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lstreszczenie . Abstract . Cozepzasmue

‘Stosujemy zbiory przybliZone do scharakteryzowania

zbiordw definiowalnych w systemie infermacyjnym.
*

. Rough se%s and information aystems

We apply rough sets to characterize definsble subsets

of the universe of the’ information system.
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O.- INTRODUCTION

dpproximate .classification of objects is an important task
in various fields. Formal toolis dedicated to deal with such class
of proglems are offered by fuzzy sets theory of Zadeh (/6 ]) and
tolefance theory of Zeeman { [#]). Another proposal for approxi-
mate ocleesification has been considered in [& ] where the notion
of a rough (approximate)‘eet ia the departure p‘ibt ef the pro—v
posed method. The method is based on the upper aqd lower appro=--
ximation of a set.

The approximation daperations on sets are closely relzsted to

the theory of subsystems of the information system as developed.

in ours [3] . The approximation approach allows to explain

some:facts concerning the embeddings of algebras of describable E
. sets. Thié problenm ig considered in detail in ;his note. For

the completeness sake we recapitulate the ggsic prgp%rties of‘

rough sets in the section 1. -

1. PRELIMINARIES

- Let X be a set, called en universum and D a ¢ X,D,4,U >
be en information system on the set X. With the system 0 we

. adjoin a language aﬁo « This formal language allows us to deg=~

cribe some subsets of the sets X. The describable gets foru
a Boolean algebra U3 (D). The atoms of this algebra are called

conétituents of the system A or elementary sets in /2y . These

sets are nonempty and peirwise disjoint. Every describable get is

a fipnite union  of elementary sets.




-6 =
et Z be s Bubset of the set :X. The least describable

subget T ¢ X such that 2 ¢ T exists eand is celled best

upper approximation of Z in D
by Z. Analogously the largest describable subset T <X guch

or clpgure of Z and denoted

that T ¢ 2 s8gain exists and is called best lower approximation

of 2 in /D or interior of Z' and is denoted by Ze

The set Pr(X) = X~ X is called the boundary of X ir D .
The set E (X) = X - X is called the edge of X in .9 .

As is easily seen the operation "is & closure operation
in the sense -of Kuratowski, _ 1is the adjoint interior cpera-

tion. This means that the following facts are true:

1° 2 2222 2° I=1=1 . 3° §=0.-0
° Z-=Z : 5° Z =2 62 ZoT =2 0T
7° ZA2=2 .7 8 ZTa-(=2) 9° z2ax-(2)

The following is also of interest:

10° (2) = 2 1° (2) =2
. - . o .
12°- loreover, for every set 2 ¢ B (D) 2=2=1

The following. facis could_be of interest

13° T ~Y¥<cXA~Y

14° X Y 2XuY

15° X-¥ c¢X-¢

16° X -Y2X-Y

17° X u=X = 1 -
18% T u X = 1

l

19°

b4

v (=X) = -Fr(X)

20° X A (=X) = Fr{X) .

instance

C21° LX) = (KA (D) et

The following picture depicts our situation

L

X

We define two additional membership relations & and

called sirong and weak membership as follows:

xeX iff x€X and xXEX iff-

Those have clear meanings: "x definitely is in X"

possibly in ‘X", "ﬂley may be interpreted ss ()x€X

O xeX

in the sense of modal logic.

and

and

Clessical de lorgan laws have various connterparts here, for

nx
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Now we ha-ve the following 3 equ;{valéncg relations in P (X)s

o]

20

o]

3

The following properties of these relationa are provable:

Z~T = I =

]
L]

Z TP o=

T,

3

Z,’;"_,‘T(:) 22T A

4° X>0¢& X=0

6° X1 <> .X=1

86

The sets with the property vX ~ 0 mre called loose sets, the

Prx~0 |,

-8 -

59 220 ¢=>

1% 21>

boundary of X is always loose.

we list below a couple more properties of

If Z~ T then

If 2~2  end

‘It z= T then

2 AP =T

ZovT T 21T

T

~

' then Z uT

Z =0

'z =1

=Sz/0T

It z-~2'end ' ¥~T then Z~ATxZ'AT

introduces the corresponding notions of approximation:

22T ¢=> Z¢7T

following holde

If 7zCT snd TSI then ZeT

1t 2 TT end

if ZC T and
o~

m
-

T

Tim M

Z

Z

then Z 7T

then 2 <=7

NS

‘-9_ . s

) ~ ~s
7°. If Z&T then 2T, 257, ZST

8° 1f 2c? 2 A%l Tocn’ then 27517
The/re is a couple more of properties of the iype of 8°,

