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AHHAMHHECKHE nPOBJIEMbI HECHMMETPHHHOW

B. H o it a u K. H M

(B ap m aB a)

§ 1. BBe^eHHe. KJiaccnqecKaH TeopHH ynpyrocTH nocTpoeHa Ha
CTaBJieHHH 06 HAeajibnofl MOAejra HenpepbiBHoii ynpyroft cpeAH. B KOTopoii
nepeHoc ycHjinfi qepe3 fiecKOHeqHo Majiyio njioinaAKy dA,
BHyTpH Tejia, ocymecTBjifleTca c noMoiu,bK> BeKTopa HanpflHteHHii p , =
llpHHHMa5i BO BHHMaHHe 3TO npeAnojiosieHHe, npnxoAHM K BbipajKeHHio
inaii,HH Tejia c noMombio cHMMeTpniHbix TeH3opoB: TeH30pa fletj5opMau,HH Y//
H TeH3opa HanpsiHceHHH a-u.

TeopeTHqecKHe pe3yjibTaTH KJiaccatiecKofi TeopHH ynpyrocTH n p n Hanpfl>Ke-
HHHX, He npeBbiniarom,Hx npe^ejia ynpyrocTH, RJW pa3HOo6pa3Hbix KOHCTpyK-

MaTepnajioB (pa3jinraHHx COPTOB CTajiH, ajiioMHHHji, SeTOHa) xopoino
C OnblTHHMH AaHHHMH.

B pHfle cjiy^aeB 3aMeqeHbi cymecTBeHHbie pacxojKAeHHH TeopeTH-
c 3KcnepnMeHTajibHbiMH AaHHHMH. 3 T O OTHOCHTCH,

Bcero, K HanpHHceHHHM COCTOSHH^M, r,n.e BO3HHKaiOT 3HaHHTejibHbie
HanpajKeHHH. IlpHMepoM TaKoro COCTOHHHH
HHH B6J1H3H OTBepCTHH, HaApe3OB H TpeiUHH [3].

PacxojKAeHHH KjiaccnqecKOH TeopHH ynpyroc ra c onbiTHbiMH
ocofieHHO pe3K0 npoHBJiHK)TCH B AHHaMH^ecKHX npodjieMax B cjiyiae ynpyr i ix
KOJie6aHHH BbicoKOH qacTOTH c HefiojibniOH AJIHHOH BOJIHW, T. e. KOJiefiaHHH,
BH3BaHHbix reHepHpoBaHHeM yjibTpa3ByKOBbix BOJIH. npHHHHoft 9THX pacxo-

fi flBjineTCH 3aMeTHoe npH dojibiuHX qacTOTax H Majibix RnuHax BOJIH
MHKpocTpyKTypbi Tejia.

3aMeTHM, ITO KjiaccHqecKaH TeopHH ynpyrocTH HecocTOHTejiBHa RJIH. OIIH-
KojieSaHHH 3epHHCTbix H MaKpoMOJieKyjiflpHHXTeji, HanpHMep, nojiHMe-

pOB. BjIHHHHe MHKpOCTpyKTypbl B 3THX CJiyqaflX CTaHOBHTCH 3HaHHTeJlbHbIM,
BbI3bIBafl nOflBJieHHe HOBHX BHAOB BOJIH, HeH3BeCTHbIX B KJiaCCHieCKOH
ynp/roc™.

yKa3aHHbie HeAOCTaTKH nbiTajica HcnpaBHTb W. Voigt [19],
npeAnojioHceHHe, I T O nepeHoc B3aHM0AeftcTBHH uemjiy AByMH qacTHuaMH
Hepe3 ajieMeHTapHyro njiomaAKy dA (pacnojio>KeHHyio BHyTpH Tejia) ocymecTB-

jineTCH npn noMom,H He TOJIBKO BeKTopa CHJIH pdA, HO H BeKTOpa

mdA. TaKoe npeAnojioxeHHe CBOAHTCH K yTBep>KAeHHio, ^TO Ha rpaHb
TapHoro napajuiejiennneAa AeflcTByioT cnjioBbie o!t H MOMeHTHbie ja.;7 HanpniKe-
HHH. H3 ypaBHeHHfl paBHOBecHH SToro napajuiejiennneAa BbiTeKaeT, MTO KOMno-

