect classification:

gard P(e¥) - cara[x]

card U +.1
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f) Classification inrpossible:

card g(e*)-

%) = —

card U + 1

let us discuss briefly the above formulas. Conside:

Tv ix} naving
N rithm is deterministic., In this case both co~efficiente

and Y’ are the same and have the form:

g) Correct classification:

cara U + 1 caréd U

S PRUe™ = X (e®

card U + 1 card U

[}
[%Y

»*
= Pple™) = Yp(eM
h) Incorrect classification?

card U - card (x]

4 ¥y _ ’ * ='
ﬂ;i(e').— .Yp (e‘? ) card U + 1
!

i) élassification impossible:

B - 1y S
e™) = ) = ———
F P Ccord U4 1

fi:st'the'détcrministic case, when the classificution Z1:

-

A
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This 'is to =2y that:
) .

Corrcct clossificeotion does not change the accuracy

and cuality bf learning.
. i
Incorrect classification decreases the accuracy and

guality of learning "essentially".

.Impossihility of classification decreases the accuracy

and guality of iearning "slightly".
Infofunlly this con be explained as followé:

If the trainirg set U has all possible typés‘ot.bb_
jeets, adding a new object does not improve the background
knowledge and this knowledpe is sufficienf to learh pro=- .

perly how to classify any new object.

If the sét of attributes F  is ﬁot large enough then
the student moy face a situation in which the new object vk.ﬂ
ilas the same description as another object y 1imn the train-
ihg set U, tut /x ané y belong to two different classes
according to the teacher knowledge._Thia-is to say that
thece two ohjccts are different in the teacher opinidn;
while the student i< unnhle to distinguish then by checking
their pfbperties (attritutes from the set FP),  wh1ch 1eads;
to an incorrect classification. Thus the baékgfoundkﬁnovf
ledge does ﬁot suffice to classify a nev object cor}ebtly in

Euch a case.

If the set of examples U it not lerge enough it may

happen that the mew object x Dhas a completely nevw descrip-

- AT -

tion in terms of attributes from P, and tihis description
doesvnot match any description of objcets in tie training
set " U, %o the student is unable to classify this objeect
By means of the classification algorithm, Also im tliis caaé

the backpround knowledge does not sufiice to classify the

new object correctly.

The above discussion could be more precise if we used

the concept of a sample of a set (see Pawlak (1982)), but

’

this lies outside ‘the scope of the article,

- Let us now discuss the cése when the classification
algbrithm is non-deterministie.

~The accuracy of learning in this case 1s the following:

1) Correct classification:

: - card P(e¥) +1 - 'card P(e¥®) _
PLe®) = — ‘ — = (e™
P ) card Ple® +1 > card B(e¥) /5?

x) Incorrect classification:

" gard g(é*) - card [x]

i '( %) = "
{b_‘" T T W 1 k)

S 1) Ciassification‘impossible:



t
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]

It can casily be ceen that in the case of correct
claseification the &sccuracy increases‘with nev experience
{rew objects).'This neans that the background knowledge tan
Ve improved by proper new oxamples unlike in the previous

case of deterministic algorithm,

The cise of incorrect élasa;fication by non-determini=-
stic classification algorithm nee@s‘some mﬁre_explanation.
Incorrect classification means that the student is urable to
acsign the new oﬁjcet to any single class althoupgh he 1srhbie
to point out severgl classes to which the objgct may belbﬁg;
This ie, bLowever, according to our definition, not a proger;
classification, Therefore thé zccuracy is decreasing in this

i
cace.

The last: case is obvious.

Similar discuscion can be provided for the quality co-

efficiert and is left to the rcader. |

To snm up, if the stuﬁeni background'knowiédge is in- -
a certain sense complete (the»classification algorithm is
Ceterministie) 1t provides the highest'accuracy'and.éuality'
and it is impossible to increase the cléssification skills ‘

of the student by new examples, If the bactground.knoﬁ]edge

is incomplete (the clcssification algorithm ie non-determini-

stic, the classification ckills of the student can be improved
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bty properly chosen nevw training examples.

The presented approach cun also Le used when the student
is faced not with one new object, but 2 sequence of new ob-
jects - which leads to the concert ©of learning process,

This problenm however recuires some avxiliary mnotions

and will be discussed on arnother occasion, -

3.3, Decision tables

The concept of decision table (see I'ollack, Hicks and
Harrison (1971)) con be precisely formulated in terms of-

the proposed anproach.{see Pawlak, 1985a and Peulak,1985 D).

