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Summary. In this article we define a concept of a rough relation, based on the idea
of the rough set defined by the author in a previous paper. Some clementary properties
of rough relations are given. The presented approach may be considered as an alternative
to “fuzzy” philosophy.

1. Introduction. In [1] we have introduced the concept of the rough set,
which can be regarded as an alternative to fuzzy sets (see [3]), however
there are some essential differences between these two concepts. This note
contains an extension of the ideas given in [2].

The basic idea underlying the concept of a rough relation is connected
with the fact that in some cases we might be unable to say for sure
whether some objects, states processes, etc, are in a certain relationship
or not. This may be caused by our limited accuracy of observation,
measurement or description of some phenomena, processes, states, etc

In our approach the limitation of our knowledge about the real world
is expressed by an indiscernibility relation, which is a basic tool in our
considerations.

The concept of the rough relation scems to be of some value for
pattern recognition, measurement theory, identification of object, etc. Some
of the possible applications will be presented in a separate paper.

2. Rough relations
L1. An approximation space. An approximation space is an ordered

pair A = (L, R), where U 20 is a set, called the universe and RS U % U
1s a binary relation called the indiscernibility relation. In what follows
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we assume that R is an equivalence relation. If (x, y)eR, we say that x
and y are indiscernible with respect to R in 4.

The equivalence classes of the indiscernibility relation R are called
R-elementary sets in A. A finite union of R-elementary sets will be called
an R-definable set in 4.

Let 4, =(U,, Ry}, ..., 4y = (U,, R,) be a family of approximation spaces.
and let

A"=(U", R)
where U"=U; x Uy x..xU,, R=R, x Ry x .. x R, defined thus

{[H.. Mgy oy un}' fr|, Fay s rn}}ER

il (u;, r)eR;, for each j=1,2, . n.

Obviously, R is also an equivalence relation and A" is an approximation
space, called the product of 4;. The equivalence classes of the relation R
are called R-elementary relations in A" and a finite union of R-elementary
relations is called on R-definable relation in A".

Let A" = (U", R) be a product of approximation space. For any relation
Q = U", we define two relations RQ and RQ called the lower and upper
R-approximation of @ in A", respectively, and defined thus:

RQ — {i“l* L PR un}EUh: [l“[. Hay .y "H}]N = Q}
RO = {(uy, uy, ., u)e U™ [(ug, vz, ., u)]g N Q # 01,

where [(u;,u;, .., u,)]g denotes the equivalence class of the relation R
containing tuple (uy, tg, ..., u,).

The product space of A,, A;, .., 4, will be also denoted by A"=
= Ay n Ay 5. %A,

If each R-elementary set contains one element only, the product space
is called sclective.

Let A>=A x A, where 4 = (U, R), and let = UxU. One can easily
verify the following properties:

1) If Q is an identity relation and A is not selective, then neither RQ
nor RQ is an identity relation.

2) If @ is a reflexive relation, so is RQ, but not necessarily RQ.

3)If @ is a symmetric relation, so are RQ and RQ.

4) If Q is an antisymmetric relation, so is RQ, but not necessarily RQ.

5) If Q is a nonsymmetric relation, so is RQ, but not necessarily RO

6) If @ is a transitive relation then in general, neither RQ nor RQ
are transitive,

7) If Q is an equivalence relation then in general, neither RQ nor RQ
are equivalence relations.
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B)If Q¢ is an l:rrdering_ relation and @ is not R-definable, then,
in general, neither RQ nor RQ are ordering relations.

9) R(@"')=(RQ)"' and R(Q™")=(RQ)™".

2.2. Roughly selective, symmetric, antisymmetric and tramsitive relations.
Let A>=Ax A be an approximation space, where 4= (U,R) and let
Qs U=x=xU be a binary relation in U. We shall employ the following
deflinitions.

A relation @ is roughly reflexive (r-reflexive) in 42 if [(x,x)]g=Q
for each x, yeU. The [(x, y)]z denotes an equivalence class of the relation R
containing pair (x, y).

A relation @ is roughly symmetric (r-symmetric) in A% if [(x, v)]z = 0.
implies [(y,x)]z = @ for each x, yeU.

A relation Q is roughly antisymmetric (r-antisymmetric) in 42 if
[(x, »]g = Q implies [(v, x)]x & Q. for each x, yeU.

A relation Q is roughly nonsymmetric (r-nonsymmetric) in A* if
[(x, ¥)]g = Q@ and [(y, x)]z = @ implies [(x, ¥)1x = [(y, ‘c]]g, for each x, yeU.

A relation Q is roughly transitive (r-transitive) in 4% if [(x, ))]gS0Q
and [(y, z)]g = Q implies [(x, z)]y = Q for each x, y, zeU.

A relation @ is called a rough equivalence (r-equivalence) relation
in A* if Q is r-reflexive, r-symmetric and r-transitive in A2.

A relation @ is called a rough ordering (r-ordering) relation in A2
if @ is r-reflexive, r-transitive and r-nonsymmetric in 4%,

Obviously, if @ is r-reflexive in A%, then Q is also reflexive; if Q
is r-symmetric in A°, then Q@ may be not symmetric, and if Q is
symmetric then O is also r-symmetric for any approximation space.

If @ is rsymmetric in A% [(x,»)]z=0Q, (x,x)eR and (v,))eR,
then (', x)eQ

If Q is r-antisymmetric in 4%, [(x, y)]x =@, [(x,x)]eR and (y, ¥)eR
then (y', x)¢0Q.

If Q is r-transitive relation in 42, [(x, ¥)lg = Q, [(y, 2]z = Q (x,x)eR,
(v, ¥')eR and (z.2)eR, then (x', 2)e(.

Let A=(U,R) and B =(U, S) be two approximation spaces. If Sc R,
we say that B is finer that 4; if S > R we say that B is coarser than A.

The following properties are obvious: if Q is r-equivalence (r-ordering)
relation in 4* and B is finer than A, then Q@ is also r-equivalence
(r-ordering) relation in B?; if B is coarser than A, then @ may be not
r-equivalence (r-ordering) relation in B?.
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3. Mamgag, O opebasselibix 0 THOLICHARX

B Hactommed crathe HamMi oNpeIeiseTed KOHIENUNE TPHENIKENHOre OTHOMIENAA HA OCHOBE
NOHATHA NPHOIREHHOND MHOKCCTE, WIIOKEHHOIO ARTOPOM B npeasywei padore.

[NpuBofsTes HEKOTOPRE WISMERTAPHBE CROHCTBE NPHGEIEKEHHEIX OTHOWEHN, Ipeanare-
MBI MOAXOL MOKET DACCMATPUBATBCA Kak ANbTepHaTHRa K Juunocodun “pacninpsyarocTh’.



