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ACNOXb30BAEA B KaYeCTBe OCHO3H AJA "TONONOrMYECKOIrO aKaldu3a Co-

Abstract . Séreszczenie'. Conepxanue

In this paper we consider rough equality of sets and rough
inclusion of séfs. A family of rougﬁly equal sets is calleé-
rough set. Some properties of rough sets are givgh. The idea
of a rough set can be used as a basis for a "topological cluster
analyéis" which can be considered as a counterpart of a "metric -

gluster anzlysis”.

Zbiory przyblizone - hierarchiz podzbibréw

W pracy rozwazana jest przyblizona rownos¢ oraz zawieranie

zbiordw. Rodzina zbiordéw w przyblizeniu rdwnych jest nazywans
. b
zbiorem przyblizonym, Bacano niektdre wiasnosci zbiordw przy-

blizonych, Icea zbioru przyolizonego moze byt uzyta jako pod-

stawa dla "topologicznej analizy skupien", ktdrg mozna uwazac

zu odpowiednik "metryczn®j anslizy skupien®,
J ¥

HeueTk#e uHOXecTBa - HepapXEf HNOIMHOXECTB

B paGore paccMaTpuBRETCH HEYETKRAE DABEHCTBO & TAKXE OTHO-
neHRe CONepXaHWA MHOXeCTB. CeueficT30 MHOZXECTB NPUCIM3ETEABHO
PaBHNX HA3HBAECTCA HEYETKHK MHORECTBOM. Hccne10BaHo HEKOTODHE

CBOlcTBa HEUSTKHX MHOXECTB. {{Ief HSYETKOrO MHOXECTBA MOXET OHTH

CPEeNoTOUERHOCTE" , KOTODYD MOXHO CYMTATH XAK OSKBKBANEHT "MeTphuec-
KOT'O 2HAJM38 COCPenOTOYEHHCCTH".




Sl mredbucu_'bu, C

The:: aim of thie paper is ‘to give some properties of rough
sets, .im:orduced in [7] end investigated in [2]. (1. {41, [5],

[sl. [l Bol. @], [l

The rough set'concept can be of some 1mportancej primarily \

»

in. 'some branches of artifioial intelligence, such as inductive
reasoning, automatic classification, pattern recognition, Iearn-
ing algorithms ete, '

The idea of a rough set could be placed on a more generel
setting, leeding to 8 fru1tful further area of research and
applications in fields like theory of 018551f1cation, cluster
analysis, measurement theory, taxonomy and others.

, ‘The key to the presented approach ‘is providedfby the
‘exact mathematical formulation of the concept of approximative
(rough) equality of sets in a given approximation space; an
approximation space is understood as pair (U,R), where U is
a»certain'set'called universum, and” R CZ'IJ%IJ is.an indiscer~
nibility reletion. We assume through ‘this paper that R is an

equivalence relation. :
‘ SOne 1deas underlaying the outlined theory are common. wzth
fuzzy set theory[/fj ,~alternat1ve set theory[vgj non stan-

dard analysxs[:/%] however ve are primarily aiming at creating

. mathematical foundations for artificial 1ntelligence, and not

a new set theory or analysms. ) .
Some application of the presented ideas will be published
elsewhere, » ' , -
fhanks are due to prof."E. Orlonska and prof..W. Marek for

fruitful discussions, —
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" 1.. APPROXIMATION. SPACE; APPROXIMATIONS -

1.1. Besic’ not:.ons : Lo e '\_,

Let: U be a certam set called the universum‘

. be an equivalence relatmn on U.‘ The pair

’ called an app.roximanon ‘space. We shell call R : an 1nd:i.cernib1->“ )

1 ity relation. SIFT ,yeu and (x,y)eR we say -that "x . and_ :
Y. are mdistinguiehable in Ae e L T ?" ‘ o
Subsets of ~U w:.ll be denoted by x Y Zz- poss:l.bly with

d:.ces, The empty set wlll be denoted by .0, and the univer— .

