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1. Introduction
Thermoelasticity embraces a wide field of phenomena. It contains the

theory of heat conduction and the theory of strain and stresses due to the flow of
heat, when coupling of temperature and deformation fields occurs.

The coupling between deformation and temperature fields was first
postulated by J.M.C. Duhamel [1], the originator of the theory of thermal stresses
who introduced the dilatation term in the equation of thermal conductivity.
However, this equation was not well grounded in the thermodynamical sense. Later,
an attempt at the thermodynamical justification of this equation was untertaken by
Voigt [2 ] and Jeffreys [3l. However, it was only in 1956 that Biot [4] gave the
full justification of the thermal conductivity equation based on the thermodynamics
of irreversible processes [5 ]. Biot also presented the basic methods for solving the
thermoelasticity equation as well as formulating a variational approach (forisotropic
body).

Thermoelasticity describes a broad range of phenomena. It is a generalisa-
tion of the classical theories of elasticity and thermal conductivity, and it is now a
fully developed scientific discipline.

The theory of thermoelasticity in homogeneous isotropic bodies has been
treated in detail in scientific literature, problems of thermoelasticity in anisotropic
bodies however have been dealt with, in only very few publications. This fact is due
not only to the mathematical difficulties of the problem, but follows from the lack
of wide practical applications. More and more frequently^ however, engineering
structure contain materials of macroscopically anisotropic structure, (plates, discs,
shells, thick-walled pipes etc.) the properties of which (both elastic and thermal) are
different in different directions.

In the present paper, which is of a survey character, attention is focused
on the foundations of the thermodynamical theory,on the differential equations and
the general energy and variational theorems. We shall give here also a review of
problems solved so far; the reader interested in details will find them in quoted
papers.

2. Fundamental assumptions and relations of linear thermoelasticity
Let a body be at temperature To in an undeformed and unstressed state.

This initial state will be called the natural state, in which it is assumed that the
entropy of the body is zero. Owing to the action of extermal forces, i.s. body and
surface forces, and under the influence of internal heat sources and surface heating
or cooling, the body will be subjected to deformation and temperature change.
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Displacements u will occur in the body and the temperature change can be written
as 6 - T -T o , where T is the absolute temperature of a point x of the body. The
temperature change is accompanied by stresses o^ and strains Cjj . The quantities
u i ^ »ffij ieij a r e function of position x and time t . We assume that the
temperature change 0 • T - To accompanying the deformation is small and does
not result in significant variations of the elastic and thermal coefficients which will
be regarded as independent of T. In addition to the assumption |^/TO | "^1 we shall
assume that second powers and products of the components of strain may be
neglected in comparison with the strains Cjj . Thus, attention is restricted to the
linear regime where the strains are related to the displacements by

(2.D eu " T < u
u +\?> l » j " 1 > 2 ' 3 '

and the strains satisfy the six compatibility relations

< 2 ' 2 > « „ « * e k £ i j - e j £ i k - e i k j * = 0 ' l . J . k . « - 1 . 2 . 3 .

The main task is now to determine constitutive equations relating the components
of the stress tensor o with the components of the strain tensor €j, and of the
temperature 0. Thermoelastic disturbances cannot be described in terms of classical
thermodynamics and we have to use the relations of the thermodynamics of
irreversible processes [ 5 ] [ 6 ].

The constitutive equations are deduced from thermodynamical consider-
ations, taking into account the principle of energy and entropy balance [4 — 6 ]

(2.3) -fLKu + Ipv.vJdV-
p

-fLKu + Ipv.vJ

(2.4) . JHF dV " J J
V A V

Here U is internal energy, S is the entropy, X} the components of the body forces,
Pi * ffji n j the components of the stress vector, qi the components of the vector
of heat flux, nj the components of the normal to the surface A. Further,
Vj • 3UJ /d t ; and the quantity © represents the source of entropy, a quantity
always positive in a thermodynamically irreversible process.

(2.5) 0 =

The terms on the left-hand side of eq. (2.3) represents the rate of increase of the
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internal and kinetic energies. The first term on the right-hand side is the rate of
increase of the work done by the body forces, and the second the rate of increase of
the work done by the surface tractions. Finally, the last term of the right-hand side
of eq. (2.3) is the entropy acquired by the .body by means of thermal conduction.
The left-hand side of eq. (2.4) is the rate of increase of the entropy. The first term
on the right-hand side of eq. (2.4) represents the exchange of entropy at the surface,
and the second term represents the rate of production of entropy due to heat
conduction.

Making use of the equations of motion

a.. + X - Pii, » i , j = 1,2,3, ' (2-6)

and using the divergence theorem to transform the integrals we arrive at the local
relations

u ^ - q u , s - © - ~ - + - T r - . (2.7)

Introducing the Helmholtz free energy F • U - ST and eliminating the quantity
q i,i from eqs. (2.7) we obtain

(2.8)

C fy -

Assuming that the functions © , qj , Ojj do not explicitly depend on the time
derivatives of the functions Cjj and T we obtain

S - "
(2.9)

Let us now expand the function F(e..,T) into a infinite series in the
neighbourhood of the natural state (0 ,TO )
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From the expansion F( £jj , T) we retain only the linear and quadratic

terms, confining ourselves to linear relations among stresses o.j strains e.j and

temperature change 8.