We shall identify a decisiomn table gith an information

syster & = (U,Q,V,g) ascuming that 4 = Pu® osnd PAR = ¥,

where P will be called cosnditions attributes and 2 actions
attributes. Attributes from R define some actions which are
performed provided some conditions pointed out by conditions

attributes are met.

Suppose VALVE is an action attribute and =. on,oft

VVL”LV.-'

and let Ti TEBATURE be a conditiom at:rituie cith the tTollov-

ing set of velaes V... iy = RMigh,noranal, los. FThe
- T oir S G504 : =
decision tcobhle may hove the ferm:
rusber ‘ FTER TULRE VALVE
normal eflf
2 hiigh . off
2 Yok on

Tac. 12
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The decision table shows that if the temperature {(of
water: ie normal or hizh the valve controlling the fuel
sunply should be closed, if the temperature is low, the

valve should be oucn,

lLote that tLe~ohJects in the\information's&stem repre-
senting a‘decision taktle are situations (States)”o; a'certéih
device or environment.

The bropertieé of information systeﬁs~aﬁd.§escriﬁtibnv
lzngnazes cin be interpreted in terms of decision tab}es.f
For ex;mp]é: . ;,'v o

a) a decieion table 'S = (U,PUR,V,3) is deterministic

iff P g Ry ‘otherwise the decision is pnon-determini-~

stie;

b} a decision toble S =,(U,P\fn,vrg) is P—ogtimal
(#-ontimal) iff the system S/P(S/R) is reduced;
¢) a decision table € = (u,Pv R[Y;g) :is selective

i1ff TVR is the identity relation.

The determiniétic decision table de#ériﬁes uﬂiquély'
actions to be perfofmed rhen soﬁe conditions are satisfied;
In the case of a non-determinlstic tcblevqétions are nqﬁ ] »
uhiquely'deterﬁined'by the cdnditions; Ipstéad a subset'bf

actions ic defined which are vossible to pcrform'under
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circunstances determined by the conditions, In some¢ arpli-
cations non-determinism in decisioun tables can Le interpre-
ted as a kind of incorsistency, i.e., the actions deteriiped

by a decision table are ill-defined;

The properties given in the previous sections, concern-
ing dependence of attributes, can be used herc to check
whether a given decision table is deterministic or non-de-

terministic (i.e., well-defined or ill-defincd).
. . !

The motion of 2 reduct can be used ‘in decision tables
to ontimize the table, i.e,, to find the smollest set of
conditions attributes or/and';ctions attribates.

The description lanzuage of an inforaation srsten con

be interpreted as a language in which decision rules and

.

decision algorithms resﬁlting from a given decision teble

are ?ormulated.-fﬁus the concept of a decislon rule and de-
cision algoritim formulatec in section 2,10 cen be directly
enployed to find the decision algorithm from thé decision
tablé and to transform the decision alroritha in to a practi-

cally comvenient form.

.

It secms that this application is obvious and does not

require further couments.

The proposed arproach has found app]iéation in the cenent
kiln process and has confirmed practically the theoretical

considerations (see Nrézek (1684)).



J.4, pxnert Sveteps .
KO8 (010 5 T 2 41118 .

aule eriven expert system¢ {see Barr and Fingenbaum
-

(1%310% ¢n, 2lso be very easily prescnted as a special casge

of the rroblems discussed in previcus sections,

Tie prroblen of rule-driven expert systems is in a

certein sense orposite to the decision tokles anolysis.

In the cagc of decision tubles we wre given a decision
toble ond we Jook for a decision slgerithm which inplements

Lhe decision table.

=

In o rule-driven expert sysvem wWe are given a decision
slroritiva of the ferm: if...then..., which means that if
some conditions are satisfied, one has to perform the actions

rointed out by the algorithm.

Usipe the concept of inforumation system and the language
of intormation system we conm interpret the set of rules -as
4 decistion aleorithm and prove. its corsistency (whether it

is deterministic or non-deterministic) and simplify the -

tlgorithm by reducing the sct of conditions and actions attri-

butes, Hoth these tasks are -imnossible to solve within exist-
inc theories (see Larr and Feingenbaum.(1981)).’Eecause ihé"
rrobklem 1s eobvious in yieﬁ_of the properties of infarmatidn
svsteme 2iven . in section 2 we shall refraiﬁ gurselves from

further cowazsents,

scknonled: emert "

The zuthor ¢ thanke ere due to prof. J. Barkowski and

L N

Dr te IrSCek for helpful discussions and critical renarks.
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