» P

.U will be also denoted by 1.- Slwa o . >' -Q -
Equzvalence classes of - the relation R w:.ll be called

- elementary sets (atom_) 1n Aq or in short elementary sets. ,‘_ )

+The set of all atoms in A will be denoted by U/R

‘We assume that the empty set is also elementary in every A

\ Every un:.on (f:uu.te) of elementary sets in A W:Lll be. called

a composed set in A, or J.n short - ‘a composed aet. The fam:.ly of_

all composed sets in A will be denoted as Com( A) Certalnly

Com('A) :.s a Boolean. algebra, i.e. the family of all’ composed

" set is closed under intersection. un:l.on and complement of sets.

Le-t X be a certain eubset of U } The least‘ compose

set in A containing X. will be- called the best'ugp;er appro—

-ximatlon of X in A, - in symbols AprA( X), the greatest com-
posed set_i’n - A contained in X, will be called the best lower
EE‘ roximation of X in A, in symbols ﬁﬁf (X) Wi “
"If A ds known’ 1nstead of AprA(X) (Apr X)) ‘we shall write

Apr(X) (ip_r(x)). . EEEE R .‘ L -
The set BndA{ X) = A-;A(X) Apr X.) (1n short Bnd’X))
wlll"pe called boundag of X . in AJ ’ - )

5

R : . Fig. 1

-

(Let us. define two membersh:.p furytions é A,éA (called

strong and‘week membership respect:.vely), as follows-' o
V_IxfyA. X iff xséE_rA(X)

ng X ir ',‘, . xé-éor
% »»4_’ e <

e

If . —A X . we say. "x’ surely belongs to. 'X : in‘ ‘A", and ;

X. "A X is to mean "X.possibly belongs to X  2n A, Thus

- 'we can interprete approxlmations as coumterparts of necessity

'and poss:.b:.lity 1n modal legre.i o



K]

_Eet- LALE ’U,R) be .an approximat:.on space end* 'let
F.= ["1"‘2""'} o K CU, be» ‘a certain family of subsets of U, -
“The lower .and upper approximation of the family F ih A (1n
symbols AprA( F), AprA(F)) ‘are defined es' -

4
kSN

TS =(AprA(x1). 2K eween §
F) ={ APV'A‘X ). APJ"A{X )'."'51‘

%

respect 1vely. '

1.2. Approximation -SQace'and:: -top-olo'g}(cal space

L %

It is ’easy to'check't-hat the abproxlmetibn space A= (U.R)

. defines un:.quely the topologzcal space sTA) (in ushort ’,TA); :
where TA = (U, COn( A)) y and Com(A) is the" fam:.ly of all open
sets in T,, and U/R is a base for Tye '

From the def'init:.on of approximations (lowef and.upper) follows .

that Com( A) is both the set of all open and closed sets in TA'
Thus A( X) and AprA!x) can be interpreted as a. interior

o~

" and closore of the set X in thextopologicalh,‘spaoe —-TA,'
respectively.~ ’ ) R : )

1% AF (X) = Apr(X) for every: xc v, ihen “A= {U,R) .
will be called a d;screte approxlmatzon space. B v ‘

One can eas:Lly check that if A is a discre'te'e;;p'roxir\na’—_
tion space, then all atoms in A are one element sets.-

Of course a diacrete approximation space Aing,enerates.

d:.screte topolog:;cal space Tar L " .

» o

_,'\,

a 1'1'. 3. P rope rties- of' app ro ximat'idns

_mFrom -the topological interpretation of the approximat:.on

’ operat:.ons. follows ‘that for every X,YC U, -and every appro-

(a)

:(;Ag)

ROE
- ()

(A5).