Let us now ttake advantage of the expressions (2.9)1,2. We obtain

(2.11) % = cijkg e k g - 0y d, /3JJ = 0.. ,

In relations (2.11), we identify Hooke's law generalized for thermoelastic

problems. There are called the Duhamel — Neumann relations for an anisotropic

body. The components C.̂ g , /3.. appropriate to the isothermal state play the role

of material constants [7] . In the theory of elasticity of an anisotropic body, the

following symmetry properties of the tensor C j ^ are proved

(2.13) C.jk£ = Cjik£ , c. jkE - CijSk , c i j e k = Cgkij .

The first symmetry relation is obtained from the symmetry of the stress tensor G;J ,
while the second form the !
consequence of the relations

92F 32F

while the second form the symmetry of strain tensor £... The third relation is a

or
9eij

These relations lead to a reduction in the number of mutually independent constants

from 81 to 21 for a body with general anisotropy.

Let us solve the system of eqs. (2.11) for deformations

(2.14) e y = sijkK a k £ + a.. 6.

The quantities s^g (coefficients of elastic susceptibility) then satisfy the symmetry

relations

(2.15) s.jkj i. s.M , s..kg = s. j 8k , s.jkC = smi .

Consider now a volume element of the anisotropic body free of stresses on its

surface. According to (2.14), we obtain for this element

(2.16) e° = a.. 8.

The relation describes the familar physical phenomenon, namely, the
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proportionality of the element deformation to the increment of temperature 6 . The
quantities OJJ are the coefficients of linear expansion, and it follows from the
symmetry of the tensor e^ that Ojj is also symmetric. It should be added that the
coefficient of volume thermal expression ^ is an invariant.

From relations (2.11) (2.12) and (2.14) we have

,8a.. > ,9a.. \

\ bets IT = Cijk« ' (~3T~/ = " ^ij = akE Cijk£ '
kV ( 2 . 1 7 )

From the thermodynamical considerations we obtain: m = Ce /Toand

S 'fill eij + ^ > ( 2 - 1 8 )

where Cf is a specific heat related to unit volume at constant deformation. In the
expression for entropy, the first term on the right-hand side is due to the coupling of
the deformation and the temperature field, the second term express the entropy
caused by the heat flow. The purely elastic term does not appear in this expression.

The postulate of the thermodynamics of irreversible processes will be
satisfied if 0 > 0 i.e. when - Hi^^lf2 > 0. This condition is satisfied by the
Fourier law of heat conduction [ 5 ]

- q , - k j j TfJ or - q , - k,j 6 ,„ , 6 - T - T o . (2.19)

It remains to relate the entropy to the thermal conductivity. Combining the
relations (2.19) and

TS = - div q = - q^ (2.20)

we arrive at the equation

TS.vki j0 . i j ( 2 > 2 1 )

From the relations (2.18) and (2.21) we obtain

We note that the terms on the right-hand side of this equation make it nonlinear.
Putting T = To on the right-hand side of (2.22) to linearize the equation gives
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(2.23) X,j 0,,j " Cefi " To^j e,j = 0

In this extended equation of thermal conductivity, the term To0jj e.j characterizes
the coupling of the deformation and temperature fields. If there are internal sources
in the body, we should add to (2.23) the quantity W, which determines the amount
of heat produced per unit volume and time

(2.24) Xu 0 t i j - Ce6 - T ^ j Cij + W = 0.

The full set of the differential equations of thermoelasticity comprise the equations
of motion and the equations of thermal conductivity. The equations of motion

(2.25) a + Xj = p a i ( x , t ) , x e V, t > 0;

can be transformed, making use of the Duhamel — Neumann equations

(o n c\ rr — n c _ ft ft

( , Z . / D ; Ujj - Ljjj^ t ^ p.j a ,

and the strain — displacement relations

(2.27) e,j ml (Ulij+ U j i i )
into three equations containing displacements Uj and temperature 6 as unknown
function

(2.28) CijkB uk 8 j + X, - pu, + /J,j 0tJ , x e V, t > 0.

The above equations and those of thermal conductivity

(2.29) Xjj d,v •- c 0 - To/3ii e,, ' + w = 0

are coupled. Body forces, heat sources, heating and heat flow through the surface
result in variations of both displacements and temperature. Boundary conditions of
a mechanical type are given in the form of displacements uj or loadings p; on the
surface A. Thermal conditions can be, in a general way, written in the form

(2-3°) a 2_ + |30 = f ( x , t ) , x e A, t > 0 , «,|3 - const . ,

determining the heat flow through the surface A. The initial conditions e.q. for
t • 0, are that the displacement Uj , the velocity of these displacements and
temperature are the known functions
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u. (x,0) - f. (x ) , u. (x,0) = g(x) , 0(x,O) = h(x), x e V, t = 0.