2. APPLICATION OF THE CLOSURE PROPERTIES TO THE INVESTI-
"GATIONS OF SUBSYSTEMS OF INPORMATION SYSTEMS

Proposition 1:If t is 8 primitive term of the langusge

L

A and Z 1is a describable subset of the get 'X(:Xo) ‘then

{1 # ‘= 1 £ = &N
Wt ey g =1 L »

Proof: Let 4 be a description of the set 2 in D . Ve

have No-t =t v 8-t =0 H)S- V , this means thet:

Uty c Unlin or l]'tllo ARBIy = &
If Bl allal,y = ¢' then it “/JFZ = ﬁf gince
Zo= sl and Htliye, = ety n 2 = e iy atioity,

So we ‘are left ll?'.th the case J t ll,) ¢ ltahy I % “0 =
then there is nothing to prove. Otherwise g u/) £ g ~and then
nt“’)l‘z, -lltl\,b A Zt'-lltll,a.lll‘alf/f "HIQ‘ -
This means that if we restrict our system to a definable eubset
then the constituent fio not change or vanish.
We have the following reiationship between the sets 12

snd- Z 3 h _ \ '
Theorem 2: If Z ¢ I, then

B(DHM2) B(HIT)

noreover the isomorphism is given by: -

Y (iR ”’31‘2 )= It “/M-Z;
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) .o . . - we investigate the relationship between the algebras & {(H[2)
broof: Let ue investigate 2. IV heppens that x€ % exactly

, and B(H). The following characterization result was proved .-~
in the case when there exisis 8 congtituent T oif the gystem o :

" independently by Me Jaegermann (oral communication):
(i.e. the value of a primitive texm) such that xe&T and

. , Theorem 4: The following are € uivalent:
T A 24P, Since in general it holds. ey, = "t{fg-“ Z . ‘ / : g ar >4

{cf« [ J) we have, for prlmltlve terms t: (3) " 2¢ X, is describable

(1) B(H) & BT X B(OTx 5 -2)

(=) ety #0(—7 el 5 id

Now the algebras ® (9 Pz) and T (HT'Z) are generated by Proof: (i) => (ii)s This follows from calculating the number -

non-empty constituents of the gystem DM 32 and D 1A réspéc- of generetors of the algebrae under consa.deratlon, i.es the

$ively. I follows from (=Y that both algebras have same number number of non—empty constituentss If D P"SEESEes k nonempty

) } s as {4y00e,k],
of generators. Thus they ere lSOﬂlOrphle. The map Nt “’D rz —> constituents then B () 287077 Notslet Z Dbe the

e Wapr 3 is an injection (aggin by. (£)) and uniquely extends »unl.nn of 1 among them. Then Xy~Z 18 the union of remain=

!

to algebras '13(0 PzZ) ané BIDLZ). . g © _
[o I -} B . | B(’)rz) 2.2{1,.0-'1} E(OI\X\Z))NZU,Q-.,%-LJ

Ve discuss for’a moment sglective aystems. The ‘following

ing k-1 constituents. Now by the proposition 1,

.

‘ Th:.s ives our im lication.
‘ ie {»a.utﬂ gimple. v g p .

, ~C . . {ii) =>(i) Assume Z is not describable. This means 2% # Z- ¥ Z .
itil . If /D is 8 gelective system then:
Proposition > Vy . Agsume again that 7 bas X nonempty constituents, PZ

(i) for every 2¢ Ins 2 =8 =1 hes 1 nonempty constituents. Consider set FrZ = 2 ~ Z. Since

(i1). B(A) = Fx ) » : _ - » ' ' "44 iF nonempty snd describable it is the union ef at least one
N iet us investigate bow the operations —  and . bpelave S N congtituent. Assume it is union of m congtituents. Now
ow : . ] - . I
with respect o subsystem and extensions. Notice first that if - B(HlE) hes 1 constituents and B (AF(X,~2)) has
')' <N then the operat:.on . in /3 is not the ‘trace : © k-lsm  constituents. Thus the product B(or2) X'B(OF(X,)\Z))
Rk B 2" - 1 exampre - - o 7 ’ : . . . . N
of =~ in D ye One can ghow 8 “dras'b:\.c" namely it is. easy - -l:: ;“"":t ge::ratirs and 5:. f‘s not isomorphic with B (O) since
to construct D4 £ A, and 2<X such that- 2. =2 : the 8 er has generators.
1 2 ta, =y o ' ‘ f
and Z A = ﬁ . : - . > » Theorem 5: Let Z & Xy« Then
. ' -~ o - t\) . 2.7 -
The operation — - pehsve nicer; since for every term, ' ‘ 8 (/5) B(Hrz) = BAD ng Z))
. . e - "O ’
ity = it Jl,) 0o X tpherefore, for 2 & X’D , B8 d‘,, Xo =71, Proof By the theorem 2y ‘&5(0 rz) 8" Z)e Now, by the
1 2 4 1 v
S ) « theorem 4, 75(’3)"’ B(Ol‘z)x &(OP(XO\z))
(This asymetry ig related to the difference in the behsvior of i
. : : Since 1,3\ 2 =X _~ 2 the regult follows.

interior and closure operation).