n iji p
TeopHH HecHMMeTpnqHOH ynpyrocTH BnepBbie Hanfiojiee nojino pa3BHTa

B pa6oTax E. Cosserat, F. Cosserat [5,6]. I l pn STOM BCHKOH MaTepnajibHofl q a -
CTaBHJICH B COOTBeTCTBHe HAeajIbHO HteCTKHH TpexrpaHHHK, KOTOpblH
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B npouecce AedjopMaiiHH B COCTOHHHH HeTOJibKo nepeMemaTbCH, HO
TaKHM o6pa3OM, 6biJia co3Aana MOAejib ynpyrofi cpeAbi, B KOTopoft

opHeHTHpoBaHHHMH (nojiapHan cpeAa) H rAe ecTb CMMCJI paccMaTpHBa-rb
aTepHajibHofi TOHKH.

B TeopHH ynpyrocTH Koccepa Aet^opwauHH Tejia onpeAejineTCH BeKTopOM

nepeMemeHHH u {x, t) H He3aBHCHMbiM OT Hero BeKTopOM BpameHHH cp (x, t).
TaKoe npeAnojiosceHHe o uiecTH creneHflx CBO6OAH MaTepnajibHbix
npHBejio K npeAcxaBJieHHio o HecHMMeTpHHHbix TeH3opax AeipopMauHft H

PafioTa Koccepa, HecMOTpa Ha HOBH3Hy HAefi, ocTaBajiacb AOJiroe
He3aMeneHHOH. ripH^HHaMH STOTO HB.nH.nHCb, no-BHAHMOMy, ee
H He Bnojine npneMJieMaa AJi^ HejTHHeSHbix Teopnft (|)opMyjiHpoBKa B npHMo-

KoopAHHaTax, a TaKHte TOT (paKT, ^TO oHa oxBaTHBajia pflA BonpocoB,
3 a paMKH TeopHH ynpyrocTH. HccjieAOBajincb HeKOTopweBonpocbi

HCHAKOCTH, KBa3Hynpyro& cpeAH <o(J)Hpa MaK-Kyjiefia — Ke/ib-
BHHa» H dbiJia npeAnpHHHTa nonHTKa cHHTe3a TeopHfl IlyaHKape H JlopeHua,
OTHOCHIUHXCH K AHHaMHKe sjieKTpoHa. 3 t y padoTy cjieAyeT paccMaTpHBaTb
KaK nonbiTKy C03A3HHH eAHHofi TeopHH nojia, oxBaTbiBaiomefl MexaHHKy, OITFH-
Ky H sjieKTpoAHHaMHKy, cBH3aHHbix O6UJ,HM npHHUHnoM HaHMeHbinero Aen-
CTBHH (eBKJIHAOBHM AeHCTBHeitf).

B cBoeft TeopHH Koccepa He RanK BbiBOAa ypaBHeHHfi COCTOHHHJI. OCHOB-
Hofl HX u,ejibio HBjiHjiocb nojiyqeHHe noAHHTerpajibHoro BbipajKeHHa —• njiOT-
HOCTH AeftcTBHH j\nn o6m,eH BapHaiiHOHHOH npofijieMH FaMHjibTOHa. B HX ITOAXO-
Ae A^ia jiiodoro KOHTHHyyivia «eBKjiHAOBo AeficTBHe» JiBjineTCH CKajiapHbiM (|>yHK-
UHOHajioM OT reoMeTpH^ecKHx, KHHeMaTHqecKHx H KHHeTHqecKHx nepeMeHHbix.

Koccepa nocTyjinpoBa^H HHBapnaHTHocTb njiOTHocTH AeftcTBHH no OTHO-
uieHHio K eBKjiHAOBOH rpynne TpaHcdpopMaiiHH. TlojiyqeHHafl HMH rpynna TpaHc-

H coAepjKHT ceMb napaiaeTpoB, npnqeivi TpeSosaHHe HHBapnaHTHOCTH
cymecTBOBaHHio npHHitnnoB coxpaHeHHa

y H MOMeHTa HMnyjibca.
Pa3BHBaioin,Hecfl B TeneHHe noc^eAHHX nHTHaAuaTH

B odjiacTH O6UJ;HX TeopHH cnjioiiiHoS cpeAH BH3BajiH HHTepec KTpynaivt Koccepa.
B nacTonmee BpeMH HafijiioAaeTca BO3po}KAeHHe STOH TeopHH.