(2.31)
If the variation of body forces, heat sources and heatings is slow, then the

inertia terms in the equations of motion can be omitted and the problem can be
regarded as quasi-static. The quasi-static equations of thermoelasticity given below
are, however, coupled

C ti a. v — R f) (0 *\ri\

1J K-V K. K. J 1 l j J

xij 0,ij - cj - T0^j e,j +w = 0 (2.33)

Thermoelasticity embraces the following subject previously developed

separately: classical elastokinetics and the theories of thermal conduction and

thermal stress. We shall determine the differential equations of classical elasto-

kinetics assuming that the motion is adiabatic, i.e. without^ heat exchange in the

body. Since for an adiabatic process S • 0, eq. (2.18) yields 0 » — To / Ce/3jj e^ or,

after integrating assuming homogeneous initial conditions:

0 = *. _ ! 0 . . e _ (2.34)

This equation replaces the equation of heat conduction. Inserting (2.34) in (2.28),

we obtain the displacements equation of classical elastokinetics

+ X - p'n , (2.35)

where

(Cijkfi\ " ^SjkJTT + c To

The quantities (Cj.^j)), are mechanical constants, measured in adiabatic condi-

tions. The constitutive equations, after substituting (2.34) into (2.11) and (2.14),

take the form

a - (C. ) e , e.. = (s.. ) o . , (2.36)

where
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In the theory of thermal stresses which considers the influence of surface and
internal heating on the deformation and stresses the term j3jj e;j appearing in the
thermal conductivity equation is assumed to be negligible. This simplification leads
to the following two independent equations
(2-37) Cijk)2 u ^ . + X. =pu. +/?.. 6,.

(2.38) X,j fl.jj -Cj + W= Q

The temperature 8 is determined from (2.38) i.e. from the classical equation of
thermal conductivity. When we know the temperature distribution, we are able to
determine the displacements from eq. (2.37).

In the case of stationary heat flow, the production of entropy is
compensated by the exchange of entropy with the environment. This exchange is
negative and its absolute value is equal to the entropy production in the body. In the
equations of thermoelasticity (2.38) (2.29) the derivatives with respect to time
disappear and eq. (2.28) becomes

(2.39) Cjjk« ukrgj + Xj = ft; 0,j .

The temperature 9 appearing in these equations is a know function, obtained by
solving the heat conduction equation in the case of a stationary flow of heat

(2.40) Xij 0,ij + W = 0.

3. The fundamental theorems for anisotropic bodies.
An important part is played in classical elasticity by variational theorems,

which consider either variation of the deformation state or variation of the stress
state. In what follows we shall present the thermoelastic (coupled) variational
theorem for the deformation state, devised by M.A. Biot [4]. This theorem consist
of two parts, the first of which utilizes the familiar d'Alembert principle of the
elasticity theory

(3-D j - pu\)5u;dV + IpjSu. dA = la.. 8e[j dV

In this equation 5u. are the virtual increments of displacement and
the virtual increments of deformation, each assumed to be arbitrary
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continuous function, and complying with the conditions contraining the body

motion. Supplementing the eq. (3.1) with the constitutive equations (2.11), we

obtain , f t

V + lp. 6u .dA = 6w - I fly 6ei} 0dV , ( 3 . 2 )

where A

W - \ \ Cijkeeij e k8 d v - (3.3)

"V
The second part of the variational theorem uses the laws governing the heat flow so

we utilize the expressions interrelating heat flow, temperature and entropy

<Ji = - h « . j , TOS a - q,,, = \ dHi , ST0 = Uij eu To + Ce9. (3.4)

These relations can be written more conveniently by introducing the vector function

H, related to entropy and heat flow by

S - - Hi,, , q, - THj . (3.5)

Since

q, = T o ^ = - ktj 0,j (3.6)

and solving these relations with respect to 6ti , we obtain

9,i = - T 0 X J J H, , (3.7)

where X.. is the matrix inverse to the matrix of the coefficients kjj ;

Xjj • [ kjj] ~J . Multiplying eqs. (3.7) by SHj integrating over the volume of the

body f
(0M + T 0 \ j H,)6H,dV = 0, (3.8)

finally, with use of eq. (3.4)2, we obtain

+ 0,, ese.^ dv + T0 x;j H, 8HJ dv = o.
iA ° i v Jy K (3.9)

Introducing the notations

P = 2 ^ j 0 2 d V ' 5 D - To/X,j Hj 5Hi dV
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where the functions P and D are called the thermal potential and the dissipation
function respectively, and eliminating the integral fii} L^^€ij <*V from the equations
(3.2) and (3.9), we finally arrive at the required variational principle

(3.10) 5(W + P+D) = S£ -

where t A t .
(3.11) 8£ = I (X, - pii; )5UJ dV + U 5Ui dA.

V A

This is the principle of virtual work for variations of the displacements and the
temperature, extended to the problem of thermoelasticity of anisotropic bodies.

a) Consider the particular case when we assume d = — To /Ce ̂ Sj e^ ,
corresponding to the assumption of an adiabatic process.
Then (3.2) transforms into

- piij )5UJ dV + pSuj dA = 5Wg

w
8 " / CC i j k j e)B ejj e k j e d V .

