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DEFINITIONAL APPROACH TO AUTOMATIC DEMONSTRATION

If one speaks about the application of a computer to numerical calcu-
lations we understand exactly the idea he has in mind. But speaking about
theorem proving by means of a computer seems to be not clear enough. This
raises many disscusions on automatic demonstration - some times caused by
misunderstanding the notion of a computer and /or the task which the com-
puter has to perform by doing theorem proving. The aim of the presemted
note is to give the main fields where the computer can be used as an ins-
trumental ald in mathematical creativity. First we shall define the no-
tion of a computer.

Let T Dbe finite or infinite set and let 7 Dbe a partial function
m: T >T . Sequence t; , ¢, ,... such that for all 7, ti e T and
iy = (tt) will be called process. The process Ty 500 tk is called
finite if t, / D , where DTT denotes the domain of the function 1 .

Let us introduce binary relation M C T x T defined as follows: <t,t'> M

if and only if there exist finite process Ty s+++5 t, such that ¢, = ¢

K
and t, = t!' . It is easly to show that relation M 1is a function. This
function is called computer. T 1is refered to as a memory of a computer
M and w is called the control of a computer M . It can be easly shown
that each digital computer may be presented as a function M . We shall
say that the computer M computes the function f : X > X if and only
if for all z e X, flz) =8 {M[ (x)]} , where :X~>T and 6 : T~ X
are called coding and decoding functions respectively. For the sake of
simplicity we shall omit the coding and decoding functions and writte
y = M(x) , which is to mean that we supply data x to the computer M
and as a result of computation we obtain Yy

In a similar way we may define the main tasks of computer application

in automatic demonstration. Before we define the fields where the computer

can be used in theorem proving let us first introduce some notations:
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S - sentence in mathematical language

T - theorem

Pt — proof of the theorem T

Cn T — the set of all consequences of T /by fixed set of axioms/
Pr T - set of all premisses of T

Z — set of sentences

Ak — set of axioms.

By means of the above notations we can introduce the following definitions:

1 = Computation of truth value

1 ,1f S 1is a theorem,
M(S) —‘-{

0 ,if S 1is not a theorem.

2 - Production of formal proof

B , if 5§ 1is a theorem,

M(S) :{

0 , if S 1is not a theoren.
3 - Search for semantic proof

1, 1f S 1is truth by the interpretation I ,
M(S5,I) = {
0 , if S 1is not truth by the interpretation I .

4 = Production of counterexample

1 ,1f § 1is a theorem
e <

counterexample, if S 1is not a theorem.

5 - Production of concequences
M(Ak,T) = C C Cn(Ak,T) .
6 = Production of premisses
M(T) = P C Pr(T)
7 - Investigation of independece
0 ,1f T and T' are independent

Mmr,r') = {

1 ,1f T and T' are not independent.
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8 = Simplification of proof
M(T,P ) = P!
9 = Verification of proof

0,if 2 =P
M(T,Z):{
1 ,if Z #P

10 = Equivalence of axioms
M(Ak) = Ak'" ,

where Ak and Ak' are equivalent sets of axioms and A4k' is in some
sence simpler then A4k .

It seems that these are the main tasks which can be soloved by means
of a computer in automatic demonstartion. It would be interesting to dis-—
cuss which of these tasks are most important in mathematical reasoning
and which are most promissing in sucessfull computer application. If it
turns out that there is a gap between these two fields the quastion ari-
ses haw to bridge the gap.

This seems to be one of the most important problems in developing
automatic demonstartion. According to my opinion the future of the ap-
plication of computers in mathematical work lies not in batch proces-
sing but in conversational mode of using the computer in theorem proving.
In other words 1t means that points 1 and 2 are less promissing then
points 5 or 6 for example. There is a litlle hope that the computer can
be usefull in production the wgole proof for some theorem. We may rather
expect some positive results by application of a machine to produce some
partial results in the process of theorem proving-which may approach the

main problem the whole proof of a theorem.