flajibHeftiiiee pa3BHrae TeopHfl HecHMMeTpnqHOH ynpyrocTH nojiyqHjia
B pafioTax nocjieAHHx JieT. HccjieAOBaTejin paccMaTpHBajin CHaqajia ynpomeH-
Hyio TeopHK) Koccepa (Teopnio HecHMMeTpHiHoft ynpyrocTH TaK Ha3braaeMoro

Koccepa), T. e. cpeAy, B KOTopoft BO3MO>KHO B03HHKH0BeHHe
HanpH>KeHHH, BH3BaHHbix HCKjiioqHTejibHO BeKTopoM nepe-

u (x, t). TaKyio MOAejib HccjieAOBajiH eme Koccepa, Ha3biBan ee cjiy-
c yTaeHHbiM TPHSAPOM.

Cpe^H pa6oT, nocBJim,eHHbix nceBAOKOHTHHyyMy Koccepa, cjieAyeT oTMe-
padoTbi C. Truesdell , R. A. Toupin [18] H R. A. Toupin [16], B KOTopbix

paccMaTpHBajiacb jiHHefiHaH H HejiHHeHHaa TeopHH ynpyrocTH AJIH STOH cpeAH.
3aTeM yKasaHHyro Teopnro pa3BHJiH G. Grioli [9] H R . D. Mindlin, H . F. Tier-
sten [11]. B qacTHOcTH, B pa6oTe [11] nojiyqen pHA HHTepecHbix pe3yjibTaTOB
AJiH JiHHeHHofi TeopHH, rAe BBeAeHH noTeHUHajiH H t})yHKii,HH HanpnxeHHH,
a TaKJKe paccMOTpeHbi Bonpocbi pacnpocTpaHeHHH ynpyrnx BOJIH. HecKojibKo
no3Hce 6bijio AaHO Hanajio pa3BHTHio HejiHHeHHOH TeopHH HecHMMeTpHHHofl
ynpyrocTH [17] B cMbicjie Koccepa. 3Ta TeopHH npeACTaBjieHa TaioKe B pa6oTe
A. C. Er ingen, E. S. Suhubi [8]. OcHOBHbie ypaBHeHHH H cooTHOiuenHH jiHHeft-
HOH TeopHH ofimeft cpeAH Koccepa nojiyqeHbi E. B. KyBinHHCKHM, 3 . Jl. Aapo
[1] H B. A. najibwtOBbiM [2].

Bonpocbi HecHMMeTpnqHOH TepMoynpyrocTH 6bijiH npeAMeTOM pafioTbi
B. HoBamcoro [12].
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B AaHHoii pa6oTe paccMaTpHBaioTCfl HeicoTOpHe AHHaMKraecKHe Bonpocbi
MHKponojiapHoft cpeAH. Hccjie^yeTCH pacnpocTpaHeHHe BOJIH B decKOHeu-

HOH ynpyroH cpeAe, RJISI KOTopoft H npHBeaeHH cpyHAaMeHTajibHbie pemeHHH.
H3yqeHo pacnpocTpaHeHHe npoAOJibHOH BOOTH B SecKOHe^Hoft njiEnre, a Taioice

fi BOJIHU H BOJIHH KpyqeHHH B SecKOHeqHOM crepHCHe xpyrjioro

§ 2. 4>opMyjiHpOBKa Bonpoca ajiacTOKHHeTHKH. PaccwtOTpaM peryjiapHyio
npocTpaHCTBeHHyio o6jiacTb V + A, orpaHKraeHHyio 3aMKHyTofl noBepx-
HOCTbio A, 3anojiHeHHyio OAHOPOAHOH ynpyroft MHKponojiHpHOH cpeAoft IIJIOT-
HOCTH Q c yaejibHOH HHepuHefl BpameHHH (MOMeHTHoft HHepuHefi) / . I l
jiaraeM, ^TO cpe^a H30TponHa H ueHTpocHMMeTpnuHa.

rioA AeftcTBHeM BHeuiHHx Harpy3OK Tejio Sy^eT noflBepraTbcn
U;HH, KOTopyio MOMHO oxapaKTepH3OBaTb c noMombio nojia nepeMemeHHH