V
Equation (3.12) constitutes d'Alembert's principle for classical elastokinetics.

b) In the theory of thermal stresses the coupling between the strain and
temperature fields is neglected, by neglecting in eq. (2.23) the term To0jj efj . Thus
we arrive at two independent variational equations

(3.13) KXj - pG; )5UjdV+ I

v̂ 'A

(3.14) 5(P + D)

•'A

Eq. (3.14) constitutes variational theorem for the classical heat conduction
problem. In eq. (3.13) the temperature is regarded as known, calculated by means of
the classical heat conduction equation.

Let us return to the general variational theorem of thermoelasticity, eq.
(3.10) and assume that the variational increments 5UJ , Se^ , 6H. e.t.c. coincide
with the increment occurring when the process passes from a time instant t to t
+ dt. Then

3u. . k..
^ dt = v; d t , 5Hj - Hi dt - - -~- 0,j , 5w - Wdt, e . t . c .
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From (3.10) we obtain

-j- (W + K + P) + X = I X, V: dV + p, V: dA + ^ - k=, 66 M IL dA,

where

JL
o

X T

Observe that the right-hand side contains the causes producing the motion of the
body, i.e. the body forces X., surface tractions Pj and the thermal boundary data.
Furthermore the integrand k . 8,. 6 appearing in the function X} is a positive
definite quadratic function.

The energy theorem is used in proving the uniqueness of the solution of
the fundamental thermoelasticity differential equations. The proof of uniqueness
has been given by V. lonescu Cazimir [ 8 ] for the boundary conditions in
displacements or loadings on A.

The proof of uniqueness can also be extended to the case when on a part
of the boundary A,, tractions are given, while on the remaining part displacements
Uj are known. Similarly, different thermal conditions can be taken on Aff and \ .
A detailed exposition of this case as well as another one concerning a discontinuity
of stresses on the surface Aa inside the region V + A is given in the paper by V.
lonescu — Cazimir [8]. , •*,,

One on must interesting theorems of thermoelasticity is the reciprocity
theorem. The extended reciprocity theorem is thermoelasticity has been formulated
by V. lonescu — Cazimir [9] .

Consider two systems of causes and effects. In the first there act the body
forces Xj , surface tractions pj , heat sources W and surface heatings h. These
causes produce in the anisotropic body the displacement Uj and the temperature
8 , The causes and effects on the second system will be denoted by "primes".

We base on the Duhamel — Neumann relations, to which the Laplace
transform has been applied. From these relations we obtain

\(P\j + î ii 8)£l
ii dV • J (o(j + 0jj 6' )e;j dV. (3.16)

V V
With the help of the equation of motion we transfrom eq. (3.16) to the

f ° r m |<X, u,1 - X,' u\ )dV + (pj u[-p[ u, )dA + j3,j (e[j 6 - r y W )dV - 0.
1 K K (3.17)
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We assumed here the homogeneous initial conditions. Eq. (3.17) constitutes the first
part of the reciprocity theorem. The second part is derived on the basis of the heat
conduction equation. We obtain

kj(0,ij 0' ~ ^ i j 0)dV-Top l^jCCjj 0 ' - e"jj 0)dV + (W0' - i

Ar v v (3.18')

- T o P I (3.. (e.. 0' - ej. 0)dV + (Wfl' - W' 0 )dV + k^ I (h ' 6,. hd',. ) ^ dA = 0

I V A (3.18")
We assumed here the homogeneous initial conditions for temperature and the
following boundary conditions

(3 .19 ' )0 (x , t ) = h ( x , t ) , 0' (x , t ) = h' ( x , t ) , x e A, t > o.

Eq. (3.18) constitutes the second part of the reciprocity theorem. If we eliminate
from eqs. (3.17) and (3.18") the common term, we arrive after inverting the Laplace
transform at an equation containing all causes and effects. We have

To I (p. 0 u! - pj 0 u. )dA + TQ I(X. © uj - Xj © u. )dV(x) =

(3.19") { "V

= (W»0'- w'*0)dV + ((h '»0, . - h»0',j )dA,

where ^' A

, f 9uj (2» r)
Pi© Uj = I Pj (x , t - r ) ^ dr ,

, r
W»0 = W ( x , t - r ) 0 (x , r )d r , e . t . c .

Consider now particular cases of the reciprocity theorem.
a) Assuming that there are no heat sources and no heat exchange between volume
elements. We have for this adiabatic process

T T .

We obtain the reciprocity theorem in the form

(3.21) KP^u,' - p [ * u i ) d A + (X^Uj - X?* u, )dV = 0.
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b) If we treat the dynamical thermoelasticity problem as uncoupled and apply the
approximate theory of thermal stresses (neglecting the term^jjej. , in the heat
conduction equation! ) . We obtain

l(Pi*u! - p [ » u , ) d A + L ( V u i -X. '»a

..

