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INTHROOUCT LOR

Approximate classification of objects is an important
task in verious fislds. Fermal tools dedidated to deal with
auch olass of problems mre offersd by fazsy sests theory of
Zadeh [6] and tolerance theery of Zeeman [7] . Anether prepo-
sal for approximate classification has been considered in [ﬂ-]
where the notion of a rough fopproximate; set is the doparturs



106

Point of the proposed method. The method is based on tha upper
and lover approximation of a aet.

The approximation oparations on sets arse claoaaly relatoed
to the theory of subsystems of the infersation systan as develg=
ped in our f‘,!] =« The approximaticn approach allow to axplain soma
facts voncerning the ombodding of algebras of describable sabm,
This problem is considered in detail in this note. For the comple-
tanses maka we recapltulate tho basio propapties of rough seta in
tha ssgtion 9,

1. PRELIMINARIES

Let X be a set, called an universwn and 3 = Xy Dy, U
be an informmtion system on the sat fg « With tha system 5 we
adjoin a languags LFJ + This formal language allows us to des =
cribe some subsats of the ast L + The describmble sets Torm
a Boglasan almgebras B({3). The atoms of this algebra aro cslled
constitoents of the ayvatem = o slomantary sets in 3 . These

S8ts are noneaply ond pairwise disjoint. Every doscribaoble sct
is o finito union of slomentiary sets. For details aca [‘}] =

It is sasy to check that the information syatem
5 = {J{S,D,A,U} derines uniguely the topological spacs
Tg = tCIS,HfH}} ¢ whara the foamily of all desoribable sets in
5 i a Tamlly of open and closed sats in Tg » ond the family
of nll alementary sets in 5 isa & base for "i‘S "

Let Z b& o subset of the sst X% . The lopat describable

subsot TE£X such that ZET 1s called best upper spproxisation

of Z in 3 or closura of T and denoted by T2 . Analogously

the largeoat describable subast T£X such that TE£Z 1is oallod

bast louer approximation of £ &n 3 or interdior of 7 and is
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denoted by AZ.
The set Pr{¥)}s XY - AY is called the boundary of Y im 3.
The set E(¥]s ¥ = ¥ is called the edge of T in 5 .
As is easily sesn the operation & 4s o closure operation in
the ssnse of Huratowski, A is the adjoint interior spearation,
in the topological spaoe '1'5 &
This menns that the follewing facts ars trua:

1% Kx232As

2° DeiKeX

3° Kpg=paf=f

* Rz = AZ

L AAT = AZ

6° E(rvile By V2
7°  afvnz)= a¥nis
a8° Iz = = (= Z)
g AT = = X(- &)

In the tological apace T, we have ales tha following

g
propertiss:
1w0® alz = K2
117 Iaz = a2
Moraovar

12° por every set Z4B(5) we have XZ = AZ =% .
The Cellowing Tacta wonld be of interest

19° E(rAaz)cirniz

1 a(rvz)2 ATVAZ

15° B - Izeify - 2}

16° AY - AT JAlY - 2]

17° aruli-rl= x
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8% avwpf=r)= -Fe(¥)
20°  Iyn Z{-¥)= pr(x)
Classical do Hergan laws have vearipus conntarparts here, for

inatancs
217 (avvaz)s E{-¥)n T(-2) ete.

e define two additional mesbership relaticns # and &
onlled strong and weak memborship as follows:

¥YOY iff yoAY and ¥3Y iff ye Iy,
Those have clear meanings: *y definitoly is im ¥" and *= is
possibly in T . They may be interpretad as O ¥y &Y  and
Orye¥Y in the sense of modal logio.

How wa have the follewing 7 equivelence relstions in
PiX):

1° ZETHP AT w AT
ExT& IT = IT
1 TETa E=TA Z=T .

L]

The Following prepertiecs of thoss relations are provabla:

4% rCger AT = g 57 ZAfer Z =@
67 TEx&E Y = X 7" zmxee Xz - 4

The sots with the property T~ 0 are called loose sats,
the Doundary of X 18 alvays loose.
e list below a ocouple more propertios of & and =

8° Irf ZET  then TATELAT

9° Irf ZzxT them ZUTS=ZET

10 r zxZ’ and  TRT' them EuTETLT’

1% o 222" and TET them goTETA0”

no introduces the cerresponding netions Tor inclusicn:

12° zoTep AT ear
Fir - -



109

13° zeTarlzcir

e zErerzeTa zCT
The following holds

15° 1r LT them ZI=T
16° 1r zZZT Z them ZRT

7 ™ BT

EEE

TEZ then KT

2, APELICATION OF THE CLOSURE PROPERTIES TO THE

THYESTIGATIONS OF SUBSYSTEMS OF INFORMATION STSTEMS

In this ssction we use the notation introduced in [‘J.] and

we sgsume that the reader is Familinr with this papéis

Fropoaltion 13 If + 1s a primitive term of the languape
|..5 and 7 4is & doscribable subsat of tha sat X then

| =

el # #2ltlg, idy -

Proof: Lat % = flal, . Notice that Tor any tera &

Nellpy =Relgne = lelgnislly .