U (X, t) H nOJIfl BpaiII,eHHH (p (X, t). B Ae<|)OpMHpOBaHHOM Tene B03HHKHyT CHJIO-
Bbie ajt (x, t) H MOMeHTHbie \ijc (x, t) HanpnjKeHHH, CBH3aHHbie npn noMoin,H
ypaBHeHHft COCTOHHHH C KoMnoneHTaMH TeH3opa Ae(j)opMau,HH yn (x, t) H
30pa BpameHna — KPHBH3HH %H (X, t). Bee BejiH^KHbi OTHeceHbi K
npstMoyrojibHofi CHCTeMe KOOpAHHaT.

Bonpocbi 3jiacT0KHHeTHKH OAHopoAHoro, H30TponHoro H p p
Horo TeJia CBOAHTCH K onpeAejieHHK) (J)yHKUHH o^ (x, t), [x/(. (x, t) H yfl (x, f),

x.^x.t) Kjiacca C(1), a TaKace u^x, t), ^t(x,t) KJiacca C(2> AJIH X £ A + V,
KOTopue yAOBJieTBopaiOT cjieAyiomHM ypaBHeHHJM:

a) ypaBHeHHHM ABHmeHHH

Oicj = Qul-Xt(x,f)\ (2.1)

£waik + hu = ^i - Yi (*'

p3 6) jiHHeapH3HpoBaHHbiM 3aBHCHMocTHM
BaHHblM COCTOHHHHMH

ajt - (p. + a) yl( + fa-a) y(j + Kyklfi{j; (2.3)

fy = (V + 6) **/j + (Y - e) xt/ + ^kk8{j; (2.4)

%$ B) KpaeBBIM yCJIOBHSM

a..n. = p.(x,t); ^.n^tn^xj) (x£Ao,t>% (2.5)

ut = ft(x, t)\ 9, = gt(x, t) (x£Aa, t>0, A = Au + Ag)i (2.6)

r ) HaMajlbHbIM yCJIOBHHM

Ui = ki (x); ui — hi (x); (2.7)

cp. = /,(x); % = n.(x) (x£V, t = 0). (2.8)

,i = «i,/ - €*/i<Pfc (2-9); « , = q.£.; (*•€ V + i4, * > 0); (2.10)

X, ^) H Yt (X, t) — KOMnOHeHTbl BeKTOpOB MaCCOBHX CHJI H MOMeHTOB;
— nepecTaHOBoqHHH CHMBOJI (ajibTepHarap) JTeBH-MHBHTa; p,, X — no-

JIaMe; a , p, y, s — Apyrae xapaKTepncTHqecKHe nocTOHHHbie Ma-
Tepnajia (Bee nocTOHHHbie OTHOCHTCH K aAHafiaTHqecKOMy npon,eccy); pt, mi —
J , 3aAaHHbie Ha Aa (pi— KOMnoneHTbi pacnpeAejieHHoft CHJIOBOH Ha-

3 — ripmuiaflHasi MexaHHKa Wb 4.
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rpy3KH, mi — KOMnoHeHTbi BeKTOpa MOMCHTHOH Harpy3KH); fe a gt —• 3a,n,aH-
Hbie Ha Au COOTBeTCTBeHHO KOMnoHeHTbi BeKTopoB nepeMemeHHH H BpameHHH;
kt, ht, U, tit — (JjyHKUHH, H3BecTHHe Aim Haqa/ibHoro MOMeHTa BpeMeHH.

3aBHCHMOCTH MejKAy HanpH5KeHHHM H Ae^OpMHpOBaHHHM COCTOHHHJIMH
no (popiiyjiaM

du du ,0 , , .
a ^ ( 2 U )

u — BHyTpeHHHH aHepran, Bbipa>KeHHaH cooTHomeHHeM

u, + a , fu — a

(2.12)

XapaKTepncTHqecKHe nocTOHHHbie MaTepnajia AOJIJKHH
HepaseHCTBaM

3?,+ 2ji>0; 3p+2 Y >0; \i>0; y > 0;
(2.13)

^+a>0; Y+S>0; a > 0; 8 > 0.