(3.22)
)dV = 0

, ?' - w'*0)dV + kjj ] (h'*0,i - h*0',j )n: dA = O. (3.23)
V A

c)In the case of the static problem with a stationary temperature field the

reciprocity theorem takes the simpler form [10 ] .

| (P. u! - p! u. )dA + f (X. u! - X.' u. )dV + 0.. J (0e!. - 0' e.. )dV = 0
A (3.24)

Jv(w-fl'- w'0)dv + k,j } (h ' e , , - hd'^^dk = o.

d)Consider finally the particular case of eq. (3.24) when

Xj = x[ = 0, ^ » 0, pj = In, , ffj, = I5,j .

We assume that the body is simply-connected, free of body force and its
deformation is produced by heating and an action of heat sources. In the primed
system we assume the isothermal state and homogeneous extension of the body. Eq.
(3.24) is then considerably simplified, namely

f n.u.dA- p.. f Be'.. dV. '(3.26)
A • V

The first integral represents the volume increment of the body. Therefore [ 10]

AV = a..Jflal. dV

or

AV - a,, f0dV. (3-27)
V.

The volume increment is equal to the integral of the temperature over the region V,
multiplied by the invariant <X: . From (2.14) and (3.27) we obtain

AV = je-. dV = a.. J 0dV + s-Jkg [ akg dV (3.28)
V V

or
sjjkC iakC d V = °
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For the isotropic body, we have [10 ]

(3.29) Av = yxtddV, jffydV = 0 •
V V

e). Let the anisotropic body contained within the region V and bounded by the
surface A be subjected to heating. Let on the part Au of the surface A, equal to
zero, appear displacements u. and on the part Â  of the surface A, equal to zero,
appear tractions p_. Moreover let X. = 0 .

For the determining the displacement u,- (x) ,xe Vconsider a body of the
same shape and with the same boundary conditions.

In this body let Bl = 0 and let a concentrated force X| » 6 (x - f )6.k be
acting at the point £ which is, consequently directed along the axis xfc.

This force will cause displacements uj " U; (x,£) assuming that the
functions vS ) (x,£) are selected such as to satisfy homogeneous boundary
conditions on A,, and Au.

Making use of formula (3.24) we obtain

(3.30) - | 5 ( x - £ ) 6 i k u, (x)dV(x) + 0., | f i W e . ( k ) (x,£)dV(x) = 0.

As a result we obtain the following formula

(3.31) uk ( 0 = j 0jj \e (x) ' a . " " + ' . dV(x) .
z ; v L *j o x i J

The formula (3.31) may be treated as a generalization of Maysel's formula [l l] . For
the isotropic body, we obtain

( 3u.<k) (x,*)
(3.32) uk(£) = 7 0(x) ——g dV(x).

V

Here Uj,j (x,£) should be treated as a dilatation caused at the point f by a
concentrated force Xj applied at the point x.

5. Three-dimensional problems in anisotropic thermoelasticity
Let us consider the non-coupled quasi-static problem of thermoelasticity.
We write the equation of heat conduction

( A . I ) Xi; 6,,, - c 0 = - w.
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and the displacement equations

(4.2)

(4.3)

in the following form

L.. u. « - W54. i = 1 ,2 ,3 ,4 , u4 = 6.

The Ljj are certain linear differential operators of first and second order. The
operators Ljj • LjS (i,j - 1,2,3) are associated with he displacements equation.
We have further

i4 -'A • 4i

Let us express the function

follows [12 ] :

= 0, LM = X..3.3. - C e 3 t , i - 1 ,2,3.

Uj by means of four functions X; ( i » 1,2,3,4) as

Xi

x2

x3

x4

L12

L22

L32

0

L13

L23

L33

0

L,4

L24

L34

L44

, U 2 *

L11

L2!

L31

0

Xi

x2

x3

x4

L,3

L23

L33

0

L14

L24

L34

L44

Uj =

The functions X; should satisfy the equations

Ln L12 L13 L14

L21 L22 L23 1^4

L31 L32 L33 1,34

0 0 0 L44

e . t . c . (4.4)

- W6.i4
(4.51)

or

- W5;, , i , j = 1 , 2 , 3 , 4 . (4.5")

The functions Xj can be regarded as Galerkin's functions, generalized to the case of

anisotropic thermoelasticity. The Galerkin method has been used to solving some

thermoelastic problem in a simply anisotropic body, the transversely isotropic body

[13].
The system of coordinates will be assumed in such a way that the three planes
coincide with those of elastic symmetry. Denote by E, v Young's modulus and
Poisson's ratio in the direction Xj , x2 and by : Ê  v' the same quantities for the
direction x3 . Let a . X denote the coefficients of thermal expansion and heat
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transfer, respectively in the direction Xj , Xj and a' , X' the same quantities in
the direction X3 . The constitutive equations have the form (*)

(4.6)

en + c,2 e22.+ c13 €33 - j30, a23 =

e u + c u e22 + c I 3 633 - $6 , a3i - 2CM

e n + C13 622 + 0:33 633 - j3'(9, , On • 2c«i

where the material constants c u , . . . . . , c^ are expressed throught the four
quantities E, F , v ,v' ; and j3 , j3' through the quantities E, E',a,a ,v , v' .
Introducing (4.6) into the equilibrium equations, we obtain the system of equations
(4.5"). The quantities Ljj have the form

(4.7) .

