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‘Abstract . CogepzaHme -. Streszczenie

We_investigatq in this paper‘approximate operationa on

Sets, approximate. equality of sets and approximate inclusion

: of sets. The presented approach may be consgider as an alter-

native to fuzzy sets theory and tolerance theory.

lpaGmxeHERe COOPH
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B -paoTe paccMaTprBacrICH npndnnxexﬁue_ocaoanﬁe onepa-

19741 nan'uaoxecwnaun,’npndnnxeanﬂe DABHOCTH 2 Taxxe IpMOmM-

ESHHOE. anmqexne MHOXeCTE. lIpefnaraeMuil. NOAX0x OOCCyxAAeTCH
KaK anbrepnamnna pasuutux ccopon a TaxEe TEODUH TOJEPART-~
HOCTH. - ) : -
Zbiory przybllzone
w pracy rozwaza si¢ przyblizone dziaXania na zblorach
. A\

przyblizone réwnanie zbiordw oraz przyblizong ‘inkluzje zbio-
“préw. Proponowane podejScie moze byé traktowane jakg.alterna-

tywa zbiordw rozmytych oraz teorii tolerancii.
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INTRODUCTION

In many branches of computer applications approximate
classification of objects is cf primary concern. Wsthematic-
al tools offering methods to deal with such problems are fuz-
zy sets {see ngeh.[Z])'and tolerance spaces (see Zeeman['Bj).
' e propose here another approach based on ideas presented in
Pawlak C1].->TheJkernel of our method lies in introducting
two membership function & , &, which are to mean "surely
“belongs" and "possibly'belongs" respectively, and the notion
"of an upper and lower approximation of =a set in a rela?ion—
al structure A = (U,R)e The relation R 1is an equivalence
relation, . c#lled here an approximation space. If x belongs
to lower approximation of X we say.that x surely belongs
to X3 if =x belongs to upper spproximation of X , we gay
that x possibly belongs to X. Axioms for approximatlions
are given, which turns out to bé-counterparts of axioms of

topological closure and interior operation.

1. PRELIMINARY

N\
et U be some set called here the universum, and let
R be an equivalence relation on U. The pair A = (U,R)

will be called an' approximation space. Subset of U will be

denoted by X,Y,Z possibly with indices. The empty set will

be denoted by O, and set U. will be also denoted by 1.
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Equivalence classes of the relation R will be called elemen=
tary gets in A, or in shor¥ elehentary sets, when A is

known. Every union of some elementary seis in A and an emp-
ty set O will be called a composed set in A or in short =

composed set.

Let X be some subset of U. The least composed set

in A containing X will ‘oe called the best upper asppro—

ximationwof X in A, in short X X ; the greatest composed
get in A contained in X wili be called the best - lower

approximation of X in A, or in short A'X . Set

BA(X) = BX = AX will be called the boundary of X 1in A.
Set ‘EA(X) = X—A(X) is referred to aé an edgehof X in Ae
The following are axioms for approximations valid
in every epproximation space:

/ N
(A1) X 2 X? A%,

(42) 1 o= A1 =1,

N

(A3) A0 = A0 = O,

(A4)  TARX = AAX = AX,

(45)  AAX = Ap = A,

(46)  E(XVY) = AXVAY,

(A7) A(XNY) = AXNAY,

(48) - AKX = =A(=X),

(A9)  AX = =A(-X).

Ye use here the abbreviation 1-X = =X. Let us remark that

the above axioms are counterparts of axioms of topolbgical clo=:

sure 2nd interior operations.
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One can eagily verify that the following properties oIl
approximations are valid in every approximation space A.
1) AXNY)< AX N hY,

2)  A(XvY)D> AXv AY,
3)  IX-AY € A(X-Y),
4) AX - AYD A(X=Y).

The following are counferparts of the rule X;-X = 1
5) AU A(=X) =1,

6) BXU A(=X) =1,
7)  AX U A(=X) =3-B,(X),

8) A v A(=X)

i

-BA(X).

The rule XN-X = O has the following analogues

3

9) M A(=X)'= 0,
10) AX n A(=X) = B,(X),

11)7 ax M A(-X) = O,

12) AXN A(=X) = O.