B KJiaCCHMeCKOH SJiaCTOKHHeTHKe HCXOAHbIM nyHKTOM npH paCCMOTpeHHH
pacnpocTpaHeHHft y n p y r n x BOJIH 6 H J I H AH^cpepeHuaajibHbie ypaBHeHHH RJIK
nepeMemeHHH. AHajiormHo B cjiyqae ajiacTOKHHeTHKH MHKponojiHpHofl yn-
pyrofl cpe^bi cjieAyeT nojiyiHTb AHdpipepeHUHajibHbie ypaBHeHHH AJIH nepeMeme-

H BpameHHft. 3 T H ypaBHeHHH HaxoAHM H3 ypaBHeHHH AEHKCHKH, HCKJIIO-
H3 HHX C nOMOffl,bIO (pHSH^eCKHX 3aBHCHMOCTefi (2.3), (2.4) Hanpfl>KeHHH

H \l!t.

BbipaiKaH corjiacHO (2.10) AecpopMaiiHH yn, Y,JI npn noMoiu,H nepeMeme-
ut H Bpam,eHHH cp;, nojiyqaeM CHCTeMy mecTH AHtptfiepeHijHajibHbix

, KOTopyro npeACTaBHM B BeKTopHOM

• 2 u + (X -f- \i — a) grad div u -\- 2a rot (p + X <= 0;
(2.14)

D 4 9 +((3 + v — 8) grad div 9 4- 2 a r o t « + 7 = 0.

3Aecb BBeAeHS AHdpiJiepeHUHaJibHbie onepaTopbi

D 2 - (p. •+• a) V2 - Qd}, Q 4 = (y + 8) V2 - 4a - Id).

(2.14) o6pa3yroT cjio>KHyio CHCTeMy conpnmeHHbix rHnep6ojiHqecKHX
ypaBHeHHH, K KOTOPHM cjieAyeT Ao6aBHTb KpaeBbie H HanajibHbie YCJIOBHH
(2.5) - (2.8).

E C J I H B (2.14) npHHHTb a = 0, TO nojiyqHM ABe He3aBHCHMbie

(2.15)

(2.16

n2
0=*w2 - Q& nl=(v + e) v2 - /a2.

BeKTOpHoe ypaBHenne (2.15) npeACTaBjineT codoft CHCTeMy ypaBHeHHH
nepeMemeHHH B KJiaccHqecKofl TeopHH ynpyrocTH, a ypaBHeHHe (2 .16)
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OTHOCHTCH K rHnoTeTHqecKoft ynpyrofl cpeAe, B KOTopofi
MoryT TOJibKo BpamaTbCH, HO He B COCTOHHHH nepeMero,aTbC5i.

B (JiopMyjiax (2.14) cBoficTBa ofieHx cpeA conpHJKeHbi, T. e. jnofiafl
qacraiia noABepraeTcn nepeMeuieHHio ut H BpameHHio cpt-,
Ui H Cjpj- B3aHMH0 He3aBHCHMbI.

ECJIH Ha CHcreMy (2.14) noAe&CTBOBaTb onepaTopoM AHBepreHu,HH, TO nojry-
1HM ABa BOJIHOBblX ypaBHeHHK

0 (2.17); n3>««* + d i v ? = 0 . (2.18)
3flecb

- e^; D 3 = (P + 27) v2 - 4« - /d».
(2.17) xapaKTepH3yeTAHJiaTau.HOHHyio BOJiHy, pacnpocTpaHHio-

%2lC nOCTOHHHOH CKOpOCTbK) Cj = I |2 . UHO He OTJIHHaeTCH OT

BOJiHOBoro ypaBHeHHH flJiH ^HjiaTauHH B KJiaccHiecKofi TeopHH ynpyrocTH.
ypaBHeHHio (2.18) He cooTBeTCTByeT HH OAHO H3 ypaBHeHHH KJiacciraecKOH

TeopHH ynpyrocTH. B TeopHH MHKponojispHofl cpe^H OHO npeACTaBjiaeT ypaBHe-
HHe pacnpocTpaHeHHH BejiHiHHti v.kk = div cp. B AaJitHefiiueM 6yAeM Ha3bmaTb
ero ypaBHeHHeM poTau,HOHHOH BOJIHH — BOJIHH BpameHHH. ypaBHeHHe BHAa
(2.18) BCTpeqaeTCH B KBaHTOBofi ajieKTpoAHHaMHKe H H3BecTH0 noA Ha3BaHHeM
AH(J)4)epeHu,HajibHoro ypaBHeHHH KjieflHa — FopAOHa. BojiHa, onncbiBaeMaH
HM, He 3aTyxaeT, OAHaKo noABepxeHa AHcnepcHH. Oa3OBan cKOpocTb MOHO-