By the assumptiom & im o primitive term. Thus

[|'1.t- a et m I‘*I g = X =
Sg hareo havae

i Bl snh'”s s @ , then il e = f , a conteadi=

22 Ei.“ HC Eul e Thoa lltl Sr: =H‘|.'.||-E
i |‘-.t..|i.||g=-|Iu.t=F“5 thuas
Htl'l g~ X} a contradiction becouss t ia

a primitive Terms
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This means that if we restict our system to m dafinable, subset
thon the constitusmt do not change or vanish.

Yo have the following ralationship betwesn the geatas T
and IZ :

Theorem 23 T 2525 then there is an isomarphism
between B(sf2)} ana  B(s® Az], 1.e. B(sl2)E (sl Ra),

Baroover the lLsomorphlsm is given T
tfl‘utnlsrz ="%FI‘:

Froof. Let ZEX. and let us take =x¢XZ . Notice that
A2 1is describable in 5 , So AZ 4in the disjoint union of
all constituents T in 5 contained ia AZ . Thus = Lalongs
to one of theu, say x&T . Simce TAZ #F §# it followe fFrom
the defindtion of constituents in % and ths valuation of terms
in % that overy oconstitusnt in 5 12 a value of a primitive
term. Thus T = ld;._”: £ P , vhers t 13 a primitive term.

Hotice that for a primitive term ¢

(] Et"gri: i F and "“'al‘;[z |
Now the algebras B(s" 2) apa (s Xz] are generated
by non-empty constituentes of the system 502 and s &g
respectively. By the proposition f and the (#) ¥ 4s injection.
It follews from the proposition 1, tha (M} , end the yalustion
al' tarms that I'F is homomorphiss.

Wa discuss Tor o mesment seloctive systons. The following
ia fairly simple.

Froposition 3: If & is o selective system than:
(1) for evary Z€x, , IE=pAZ =z
[ii] Et_5-1_ = P{:{SJ -

How let us invostignte hew the oporations & and 4 behave
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with respect to subsystem and sxtensions. Notice firat thot if
5, &5y then the sporation A dim 5, dis not the trace aft

A im g . Omo oon show a "drastic®™ exomple namely Lt is oasy

i

to construct 5, &85, and TgX such that A_ % = % and
1 2 5-1 -31

r- Zs @ .
1
The operaticn &- bahave nicer; sincs for overy term,

b, Hed_ N x therolore, For 2§X_ , X ZnX, =K T .
5 - s PRl Paciios WS -

SThis asymetry is related to the difference in the bahavigur
of interior and closure operation/.

Ve investigante thes relationship betwesn the algebras Bisl 2)
and B(5]. The fellowing characterization result was proved

indepondently by M.Jasgersam Joral communication/:

Thagren %: ‘The following are squivalent:
(ER zE IE is discribable
(41) ats1= B(stz) x B(sl(xg - 2))

Procf: (1) ® (1i) . This fellows from caloulating the
maunber of generators of the algebraos under consideration, i.a.
the mambatr of non=empty constlitusnts. IF 3 possesses K ODob=
ampty constituents them n[ﬂ}gﬁ‘l‘l“””k". ¥ow lat % be the
union of 1, 1k amnong them. Then ."Ia‘h T 4is tho union of
tho romaining k-1 ocobstituents. Now by the propoaition 1,

a(slz) et nt?, g (g 2])E 2ltyeessmn
This gives cur implicatlion.
{21)=#{1) sssume 2 is not describables This means
AT f B o EE .
Lagums apain that 5 has k pnanespty constltuonts, SPE
has 1 , 1<k nonenpty constituents. Consider st FrZ = [1Z-AZ.
Zince it 13 nonempty ond describable it is the union of at
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leaat ane constituent, Asswse it is union of m constitoonts.
Now B(sFZ) has 1 sonstituents and B(S(X;~ 2)] has
k-l+m oconstituents. Thus the product H{sf'z'!mn{sl'ﬂl:‘su zi
has k+a @generators and so is not isomofphic with B(5) since

the latter has kK generators.