De' Morgan®s laws have the following counterparts
13) =(AXu AY) = A(-X) 0 A(-1),

14) -(ﬁxu"ﬂ) = A(-X) A(-Y),

15) =(AX U AY) = A(-X)n A(=¥),

16) =(AX V AY) = A(-X) " A(-Y),

17) ~(AX O AY) = A(-X)V A1),

18) =(AX A AY) = A(=X) U A(=Y),

R




1) =(AX A AY) = A(=X) U Al-¥),

20) -(AX 0 AY) = A(=X) U f_f-y).
Moreover we have 3

21) =(AX U AY) =_§(-(Xu¥))‘=_§(-xd-y),

22) -(AXNAY) = A(=(XnY)) = A(-XU-Y).

23) -A(XpY) = —AXA =AY}

24) -A(XnY) = -AXU =AY, eto.

Fige 1 depicts the notion of an upper and lower appro-
Ximation in a two dimension approximation space, consisting

of a rectanglg partitioned into elémentary s&uars.

Let us define two membership funcytions_é ’ Z (called

strong and weak membership respectively), as follows:

S
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xé X 1iff x € AX,
xgX iff xeéAX.
If x¢X we shell say "x surely belongs to X", and x< X
ig to.mean "x posseibly belongs'to X", ‘Thus we may inter-
prete approx:;.mations as counterparis of necessity and possi-

bility in a model logic.

2. ROUGH EQUALITY

We define here three}kih&‘sf of rough equality of seta:

1) X = Y iff  AX = AY,
A - -
2) .- £ - =
M 4l iff AX = AY,
. A ' L e
3) X oo Y iff X< Y and X 5 Y.
A T2 A

In what follows we shall omit. index A 1if the appro-
ximation space , A is understood.

- are equiva-

XN
W™

It is easy to check that = J
‘_

‘lence relations on p(U). o
A A

if X is a set-then X, 5, 5 are equivalence classes con-

taining X in the relations £ ,z, & respectively.

It is easy to check the following préperties:

8) X = 0 iff AX =0,
- A . -
(':'/ .
7) X = 0 iff X =0,
A .
8) X = -1 iff X = 1,
A :
, - _
gy X = 1 iff AX = 1,
. A
10) E,(X) 2 0.

L}u
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Any set Xé\(/) {(iees AX =0 or X=X 0) will be called
: - A

lcose set in A. We shall identify sll loose sets in A,

. ~ — P
and denoted=~by _3. Any set X &1 (i.,ee AX =1 or X= 1},

. A
will be called representative set in A, and denoted - by 1.

For any A and X we have:

11) XNoxo,
v oa
~”
12) xL 1@ 1,
A
13) X=-0mX, if 0C E,(X),
v A \"4
14) X -0>X, if 0C 4X,
v oA Vo=
. A
15) = 0= 1, =1_=0. .
v oA A

. a
If X is both loose and representative (X& 0n 1),
v
then X will be called dispersed. We shall denote any dis-

persed sef by a .

For any dispersed seti 4 and A we have

16) XNAzO o, XuaE,

A .
1) -A A, -AZ8 . -84,
# A -4

lioreover we have

A Lg./\—

Y then XuY

18) If X = I =y,
A A A
"19) If X = Y then XNnY = X = Y
A K A '
\ ¢ ~
20) If %=X end YEY’ then XUY T XVY
A

A A

21)

22)
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If XX end Y=Y then IN Y

]

I1f X= ¥, then -(-Xk Y,
py : -

If X=Y then -{=X)= ¥,
A A

apd consequently

if X4 Y then =(=X)ZX Y.
A A

3. ROUGH SUBSETS

F¥e introduce three notions of subsets in 8 approxima=

tion spece.

<
T
x © Y iff AX 1Y,
A
=
“A

Y iff AXc AY,

- I/‘——
Y iff X £ Y and.xi«‘f.

>

It is easy to check that all three relations are ordering

relations|, and

4)

5).

6)

7)

Y
if I;’:-_ _Y end Y X then_X;af ’

<
P el
A i
If XS Y eand Y & X then X = Y,
A A A
1t xSy ead Y S X then XZ Y.
A . A A
~ ) ~
If X ¥ then X < ¥, X € Y and XY,
A




g)

9)

10}

11)

~12)

1e

2e

3e

I'4 3 4
If Xc Y and X=X, Y=Y then X < Y
X T +~
7 [ S O
If Xc Y snd X=X, YaY then £y,
: A A A
o VN / a7
If XcY and X & Y, Y/AY then X 5 Y,
A A

e
1f X=X and Y =Y, then vy 21V Y,
X X A ,
’ o ~ ¢
If XX end YSY' then XN Y < oy,
A A A ‘
N )
IV0D & X C IV O,
v 2 A -V
Pal . ~— 1
01 £ X Cc X011,
A A
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