(a8

(A7)

(A8)

,(Ag)f-

vihere

’vAprAv(XUY) Apr' X)UApr ()

‘; ximation space A = rU R) . the following propert:.es are valid-

AprA('X)D,xvé_grA(x) R SR AR T
orn) = Ror o) Sag A
AprAzc» AprAw) o
AprA(Apr (X)) = Apr Apr(X)) = Rpr (X)
AprA(Apr£X)) AprAvAprA(X)) _;Ag_rA(X)," R

Apr(XNY) = &_rA(x)hf_p_rA(Y)

Aprp(X) = .= Aprl-X)

Aprp{x) = - APFA( -X)

=X - is an abbreviatior for U =~ X.

Moreovep we have

(81) - Apr

“{B2)

-~ (B3)

(B4)-

[XNY)E R_p"r"('xm?; £y).
Apr xuv): (X)f\_/-_\ErA\Y)
,.Apr X - Y)‘)Apr {(x) - Apr Y)

Apr(X - Y)CAprAm AprdY) oL

.The followmg are counterpar'.ts of the law XU = X = 1

for approximations: : o - -~ ’

"(c1)

- (e2)

(c3)

Apra(X)U Apr, l=x) = 1 ~
AW YRELN) 1
Apr X)UApr —x) =1

de
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: - 11 -

N “{€4) - Apr (X) VApr, (=X) = ~ Bnd,{X) PRI e T
- o R T RS ‘ - ~We say that an.approximation space A is a refinement’
The law XN-X = 0 has the f'gllow:i.r.;g' ag{alogues’fpr appf‘of of vaﬁothgfﬂ approximation space A%, . _if there exist k (k> 1)
_ ximations: oo ) T ) _.' —' ‘such that each atom -of - A”. 'is union of k atoms of the space A.

(B1) 'A'F'A()()hA__p.rA(-x) = °  R : ) jOf‘ cc:urse.:l_.\.g A is reﬁngment pf A' 1 then A 1is finer
— e e . i than A%, - o T .

(D2) Apr (X)N Apr {-X) = Bnd(X)* . .Lhen Sy o J v
‘o : o ‘ Certainly a discrete .approximation space is the finest
D3) -~ Apr {(X) N Apr,(=X) = 0 ' ‘ . .

(D3) - ;AE_ A(_) . E—‘_'A ] ) = possible approximation space. . .-

(D4). Apr (X)0 Apry(-X) = 0 - ' ' . ’ ’

, -

. : ~Moreover we have -1.5. Semple of a_set

o

. (E1) If, XCY, -then Apr(X1C Apr,(Y) and _A_P_"A(X)_C-_"‘;‘E_FA(‘Y): Let A ='(U,R). -be an 'approximatiqn space and let X< U.

ffﬂr every . A, ‘ We say that Y (YCX) is a lower (upp'e.r) sample of X

in A if Apra(Y) = Aprp(X) (Apr,(Y)7= Apry(X)) ..
" A lower (upper) samplé 'Y of X in A is proper if Y

»
-

1,4, Refinement ~m‘ an agprdximation'spaée

IS

! " Ceo N : : i . . - is the .smallest sample of X in A. Thus each lower (upper
® .- If .our_discernment ability increases, that is to say we : : P : o ‘.( per)
, i . ! ' ; sample of X .in A .has some elements in common with every .

are able to distinguish smallerclusters of .elements in the

= rrespondi 4o : ' ! f X) (Apr (X)) the nple of
.upiversum, the corresponding approximation space shbuld\-have' R atom ’9f éP-rA( ) (AprA( X)). the proper lower (upper) sample o ‘

L . ) : ‘.\ - - ’ v : 3 - h . Co <
smaller atoms. We can formulate this problem precisely, in the X -in A as exactly éng element in lcommj:m_ with every atom in
.following way: : ‘ . : . Apr (X) (Apr {X)). . . , .

