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1o Introdgation

Design and application of digitél computers have given
rise to many mathsmatical problems, Some of themllead 1o the
_creation of mathematical disciplines such as theory of switch~
ing netwo;ka,.automata theory; mathematical linguistics, com~
plexity of algorithms, theory of programming and many others
'(we'ahall not discuss here the problems related %o ;umerigal
‘methods), | .

These disciplines are in different stages of dévelopmﬁnt
as yet, 8.8, mathematical linguistics and automata theory
attained a high degree of promotion, Much effort is devoted
recently to the theory éf programming and complexity of
algorithma but we‘can find only a few papers on theoxry of
digitai'qomputers, theory of translation and translators,
théory-qt,operating systems, theory of information retrieval,
ete,

It seems fhat the time has come %o develop more systematic
study of ﬁhencmsna related to computers and computing., The firgt
-Btep towa;da agoh systematic theory might come from the inves-
‘tigatien of primitives for theoretical computer science, Our |
belief is'that gs a root of such systematic study of computer
science one should take the notion of a computer itself, This
notion should be so wide that within it the definition of simple

computer with instruction counter (von Neumann computer) could
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be defined with Letter approximation to real computers as by
meane ¢f finite eutomatas or Turing machines, Having this defini~
tion one can give the definition of a program (internel program),
than programming language, translator, etc., in such a way that
all this notions are related to each other creating whole, sys-
tematic mathemstical' theory,

Why mathematical ?

Without mathematical tool we are unable as yet to give
precise enough definitions of investigated objects so that we
can prove somgthing abput their properties, Nowadays there is no
théory'without mathematice, Mathemtice has shown already its
usefulness in computer science, however, it is worthwhile to
mention also the difficulties in application of mathematics in
this field, It seems that there are iwo main difficulties in
mathematical investigation of computer scierice,

Firstly ~ the nature of pfoblems in computer science is
highly complex and structured in such a way that the mathematicél
formulation requires as a rule & great simplification in original
problems so that results obtained in this wey are for many com~
puter scientists too far from the real world.

The second difficulty is due %o the fact that there are not
adequate mathematical'techniques ag yet, to deal with the ques~-
tions of computer science, This means that theorems in other
branches of mathematics are often useless for mathematically mine
ded computer scientist..He has to develop his own, complete
mathematical theory !

There is a very blg gap between praptice and theory in com-
puter science. This gap is a real restraintin development of this
field and mathematical foundations of this discipline might bridge

partially this gap.
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Ag I have said before cur bslisf isg that ag bagis for the
mathematical foundation of compuisr scisnce ons should taks ths
roticn of & computer and therefors $his notion will be mainly

discussed in the msst of ithe taper.

2., The general notion of e compuisr

We are going to claim in this papsr that ths dsfinition of

a computer shculd be as simple a&s possible (from mathematical

point of view) allowing, however, to define ai least very simple

gtructures of digital ccmputers with better approximation than

finite automaton or Turing machires,

Thus any compuﬁer 3ﬁ is asgsumed %o be defins&'by 1#5;
memory structure and the control ~ descriving how the camputer
acts during performance of socme céleulations.‘We shall identify
in what follows the memory of the compuisr with some éét‘ Xﬁ $
elements of Xg are referred %o as memory sitates. Control of M
will be identified witk the functiom STM $ XMf§XM (partial) ~
called also transition function of M ,

Memory is meant here in a very broad sense and includes
input, output, registers in the computer, ete, If we need 1o
gpecify sdme special kinds of memories w= have to structurs the
set XM in an appropriate way but this problem will be net dige
cussed here, So the computer is defined ag an ordered pair
M = <Xy, My> (or briefly N = <X,77>),

None. the less the definition is extremely simple one can
ask many questions of general nature concerning computers which
are of some use in the case when more specific computers are in-~
vestigated (for fesult gee Bartol 3 , Kwasowiec 7 , Rag 11).