—————————
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Iet us call definable res{riction of M every subsystien

{){“7, mhere 2 € B(D)e-

The follow:.ngv ig useful:

- proposition 6: There existe largest gelective defnaable reg-
triction of D , 1
Prééf: Its universe consists of those Xx’s for which lltxll 2 {x]
The following important pfoperty_of definable restrictions
holds:

Proposition 7: . .

et D, be a gefinable restriction of O > and let 0'1

then for eve z ¢ X we have
ve Do TxHN g ) toe Ty 5

—-—0; — D , ’bi
= ZAn X’-"D v 2 {‘XO

4

The proof of this fact follows from the proposition 1. a

Now let 7, be the larges? gelective de‘finable,restriction

of /O and let N4 be /br(}’.o\ X’bg' According %o the
definition of ‘ /.) _and proposition 1 every congtituent of

’31 consists of at least two elements. Horeover

B(A) 2 B(A) x WH)e The systen A,y is called
totally nongelective. Our ‘Temarks boid down %o the follow— .
ing : ‘ . -
Proposition B: (1) There is a unique decomposi‘rioh of the
gystem 7 into gelective definable restrlctlon A7 and

totally nonselective gefinable restriction o~y

{ii)} 1In the above gitustion we have, for every z gX:)

- ‘ -~ — 27
7 ::‘(ZHXOI)U(ZA o )

1y Z AT -

‘bable subsets of I , moreover C ¢ Ds Then there exksts

R <X suchthat zsc and 7 = De . -

_(iit) Similarly : . o

—
.

z"=‘(znxo.)0(z,;xo,, ) . -

Proof: (i) Uriiq\ieness follows from the proposition 1 and exist~"

“ence from the propgsitidh 6o

(ii) ahd (iii) follow by proposi tions 6, 7 and 3 g

_It £ollows from -the propos:.tlon g, that the operations T - and )

. are of :.nters’c only for the totally nonselective =ys’ceme

(whlch Jusy means ‘that Haus;lod‘f( part of the correspondding topo—

: loglcal gspace is empty).

Proposition 9: If D is totally nonselective then there exist -

gets 2 and T with the rfollovung properties

(11) Z = 2= &
(ii1) E = T = Xy ' |
Proof: Choose Z to be a selector of constituehts of /),

and T its complement. " ,

. Theorem 103 Let D be totally nonselective and G, D descri-~.

Proof' We follow the construction of the proposltlon 9. §onsi-

der D\C split it mto constituents and let T be a selector .

_of ‘these. By total nonselectiveness none of the constituents .

of . DANC 1is included in T. Thus CuT = D whereas CouT =C.o

"0

The result of the theorem 10 is used to characterize the slgebra
Px /e » Since 2, 2, <>> Z, =|_§2 %7, = 52 therefore
an equivalence claas of the relatlon ~ is determined by the

pair <C,D ), ‘of - descrlbable gets such that € < D. Now by




- 15 -

the theorem 10, in totally nonselect;.ve gysten each such pair
deterninec -an squivalence class (of Z’E such that 2Z = C _end..

7= D}. Iet us introduce now, in the set of paira < C,D >

guch that C €D the operations "coordlna'te-m.se" By the results 3

of Traczyk LS ]and Dwinger L[] {27 the resulting structure is
& Post algebrs with 3 generators which is. naturally related to -
the three-valued logic. It ig far from belng strange gince the
elements of 2 (1.e. those Xx’g which &€ = belong +4o0- Z) are.

ip ‘2 with value 1, the elemenis of X z {i.e., Whose x*s

wﬁich € - do not belong to 2Z) are in 2 with value 0 ‘where-

2e the elemente of Pr{z) belong %o 2 with value 1/2 since
they are undistinguishable'(from the point of view of D ) from
some elemente which do not belong to Ze ) '

1et ue finally pote thst the algebras F{Xi/~ and

wix)/~ . are igomorphic to Bl .

-

L.
L
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