‘ i_e't;'- A<-_(Q,R)’ and. A’ = (U,RY) k‘_'[ge:tw,_, appvrogima;ibn ’ If A i‘s_a discrete ‘apprdximation space, then for every

~ spaces, If R'c_ R, we say thaé the sp‘ace' A° if finer than XcU, X is identical with i}:s sample, and X is proper sample

"the space A ‘or that the"spa'ce A ‘is coarser then the «.-of X in -A. - _ o o E ) ] -
space A’, 4_.' e R e . o : S
If A°- ‘is finer than A, ‘then g : 1.6. Accuracy of an approximation )
- 3 »ip_rAa_(‘X)D. A_ﬁrA(X) ©.- - . . In-order to express the! #quality" of an approximation
,AT"A'(X)C AprA{x) - ' o = ) " “we introduce some accuracy measure.

et A = {U,R)_‘_ be’ an approximation spa.ce', ahd let XcCU.,

Bnd , -( X) c Bnd [ X) ‘ S ¢

. . —_— T . N N
" By A( X) { A{X) wie denote the number of stoms in
for-every X U, . /‘..L,. . b e 't

© L ARTAX) (Apra(X)), end we call ge X)) (e (X)) ‘the internal- _
N - 4 . v . . ©o e - ® . .
- > : . . o (external) measure of X in A,
s ) . : v : : v




If /(4_ A(X) =/a,A(X) ‘we say that X :.s measurable J.n A

Thus the set X is measurable in A if; and only if ~X. s
a composed set in A. ' J = : o .
Let -A = (U R) be an approximation space ‘and let XC.U.
By the accuracx of approxmation of x in "A we_m__eai'?x'\“' '

the number o

e

=/A‘
7 A(x) ¥ )

Obviously . - Oél( A(X)_f:l 2
for any a-p‘p(oximation space ‘A-":, (u, R). and any X.C u.
For any ,set" X . .in a discrete approx:.mat:.on space

A= (U,R), Z A(X) -1, - and thls is the greatest poss:l.ble

accuracy, -

If A -(U,R) is a refinement of A= (U,R), then for
Tany X<uw .. V =

AX) 2 IZ .(x). S R
- b . .
Certainly if Y’ ,Y" are lower and upper proper semples

"of X in A, .then

1.7. Examples s .,

In this: paragraph we. depict introduced previously hqtkions‘

by means Gf'rsimpleb e.xample's. ) . . A
P B .. -

hxamgle 1. Let 5? be ‘the set of non—negaﬂive real numbers,
e
and let S be the 1ndiscern1b*11ty relatlon on ‘? deflned

-by the followlng pert:.'tz.on.

dExamEle 2. Let A = (\g ,3) be an approximation space as in tha

G

.'r‘, " 13-

(o 1) .(1 2) .(2 3> AN s e

’ ‘r:_‘where (1 1+1> 0 i = 0 1 2,...'denotes a half-opened interval

:ﬁThe correspond;ng approximatzan spsce will be denoted as.

\

In that approximation space we have for example/

Aum
| Apr@&

Apr(1 7 2-5) =9

(o,i)l. : R

Apr(i—. 2d) = (1 3>

if ‘N'={1.2,'3,a..9>' isj the _,eet of‘natural numbers, then -
Apr(N) = @ - o 3 _
— + :
Apr(N) = 2

Thus the set of natural numbers is a disperse set in A, and

'N 1s the proper upper sample of g

I

T

N Ay ’ 1
previous example, and let us consider approximations of an open

int’erval‘ (0,r), where n<r< n+t  for a certain n> 0,

From the definition we have

'“'Apr(‘O,r) U (i,i+1) -(0 n> for n>2 1 and ﬁ"fern=0.

i=0
L

Apr(O r) = u (i,i+1 > = (0,n+1>

RN i=0

The :.nternil and extermal measures of (O ). in A are

/4(0 r) =
/14, (o, r) = n+1,

~and the accuracy of (O,r) in A is



7(0"')=;:I. .

N T RT3

Thus we ctan inte o (@t
rprete the approx:mation space A= (2T,5) "

as & measurement system, where RIS

/A-A(ini*l.h? =/-_LA(i,i+1) = 1,

cie ‘Oglyens

is the unit of measurement in A,  and is the accu=_

g (10.«?)

racy of {0,r)  in A,

Example 3. Let V be a flnite set called a vocabulary and
»*

let V. be the set of all flnlte sequences over V. Any sub~

+*
set of V will be called a language ovér V.
L x x S ’
let RC V x V be arindiscecnioility,relation; and

et A= (V’iR)

.