The next notion basic to our consideration is that of

computation of a computer,
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By & computation in M we mean any sequence (finite or

infinite)

(* ) xo’x\“' gt oe 5 Xk * LI ] Xié Xm, i 7 0
guch that
Xypq = OV (xg)

for all 12> 0. | .
If the sequence () is finite we sayvthatAthe computation ise

finite, If in finite computation
(% %) Xgy eee g X

x, ¢ Dy , where Dy 1s the domain of T , we say that the
computation (% *—). is terminsted,

Thus with every computer M we may essociate the set of
éll computations in M. Let the set of ali computations ini M
be denoted by CM .

Thus the propertiss of computer M we can represent by some
properties of the pair < X, 7T > (algebra with one partial opera-
tion JT ) or by the properties of of the set Cye For the
illustration we make some simple remarks concerning the structure
of the set Cye (For more advanced reéult gee 3, T, 11 )

To every computer M = < X, 9T > we may associate transition
diagram (graph) Gy defined as follows 3 points of the graph Gy
are memory states of M, States x,y € X, are in the relation
G
diagram) iff y = I7(x).

y (are joint by the arrow directed from x to y in the

In practice we are interested with finite computers, i.e.
computers with finiie number of memory states, however, for some
theoretical reasons it is useful to investigate infinite computers

t 00,
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By means of simple inspeciion of diagram of conmpulsrs one

&
©
=

can eaaily cobgerve that ail puters ars some combinations of
tree kinds of elementary computers witn transition diagrams as
gshown in Fig, 1 &), b}, ¢} ecslled linear, tres, and loop com=
puters respecilvely.

0f course, such rough descriptiocn of computer struciurs

may be of pome use only for very simple compusers like couniers,
od

.
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shifting registers, eic.; buit it is not enough for more

complex computer struatures.*)
If we want the computer to compute something we puil }he

computer in some initial state and the computer starts to change
its states as long ag it is possible and possiély gtops in some
state, The resulting state Ycontains® in aome sense resulis of
the computations., To express this fact we introduce the notion
of an output function of a computer M., The output function of
M will be denoted by ﬁfa and is defined as follows:

7T§ﬁx) =y 1ff there exists terminal computation

X s evs 9 X in M such that Xg = X and X, m ¥ ,

8

The notion of a computer, computation, the set of all
computations in M and the output functiocn of i form a collsction
of basiec notions allowing to express and inveatigate msny facis
about computers., Slight generaligations of the notion of 8 come
puter is useful in some othsr applications, e.g, theory of
shifting registers (see Grodski 5 ), formal languages, thecry
of programming (Blikle 4 , Mazurkiewicz 9 ), and theory of

analog computation (see Konikowska 6 ),

%)

Ncote that the transition diagram in the sense of

- -

our definition may be assigned to any function fiX—X,



3, Digital computer

As I have said before we are going to define any computer by
specifyirng its memory and control,

In the case of digital computer of v, Neumann type ( with
instruction register) we ha#e algo to apecify the memory and the
control. _

Let us denote,;htﬁhat case the memory of the computer by C

\(abbreviation of Ycontent"). The memory ims now defined as

¢ c 34l
where
A ~ is the set of all addresses of the memory
B =~ is the set of all symbols we are allowed to write in
memory cells |

and B[A]

denotes the set of allipartial functions from A to B.
We assume that the following conditions are satisfied by the
memoxry |
40 2 S e
1. Dy < 2 ,forall e C
| 2% Porali ce €, le D ,e(lleh | |
where 1 1is some distuinguished element of A, called in what
follows instruction register, '
In order to define control we havé first to introduce some
auxiiiary notions, |
Let Cp =§ceCsc (e(l)) = bJ,
Let GTb = T/c, , where £/Y denotes restriction of £
to the get Y, |
| Thus we may define the control of a digitallcomputer with

-

instruction register as follows i
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’%ﬂho s if o{c(l)) = b

;010 8 eletl) = b

(%)~ Te)= § °=°*°
b, s 1f of(c(l)) = b

lj'r k

99 80208
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In other words the next state of the memory‘is uniquely
defined by the content of the instruction register,
~ We may also write control in some more intuitive form, Let

us obgerve that by () the following mapping is defined

X 32 B—1T1
whers
M is the set of all possible restriction of IJT , and ot
is called coding funcﬁion. This function assoclates with-each
symbol b of B some function ﬁTh o 3Tb will be called.elémen»
tafy ingtruction of M and b is referred to as code of the instruc-
tion TP |

Thus we may writé}the cpntrol of digital computer as

T (e) = #[elc(IN(e) .