Ln • en 3? + c a 92 + C44 91 , .

L22 = C66 3? + C11 9 2 + C44 83 ,

L33 = C44 (3? + 31) + c33 3 s ,

L23 = L32 = (Ci3 + C44 ) 3 2 3 3 ,

L31 = L13 = ( e n + C44 ) 3 i 3 3 ,

L12 =1 ,21= (Cl2 + C« ) 9 l 3 2 ,

LM - - 03 i , Lj« - - )33

L41 - L42 = L43 = 0 , U \ + 3|)+X'3i -

Introducing (4.7) into (4.5') and performing the operations indicated in (4.5) we can
represent that equation in the form

*2 w 2_2 t>2 >
3 3 ) (ju3Vi + 3 3 ) x
»- -. « 2 1 = 1 , 2 , 3 , 4 ,

+ 33)Xj - - W64i

(4.8)
C33 (MiV? 1

+ 32
3 -

(*) The linear elasticities are components of a positive definite fourth-order tensor. Necessary and sufficient
conditions for the satisfaction of the latter requirement are

c u > 0, c u > c12, c2
u > c\2, c 0, c33(cu t cn)
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where
for p > 1 ,

e2 for p = 1 ,

Wl/Ep±il/£pf«.,»<i.
(4 .9)

, 2 A ,,2 C « 4 Cll 2 ^e

X C44 C33 X

Cll CJ3 - 2C13 C 4 4 - C 1 3 2
 a

J
 a

2

p = 2 * 4 < c u e B ) > / » ' V l = 3 l + 3 2 *

For the solution of solved problems, two function X3 and X4 were sufficient. Since

in the expressions for uj , the operator ^7 Vi + ^3 will appear, therefore we

assume that

C44 t

(4.10)

The functions $ and ^ satisfies the equations

X'c33C44 QiWi + 9 ? ) ( p i v ? + 3 3 ) ( M i V i + 9 3 - a 2 a t ) ^ = - W , ( 4 . 1 1 )

(JiWi + 8l)<M'|V? + 8 ! ) V . - 0. ' (4-12)

It is easy to see that the function <p is the Galerkin function generalized to the case

of transverse isotropy [14 — 15] .

In the case of axially symmetric problems, it will be more convenient, to

use displacements and stresses expressed in cylindrical coordinates. Introducing the

notation vj * 3 2 / 3 r 2 + 1/r 9 / 3 r we obtain the differential equations for the

function V and </>, substituting in the place of V2 in the Eqs. (4.10) (4.11) the

operator Vr .
The displacements and the temperature are given by the equations

0 ( V + 3 ^ " C S 3 3 ^ % = °

W = i3c,4 A (bV2 + c 3 2 ) ^ + c

d = C33 CM (M5V? + a ^ ) ( M l v ? + 32)«A , r = (x? + x ? ) 1 / 2 z = x 3
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where

a = n - x ( l +7T?), b • Vi& XT) - m ~ I, 7 = —

c - X - /J'/. , s = 1 +7T? , t = rivU, v = M l / A , ' 3 +
2

2 7 = 52?

The assumption of the functions V and ^suffices for the determination

of thermal stresses in a simple system: an infinite space, a semi-space and an elastic

layer. On the other-hand, for the solution of the state of stress in thick circular and

rectangular plates, we should, to satisfy all the boundary conditions, take for the

solution, besides the function f and ^, also the functions Xj and X2 • With the help

of the two functions V and 4* a few problems have been solved.

The problem was solved in closed form derived for thermal stresses

produced by heat sources in an infinite elastic space and an elastic semi-space, for

various static and thermal boundary conditions. Similar solutions were given in the

case of an action of a nucleus of thermoelastic strain. The case of stationary heating

of an elastic semi space and a layer was also examined. Further it was proved that

the stresses the vector of which is perpendicular to the plane bounding the

semi-space do not vanish, which was the case in the problem of Sternberg and Mac

Dowell [16 ]. Finally, solutions were given for a few quasi-static problems

concerning an action of an instantaneous heat source in an elastic space and a

semi-space.

In the case of an infinite elastic solid, to although it is possible to obtain a

formal solution of the system of equations (4.1) and (4.2) by applying the

quadruple Fourier integral transforms, it has not been possible so far to obtain the

solution in a form suitable for calculations of a three-dimensional problem of either

general anisotropy or orthogonal anisotropy (orthotropy) [17] . Only in the case of

a transversally isotropic body we obtain the results in closed form.

We return to the displacement equations (4.2). A solution of equations

(4.2) can be represented in the form of a sum, the first component il; satisfying the

non homogeneous system of equations (4.2), while the second component Uj

satisfies the homogeneous system

(4.14) L. u. - 0, i = 1 , 2 , 3 .

Uj can be represented in terms of the three functions i?j ( i =1,2,3,) these
functions satisfy the homogeneous equation

(4.15) II Ljj II r?j = o, i , j - 1 , 2 , 3 .
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The particular solution u; for the isotropic body can be devised by the method
presented by Goodier [18], who introduced the so-called thermoelastic displace-
ment potential 0 according to the relation Uj = 0 n .