. . - o

A language L < V ts recognizable in ‘A if -
fory(D) = RerylL). D
The faoily of all recognizable-languages in A,lg‘ .denoted as

Recl &), ‘iei\the topology induced by A = (v R)and the base of

the topology is V /%

.

Exzmple 4, Let S = 4><Av 8>

. be an information system
(see[’oj), where ‘ ‘
X -~ is the set of objects

"A - is the set of’ attrlbutes Lo ] RN e
\Y

v ' V ~ is the set of wvalues of attr;bute a eu4

iXX A -2 i { i
g . Vv is a'informationvfunctlon. Sx "A’—éb vV,

A

x &% is called an information about 'x in s, " where T

: : - . N o
gx( a). g‘gx'-a) = K ) - ) . _ ...

for e‘ve'ry x&X and a€A. . ) -

be an approximation space defioed by V*L and R

S

way .

=15 -

. ) ’ T A B ' 2
wWe definefa binary relation ‘S. over X 4in the following

x ~y iff @ =3
5 , _g x Yy’

' *vaiously gl ‘is an equivalence relation and- A = (X, S)

will be called the approximation space indoced by- the informa-

tion system sS.

Any subset YC X is called describable in s iff - S

égfpr)‘= ;E?Ang. The set of adl describable sets ‘in S, de-

noted as Des{S), is a topology induced_by s on X, and the

base of the topology is X/gf
y .

Examgle 5. A famlly F
an idegal if the followxng conditions are satlsfled

of subsets of the set U is called

(i) if X €F and YL X, then YEF

(i) if X € F.and Ye&F , then. XUYEF,

A family G of subsets of the eet U: will be called a filter
if the following condltions are sztisfied:

(1ii) 1f X &G and X C VY, then Y€ G.

(iv) if X € G-end Y &G then xf\YéG.'

Let A= {u,R) be an approximation space and let F be

“an ideal in U; then /‘, o .
(a) Apr(F)
(8 FHF)
Ad ag Because if YC X, then Apr(YIC. Apr(x),

-is an ideal
is an ideal
and because
is satisfied, i,e.

and spr(¥) & Apr(F) .

R is an ideal, condltlon (1)
Apr(x) € fr(F). Apr(¥) & ser(x
From the assumption that F 1is an‘ideal-We have that
Apr{x) € AprlF), spr(¥) & Apr{F) end Apr{XUY) & Aor(F)-
Because Apr{iXj v Apr‘O é-mor(F)) then congition ’11) is

sztisfisd and Apr{F) 'is &0 idezl.
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Ad b) By similar reasoning as in a). we obtain that Apr{(F) 1is

an ideal. = - ' Y Lo N

- — - L to . >

If A= (U,R') is an approximation sp\ace shd 6 is a filter -

in U, then . ) )
fc) éﬂ’(c) is a filter - R
(d) Apr(,G) _is not a ‘f'i’lter.

Ad c) In a similar reasoning as before we obtain that . Apr{ G)
is a filter. 3

Add), 1In the"séme way we can show. that éond;tiqh (1ii) holds

.. however condition (¥%v) in not satiéfied, thus K;—(C) is

not a filter.

Example 6. Let A = {U,R) be an approximation space, and let
Q be a topology on U, i.e. Q is a family of subsets of U,

satisfying the conditions:
(1) "fbeq ueq
o id) if X €Q and Y &Q,
‘ then Xf‘_Y &Q -
(iii)  if P C.Q, then. Jpreag _
. ' T . ' ’ L
If Q is a fopology on U and A= (U,R) 1is an approximatiorn
space, then neither Apr,(Q) nor A—p_rA(Q) is'a tépology on_ U,

. v R
Suppose Q is a topology on - U, then P

(3) mr(perr(Q; for(V) €0

{b) &r(f\)éir(Q) i\Lr'Y)e Apr'Q) and Apr(xny)e Apr{Q)
and _consequently by (A7)
Apr(X) N Apr(V e Apr(O.) p

1§ PCQ -and UPVEQ, then égr(P)c_A_p_f(.Q)' and

o~
.0
~—

s

znd consecuentlv - Aor{Q) is not =z topology on U.