Such definition of a computer with instruction allows to for-
mulate more specific problems concerning digitval computers (for
some results see Van Ba 1 , Baranski 2 , Kwasowiec 8 , Pawlak

10 , Ras 11 , Skowron 12 ),

4, Programs

Programs (algorithms) are some description of action of a
computer, Thus programs are linguilstic entities (programs are to
be distinguishe&‘carefully from computers even if they are per-

forming "the same actions"),
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ILet ¥ be a computer with the set of addresses A

3

and the alphabet B , end let @g_BLA denotes the set of all

partial functions satisfying the conditious i

0

1Y For all wed, 1¢ D

0

2 T—ﬁ\e<0<3’ for all ved ,

For each ¢ we distinguish some address & € Dy, called the
initial address of ¥ , Every pair <, e >, in short Ca *
will be eslled ‘program in M,

Now we can define well formed programs in ¥, Iet us first
introduce two ‘notione necegaary for this definition,

Let v
GYQB{GQGC A‘\C/A' e['A'-Le and e(l) = & %.

c g is referred io as the set of all astates "containing® prog-~

ram @, « By NCC x A we ghall denote the next instruction

relation in M ,

Ne,a) =V  gEm =2,
k>0

where 9TQ is to mean Jl(¢) and ’)Tk ig the abbreviation of

q... T

Kk
We say that Ya is well formed in M iff

/\ \/ Nic,a’) ,
a'ED\‘ea CE‘-C;@a

This definition may be used for claseification of programs,

For example, well formed program A in M 4is closed iff

Ya
RN_C_:_ D\eas



where
i
R. aRN,tG\{a
and Ry is the range of the relation N . Otherwise the program
Yo is open, In other words, program kea is cloged if during all
possible executions of «p , there are nc references to other in-
structions but only from g .,
One can also very eagy define program with modifications cof
its instruciion and program without modifications, Ve say that
the program Y a is program with modifications.if

N\ _Wf ¢ Cyo

csC k>0
. Ta

where N
| C, =3%¢ce&C 1 ¢ /A= Wl o,

X ¢ A'C A ¥

With every program \eé well formed in M we may associate

a function

é\eat Cc—>C »
defined as

v P
é%a = 5&/(3Qaa

This function describes all terminated actions of the program T
and can bg congidered as "output function" for the program \ea .
This output fungtion may be regarded as a kind of semantics of
program, describing all possible actions (terminal) of the machine

by executing the given program,
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I want to cleim here that computers and progreme (elgorithms)

are two different kinde of notions, In order to define &any alge~

rithm we have to have first in mind some computer (eventuslly

human ®computer”) which is abls to pérform it. So cemputers are

not elgorithms ! This distinction leads to better understanding

the differences and similerities betwsen hardware end software,

but this subject will be discussed in detail somewherse élsa.
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g8 (insert) A variable which has its defining occurrence

Note,

1019

258

in the labelled branch 1b € 1B A is called output
variable of 1b, if after the last defining occurrence
(from left to right) of this variable in 1b either no
its occurrence appear or there appear only its applied

occurrences in decisional commands,

In ers'86'~ 88 should be omitted all words which
correspond to the definition of output variable (which

is formulated separately and inserted as & whols).

the end of this row "y € Outp,, where" should be
replaced by "y € Outplhlwhere 1b € LBAA(A1 CSO) and"®

there wag omitted "]Tvv"g probably, only % ,r " appeared
in the text