In the case of transversely isotropic body Bors, [19] introduced three
thermoelastic displacement potentials 0S ( i - 1,2,3) according to the relations

Ul • 9l (01 + <t>2) ~ ^203, U2 = 92(01 + 02) + 9l03,
(4.16)

U3 = O3 (ki0i + k.202) .

Introducing (4.16) into the system of equations (4.2), we obtain the following three
differential equations

(Vi + a?35)0 , = A,0 , (V2. + a2
2a

2
3)02 = A20 ,

1 (4.17)
(V2. + /3 2 3l)0 3 = 0 , f = 3& , V2i = 3 - + 322 ,

where

A . [ c 1 3 + C44 ( l + k i ) ] f l - c u p '
1 en CM (k i~ k 2 )

A = [c13-t- c ^ ( l + k 2 ) ] p - c n | 3 '
2 en cm (ki - k 2 )

We obtain the roots kj , k2 from the equation

C44 (C13 + C44 ) k 2 + [ (CIS + C44 ) 2 + CM ~ CU C33 ] k + (Cl3 + C44 ) C44 = 0 .

(4.18)

The quantities a,, a2 are given by the formulae

2 C33 ktv C44 + (C13 + C44 )kff a = 1 2 . ( 4 . 1 9 )
tt C13 + C44 (1 + WK) Cji

For a bounded body the functions 0; (i=l,2,3) satisfy a part of the boundary
conditions. Therefore the incomplete solution Uj must be completed by a solution
Uj of the system of homogeneous equations (4.14). The functions Uj must so be
chosen that the final solution Uj • Uj+Uj satisfies all the boundary conditions of
the problem. The system of equations (4.14) can be solved means of the methods,
indicated by Elliot [20], Hu-Hai-Chang [15] and Nowacki [lO].

We now give the formule for the displacement Uj for the axi-symmetrical
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case (21). Introducing two displacement potentials 0 a ( a = 1,2), we obtain

(4.20) ur = -^ (0i + fo"). uz = a7 ( k i^ i + k20z) .

Introducing the above relations into the equations (4.2), written for

transversally isotropic body in cylindrical coordinate system, we arrive at two

equations

(4.21) (V? + a 2 3 2 )0 , = B.6, (V? + a?,32)02 - B20,

wl ice

B _ ]3[ (Cl3 + C44 ) + C44 k 2 ] - /?' CU
c n C44 (k2 - k, ) '

|3[ ( c i 3 + C44 ) + C44 ki ] - ff' cn n2 3 2 1 3
B2 = c , c.4 (k 2 - kO ' Vr = clF 7

The quantities kj » kj and Mtt ( Ci' =1,2) can be calculated by means of the

formulae (4.18) (4.19). A number of problems on axisymmetric thermal stresses in a

semi-space of transversal isotropy were solved by Artar Singh [22] who employed

two displacement functions.

A different methods of solving the problem of stationary and quasi-static

thermal stresses in bodies of transversal isotropy have been developed by Grindei

[23] and Sharma [24]. Sharma investigated them al stresses due to the heating of

the plane bounding an elastic semi-space; he deduced the solution by introducing

two stress functions, which satisfy a differential equation of second order.

5. Plane problems of anisotropic thermoelasticity

Two-dimensional problems have been dealt with fairly extensively. Thus

W.H. Pell [27] examined the problem of simultaneous bending and compression of

an anisotropic plate, produced by a stationary field varying linearly with the

thickness of the plate; in particular he investigated in detail the circular plate.

Mossakowski [22] applied the complex variable method to derive a

number of solutions for the action of a heat source in a semi-infinite disc of isogonal

anisotropy. It is convenient here to introduce a stress function analogous to Airy's

function in isotropic discs [28]. A method of solution for orthotropic discs making

use of the t,\ pa of function of Airy ;md Marguerre was presented for static and

dynamics problei is bf P.P. Teodorc.cu [29].



Thermal Stresses in Anisotropic Bodies 47

For the orthotropic plate we denote by E x and E2 the Young's moduli in
the direction of x, and *2 axis, respectively, by f-Poisson's ratio and by G the
shear modulus. Finally a, and «2 denote the coefficients of thermal expansion and
Xi , X2 coefficients of thermal conductivity in the directions of XJ and x2 axes,
respectively.
The heat equation for an orthotropic plate has the form

(X,3j + X232 - ctbt)d - - W. (5.1)

The relations between stress, strain and temperature in the plane state of stress are

en = an an + &n an + <*i0,

£22 = a2J an + a22 an + a2d, (5.2)
1 1 v I

en = aee <Jn , an = — , a22 = — a12 = a2i = - | - , aM = -^ .

Substituting the strains into the compatibility relation

3i622 + d^eii = 29i92ei2 , (5.3)

and expressing the stresses by means of the Airy function

5a^V2F, o.',/3 = 1,2 (5.4)

we obtain the differential equation
.. .*

X48?F + 2T? X232,32F + 3^F = - E , ^ ^ 2 , + a2d})6 ,

. « .