*(¢2) The sets X,Y -are roughly bottom - equal in A, in

-appro:x_i.mation 'space A is understood - and write =~ , -“f ’ /"\.1.

Apr{ U p) € Apr{Q); 1in virtue of [B2) uﬁEE(P)Cﬂ( U‘p):

-17 -

. ‘/ ",— .' - ’ ) '.”

Apr(Q) 15 not a dopology: 'be—‘c'_ause- from (B1) follows that if
MHUXERr(Q), and Apr(V) & Ar(Q), then Ar(X)C Apr(Y)

may not belong to A—p—r(Q) , i.e.. condition {ii) may t;e not ;sa-

tisfied. T

2.-ROUGH EQUALITY OF SETS . S -

2.1, Basic definitions

¢ ket A= (U,R)" ‘be an abproximatlon space and let  X,YCQU,

We say that

symbols X =Y, iff
A

Apr (X) = Apry(Y).

~

{(b)  The sets X,Y are roughly top - equal in A, in

symbols- X &y, iff
A

AP"A( X) = AP""-A( Y). , e ' . E
(c)' The sets X,Y, are roughly equal ~in A, in symbols
X /A’ Y, 41iff

. ) X %Y and X A Y.
It :I.s easy to~ check that =~ , &, (= are equivalence
A A A o .

relations on F( u).

-In what follows we shall omit the subscript A if the _

..instead R e = - o c
. A

Y , oo -




- (Ai)f-

(A2)

(A3)

(a0)

(48) -

( A5)
(A7)
. (-A8)
{A9)

.xnyf\'xn— Y,

IF ’:xv‘:ﬁv":‘"‘(:,'ﬁ " then x: Uy, “x Y
If X&Xxe "‘;'-balndf“_ Y-':-'Y then").(i- k/l Yf—: X'U‘:Y"’. 4

CIF fx:ix'.v" "and';ﬁ",v.v:‘r_.v.; ,.then:.” " I

1 X =Y, then. X-Y,‘T‘_ o
x-y o iff X s Y -

If XY, then LY
If XS Y, then ~(=x) =

If XY, then -(-X)ASY

(A10) If XY, then XU-Y=1

(A11) If }(ﬁ.r—"»:AY,_;_t;hen XVva-yZi

(A12)
(A13)

If' X"S".Y, then "Y’VIVO

If XY, then X0 -Y~0

Set X will be called roughly - dense (r-dense) in A if X =L 1

S,et X will be called roughly co-dense (r—co—dense)

in-Alfx,_o ,

A

29t X w:.ll be called roughly dfspersed (r - d:.spersed)

~in A if - X - is both r-dense and r—co-dense in A

-{B1)
(B2)
(83)
(B4)

{B5)

One can ees:Lly show the follow:.ng propert:.es" .

If X C Y and Y.=— O, then X& O

If xC x= ‘
XCY and X% 1, then ¥ 1

f\/.\ .. . :

I.f, X—1, then -XgxO

If Xz 0, then -x~31 = -~

If X is a r-dispersed set, then so';.s aX

'

':'_(BG) YD x,vo iff
(e YuXx T 1ff_

'“,_( B10) If X,Y° _ai'é both" -r-dd.spas:rsed: then X &Y.

‘ ‘we shall wr:Lte

- 'One can easily

<19 =
‘*x.::o or. Y O

CxS1ter XE 1

c(B8) If X,Y are.both r-dense, then’ x= v

( 89) If X,Y‘ ére both r—co-dense ‘then X.ZY

- (B11) Apr, (X) !is the union of all sets Y 'sTUch that X '—‘-;"Y :
(axz) Apr (%) Y, such that

xrvY e

- is the intersection of all sets

3..kRQU_GH’:V'INCLL!SION OF SETS

3. 1. Bas:.c deflnltions

“Let - (U R) be an approx:.mation space and let X,YCU.