Theorasm 5: Lat 25,]{5 . Then
B(s) To(s * 2l n(s P afx, w2l

Proof: By the theorem 2, B(s ! z) T e(s ' X 2). wow, by
the theorem &, B(s| T B(s/ I z)z pfsh (%~ X z).
Sines X A\ K Z = 4(%;% 7] the result follows.

Lat us oall definabic restrletion of 5 avery subsystem
5z whers 2&B(s).
The following is useful:
Proposition %: Thars sxists the largest selesctive dofifna-
ble restriction af 5 .

Fraaf: Its univerasa consists of thoas z'a Topr which
fi t = {=}.
The fellowing important property of definable restrictions
holds:

Proposition 7:

ared let 3 b

Lat 5, be a definable restriotion of S 1

]

szl"r:xs; Xg ) then for every ZESX_. we have
[+

Sa
P, Zaf (Zox vl (2nx )
&, sﬂ[ s s1|: 5,

The proof of this fact Collows from the proposition 1.
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Wew lat 5 be the largest selectiwe delfinable restriction of

5 and let 5. be 5[(%g~Xg) . Acoording to the definitien
L1 ]

of 5, and the proposaltlien 1 every constituent of 51_ o=
sists of at lemat twe alements. Moreovar B (S)T D {snr.ﬂ {5.’].
The aystem 5, is colled totally nonselective. fur Fecarls
boil dewn to the Tollowing:

Propoaltion B: [4) There 1s & uniqus decomposition of
the system & into selactive definable restrictien 5 and
totally nonsslestive definable rastrictien 5" .

(i1} In the sbove situation we have, for svery Ig X
Iz s(ZN X u Bgf2 0 '.:5,,}‘.,

{111} Similarly
he 2 =(Z M Xgaag, (20 X, )

Proaf: (1) Uniguensss followa Trem thes proposlition 1 and
sxistance from the propositien 4.

(1) and(1ii]follow by ths propositions 5,7 and 3.

It followa from the propositicn B, that the operatien I and
A aore of interest anly far the totally nonsslecstive ayostoms
Swhich just means that Hausdorff part of the cerresponding tops-

logienl is empty,/.

Propositieon 9: If 5 is totally nenaslactive then theis
exist setes T amnd T with the fellowlng properties
{2y zaTas ¢
[11) AE = AT = &
(411) X2 = BT = X
Proof: Choose T +to be a salecter of constituesnts of =
and T dits complemant.

Theoream 10: Lat 5 be totally nonselactive and OC,D
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dageribable subeats of X, , Sordever CfD . Theh there oxists

ZcX such that A% = © and 12 =D .

Proof: We lollow the construction of the proposition 9.
Conaidar D‘*GJ aplit 1t ioto constlituents and let T be o
seloctor of thoso, By tolal nonselectivenmsa none of the cah=
atituwsnts of D~C 18 included in T . Thus X(Cw1%= D
whareas A{(CwT)a C .

The result of the thearem 10 is used toe characterize the
algebra P (X jfn . Since X AT, &> A2, = AZ, 4 X2, =
-'T!iifi therefors an esquivalence class of the roletion o is deter-—
mined by the pair ¢ C,D 7 of descrilable sets such that CL0.
Fow by thoe thesrsm 10, in totelly nonselactive systom sach such
pair detormines an equivalence olass fof E's such that AZ = ©
and A% = Df. Lat us introduce now, in tho sat of paira £ 0,07
such that CLD the oparations "eoordinnto-wisa", By the results
of Tracayk [5] and Dwinger [1][2] the resulting structurs is a
Fost algebra with 3 gemerators which is natiurally celated to the
threg=valusd logic. It ie far from being |1;r.m,,gq- aincs tha ale-
menta of AZE f.e. these x%s which & =bolong te T/ are in
2 with values 1, the slemants of H~I2 /i.o. thoas x'a
vhich % —do fiot belong to 2/ are in 2 with value 0 where=
as the alemants of Fr(Z)} belemg te T with volue 1/2 since
they ore undistinpuishalle /from tho peint of view of g /f
from some elononts which do not beleng to 2 .

Let us finally note that the olgebraa P {L]’fl,n___ end P{X)i

ore laguarphic to B (S} -«
A knovwladpgaoent Thanlks are due to

doo. Cyliipnuszer for valuable remarks and comwonts,
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