Let us write the solution of eq. (5.5) as the sum of two components F and
F where F is the particular integral of eq. (5.5) and F satisfies the homogeneous
quasi-biharmonic equation

X434,F + 2T?x23?3lF + S4.! = 0, (5.6)
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and the boundary conditions. The described procedure is particularly convenient in
the case of boundary conditions expressed in stresses. It is also easy to extend to the
case of orthotropic discs the "plate analogy" devised by Dubas [30] and Trommel
[ l

If we solve the equations (5.2) with respect to the stresses and introduce
into the equilibrium equations, we obtain with (5.1) a system of three equations

(5.7)

where
i "I Ji3 » 1 , 2 , 3 , u3

Ln = c n 3j + c« 311 L22 = C66 9? + cM bl ,

(5 .8) L12 = L21 = (cn + c66)d1d2 , L13 = - 0i 9i , L23

L33 = X, 9? + \2dl - Cedt , L31 = L32 = 0.

-Ma.

Let us express the functions Ua(.a = 1,2), u$= 9 by means of three displacement
functions Xj (i • 1,2,3) as follows

(5.9) u , -
x,
X*

x3

L12

L22

0

L13

L23

L33

, U 2 = L21

0

x,
X,

x3

Lu
L23

L33

,U3 =

Lu L12 Xj

L21 L22 X2

0 0 X3

The functions X; should satisfy the equations

Lu L12 L13

(5.10) L21 L22 L23

0 0 L33

- W5.. 3
1,2,3,

or

(5.11)

where

a ± | / a 2 - 1 for a > 1,

for a » l ,

" w f i ii3
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The functions Xj , X2 satisfy the homogeneous and the function X3 the.
non-homogeneous differential equation. The solution procedure is a follows. From
the eq. (5.11) we determine for i • 3 the particular integral X3- By means of the
functions Xj , Xj we satisfy the given boundary conditions.

The plane problem can also be solved by means of two termoelastic
displacement potentials [33] 4>a ( a = 1,2).

The displacement equations for a medium of an arbitrary curvilinear
orthotropy were derived and examined in the paper of Nowinski, Olszak and
Urbanowski [ 34]; these authors solved three examples, the first of which concerns a
non-uniformly heated thick-walled cylinder of cylindrical orthotropy, the second
deals with an analogous problem for a disc, and the third as that of the non-uniform
heating of a shperical shell of spherical orthotropy.

Interesting investigations on states free of stresses in anisotropic bodies
was carried out by Olszak [35 ]. He proved that for bodies which deform freely and
possess rectlinear anisotropy only linear distribution of temperature result in no
stresses. However, in the case of bodies of curvilinear anisotropy the compatibility
equations constitute much stronger limitation than for bodies with rectilinear
anisotropy. For instance, for bodies of spherical orthotropy only a constant
distribution of temperature produces no stresses, while for bodies of spherical
orthotropy any non-vanishing field result in a state of stress.

Only a few dynamic problems have been solved so far in the literature of
the subject. Above all the work by T. Chadwik and L.T.C. Seet [36] deserves
notice. The main aim of their work are considerations on the propagation of elastic
waves in a transversely isotropic heat-conduction material. The authors are
concerned with the system of equations

(5.13)

1
2
+

(CM -

(C13 +

.6 + T,

C12

C44

+ I

,(0«

) v 2
l U a

)u3,a3

?33 U3.33

,ua,a ••

• 1 (en
- PUo "

+ (Cu +

• 0ou3,3)

+ c12 )

C44 )U^,

= XV? 6

>

3j3 - PU3 =

+ A'0,33

This system may be partialy divided through the introduction of three new scalar
funcitons 0 , X> \JJ, related to the displacements in the following manner

Uj = 0 M + Xi2 , u2 - * , 2 -X, , , u3 = * , , • (5.1A)
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Setting the above to (5.13), we obtain

CU Vi0 + C44 0.33 + (Cl3 + C^)^,^ ~ P4> = Po0 ,

( 5 . 1 5 ) (^13 + C44 ) Vj <j) + CQQ VJ y + C33 Wj« "" Pw * PoP t

cj + TotfoVU + P'oj,33 ) = XV?0 + X'0,33 ,

as well as

(5.16) j ( c u - en )V^X + CwX,^ - pX = 0.

Owing to substitution of (5.1), it was possible to isolate the SH-wave generated by
the function X. It is obvious that only the waves characterized by potentials 0 and
V', are coupled with the temperature field.

It is clear here that a transversely isotropic elastic material can transit
three body waves in each direction, a quasi-longitudinal wave, a quasi-transverse
wave, and a purely transverse wave. The quasi-longitudinal and quasi-transverse
waves respectively are modified; both these waves suffer dispersion and attenuation.

In the paper discussed in detail — and exemplified also — the numerical
results related to the propagation of plane harmonic waves in a single crystal of zinc.
A further expansion of the topic is the paper of the above quoted authors
concerning the second-order thermoelasticity theory for isotropic and transversely
isotropic materials [ 37].
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