We introduce the follow:.ng definitions
Y, 7in A,

;(a) we say that’ Xar‘::.s roughly bottom—:.ncluded in

in symbols X T :|.f éErA(X) < &r

A in

£b) We say that X_ is roughly top-~ lncluded in Y

symbols x <= Y, 1f Apr x) c AprAxY)' ) ) ;
- o N ] )
X is roughly included (r-:l.ncluded) in Y,

~

: < Ty <
YierA-YandxAY.

(c) We say that

. 'If A is understood ins:ead of X %— Y, X & v, X % Y,

XCY, XY, XCY,

:Ln A in symbols X A"

respectively.

in  A;

i If X ﬁ Y, X is called rough uppe r-subset of 'Y
in A:

'If X % Y, is called rough lower-subset of Y
If X fA/ Y X * is called rough subset of 'Y in A.

n~

check that all rough inclusions P S

e

“are ordering relations. _
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3. z.vProgcrties of rough 1nc1usions .

It :.s easy to ‘prove by simple computations that the fol\iow-
ing propert;es are true: '
E . : S .
(A1) If .XC‘Y, then X &Y, XCY, XEY-
(A2) -If X SY and - Y ZX, ‘then XY
(a3) It XS Y end YZ X, then XY
’ ~— : ot e
A A4) ‘If xXey and X2Y, then X~Y
~ ) .
(as) x vy iff x uyTy

(A6) X&Y iff XOYXTY

(B1) If XCY and XX, Y Y then X'g Y’
) L » - i v - "h L4
(B2) If X< Y and X X, Y Y ithen XEY
(B3) 1f x<Y, and XAX" , YA Y . then X'gY
- A, 0~ o~

(B1) If X2 X" @and .Y 2Y", then ‘XU YD x‘vy’s
(c2) If X ,?_x' and Y 2Y% then XY XY’
o N < &
(C3) XNOYCXEXUVY ’
(c4) If X <&Y and . X Z, then Z LY

~ . -

~ . ~
(c5) If XcY and X7z, then Z<CY

~ . , .
{ce), If X &Y and X AZ, 'then Z LY.

3.3. Rough power sets

The femily of ‘2ll r-subsets ( Lower, upper) af X in A

will be denoted by P X) (P Xy, R(X)) and will be called

rough ( lower, upper) power set of X in .A.

Thus
P LX) ={Y‘:Y 9
X ‘;’

v
A

X
"
o~
<
RN >ﬂ? .\

it isAE%sy to see fhat

- ‘P( X) C P \")
P{X) < F';‘( X)
PX) . P(X)

4, ROUGH SETS
4.1, Basic notions | P

Ltet A =‘(U,R} be an approximation space, and let

=, 0, A, be equivelence relations or pry) .

- A A A

Every epproximation space A = (U,R) defines three

following approximation spaces

o ' __,) ’ -
A = (PU), -

,—-;‘ e L]

A :(P(U)'z )

x

A =(P(u),//:0’)

in ‘which objects are subsets .of U and the relations a;
(e N s . . .
o EF: are the indiscernibility relations in the correspond-
) . = o
ing spaces A , A, A..

The approximation space A (A will be called the

extensions { lower, upper) of A,

(A .
Equivzlence classes o0F the relation X / 3?, %F) will

-

be called rough sets (lower, upper;-.

Thus rough set ( lower, upper) is & family of subsets

of U, which sre equivalent with respect to the indiscerni-

A AT e

>
roximaticn space A, A-, A induces a topology -

-
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T (P(U), con{ A*))
TaE= (P(U), Con(A)) -

T %= (P(U), Con( 4)),

anc P(U)/ 7 3 ' P/ %, P(U)/'\/

are the bases for the cor-
responding topologlcal spaces.

Thus we are -able to introduce the upper and lower anpro-

. P
ximations of a family of subsets of U in A, A » A, i.e.,

1f X is a certain famlly of subsets of U we can lntroduce
- = 3
the foldowing approx;matlons of €

in _ﬁ s A, A
fpry x (¥), Apr ¥ (¥)

AN
2 (), AprpH%) .
Apr, (), Apre (). :

. . O — .
In dther words, if X,YC U, and X 7 Y (XY, X % Y)
we say that X and Y ~are close (bottom, top) in A, other-

wise the sets X, Y are remote in A.

-Given any family €  of subsets of U we can classify

members of the family 363 according to the relation S; X %T).

The classification is.pessible if. 3k composed family in

*©
ALRLAS,

letter case we can class;fy only the upper and lower approx;ma-

% -3
tion of the- fam;ly in the sppraximation space A (A s AL

otherwise. the classification is impossiblé, In the

4.2, Extensions of higher order

.

In a similar way as before we can extend each of the ap-

. % C - ’
proximation spaces A, A, A obtaining approximation spaces
.of higher order.

- 23 -

The k-extension {lower, ugger) k

1nduct1vely.
(i) An apprcxlmatlon space A =

(41) Tf A¥

is the k-extension
sion (lower, upper) of A

Ak?i_s (Pk+1(U),

» 2

Ak+l ={ Pk+1(

G

rOEIE LS SN I AR

> 1R >,¢‘?|

whe re Pk(U) is defines as

{a) ‘PO(U) = U(
( b) P’k+1( U) = P( Pk( U)) I"
- O . 1 ,./ N ’ -—

Thus A~ = A, A = A etc.

. In this way every approximation
: ‘nes uniquelly infinite sequence of app
.~ higher orders, allowing to cluster set

but we shall not discuss that problem-

4.3, Ordering of rough sets

Every approximation space A=

lations <, 4, % (in short é’
A A . A

lies (U)//\_,l PIU)/ _" P(U)/w re
Let A = (U,P) be an approxinst

X,Y & U, then

(o) [x]e Slvlz  3ff '“'f":“\:Y

e L R N AN

T L—.J R A
T e i =

2'0, will be defined

(U,R) is of.order Q.

of ‘A, then k+l-exten-

are defined as follows:

space A = (U,R] defi-

roximation space of

s, families of sets etc.,

here,

U,R) induces three re=

‘é? } on the fami~-

s
spectively.

ion space, and let

g~y
T
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One can easy check that <

PLUY/ &

relation on
Thus N
P (U)
%

P(U) =

P"c v = (P(u)/

]
1

family

U/

(P(U) /—

‘e

»«The ureetest element ;n

= fP’U)/N ,

=)

“)

FE)

are partlally ordared .amllles of sets.

“P (U)

[ 4

is

F]

+*
X v The smal‘est element im - P [U\

<, <
P(U) A

“is [t)]——

cof all co-denee sets,ln the topological space T

are ordering

respectively.™

class conslstlng only or one set, the unlversun u.

The smallest element in P {U) is

class con31st1ng of only one set, the empty set; the

;‘i.e. the

A .4

i] i.e. the ~
[le\—— o, i.e. the
Greatest

element in P (U) is »[1]”’ ,\*i.e.-the(famlly cf all dense

sets in the topological ‘space .T;. i V .
The smallest elemen: in P {U) is Co:Lv =0, ard

the.greatest.element in P (U) is EJJ]”v— 1.

Finally let us remark that.if an approximation space

»'A=’UR)

2k equlvalEnce classes in a .amlly P/U)/,\,, (and P’U)/.__),

- but there are

1=1

h?S,'k

Z( ky: 21(- .

3k

equlvalence ‘classes 1n a famlly P’U)//A/.

atoms (@lementary'sets), then there are

e
Nul

[8 .

5]
B
tin.
[12]

B4

R

" Marek,

: Pewlak, Z., Some remarks about rough sets,

ing Company, Amsterdam, 1966 .
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