BOJIHH 3aBHCHT B AaHHOM cj iyiae OT qacTOTbi KojiedaHHft <o.
K ypaBHeHHHM (2.14) onepau,Hio poTau,HH, nojiy^aeM conpHmeH-

CHereMy

n 2 & + 2a rot 6 = — Y rot X; (2.19)

D 4 © + 2a rot Q — — -L rot Y, (2.20)

•± 1 •* -> 1 ->
Q. — -g- ro t«; © = -~- rot cp.

MeTOAOM HCKfllOqeHHH HaXOAHM

^ (2.21)

(•a D4 + 4aVa) @ = a rot rot X — y D2 rot 7. (2.22)

(2.23)

ECJIH B (2.19) nojioscHTb a = 0, TO noJiyiHM ypaBHeHHe

D ° Q t X

H3BecTHoe B KjiaccH^ecKOH 3jiacTOKHHeTHKe KaK ypaBHeHHe pacnpocTpaHeHHH

<J)yHKH,HH ̂  rot u. Sh-a BojiHa He 3aTyxaeT, He noABepjKeHa AHcnepcHH H pacnpo-

c nocTOHHHofi cKopocTbro nonepenHOH BOJIHH $2 — I— 2-
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H3 (2.20) npa a = 0 HMeeM ypaBHeHHe

ty (2.24)

onHCbisaiomee pacnpocTpaHeHHe BOJIHH © =-^ rot cp B rnnoTeTHqecKOH cpe^e,

B KOTOpoH AonycicaeTCH JIHUIB BpameHHe MaTepnajibHbix qacTHu,. TaKaa Bojma
He noABepjKeHa AHcnepcHH H pacnpocTpaHHeTCH c IIOCTOSIHHOH CKopocTbio

c _ ~T
(2.14) HeynodHa AJIH peuieHHsi, TaK KaK BeK-ropHbie

(pyHKUHH u H cp. xiro6u cBecxH ee K.CHCTeMe 6ojiee npocTbix BOJIHOBHX

ft, nocjieAyeM MeraAy. yKa3aHHOMy JlaMe B KjiaccnqecKOH TeopHH

ynpyrocTH, ocHOBaHHOMy Ha pa3jio>KeHHH BeKTopoB u H cp Ha noTeHUHajibHyio H

y
TaKHM o6pa3OM,

u = grad ® + rot ¥; div ¥ = 0;
(2.25)

9 = grad T + rot H; div H = 0,

H aHajiormHO RJIK MaccoBbix CHJI H MOMBHTOB

X = Q (grad •&• + rot X); div X = 0;
(2.26)

- > ->• - >

y = / (grad a 4- r°t *])". div TJ = 0
H 3aTeM noACTaBJian (2.24), (2.25) B (2.14),

•iO>-i-Qfr = 0 (2.27); [JaT + Ia==0; (2.28)

2a rot H+ QX"=O (2.29); • * # + 2a rot T + Ir\ = 0. (2.30)

p (2.27) cjieAyeT paccMaTpHBaTb KaK ypaBHeHHe np
BOJIHH (OHO T01H0 COOTBeTCTByeT ypaBHeHHIO npOAOJIbHOH BOJIHH B KJiaCCHqeCKOH
ajiacTOKHHeTHKe), a (2.28) flBjisieTCH ypaBHeHHeM poTaunoHHoft BOJIHH, o6jiaAaio-

m,HM Toft see CTpyKTypoft, HTO H ypaBHeHHe AJIH cJiyHKUHH %kk = d iv cp.
r ioJiaraa B (2.29) H (2.30) cc = 0, HaxoAHM

! # ? < ) . (2.31)

H3 3THX ypaBHeHHH H3BeCTHO H3 KJiaCCHqeCKOH SJiaCTOKHHeTHKH
ypaBHeHHe nonepeqHofi BOJIHH, BTopoe onncbiBaeT BOJiHy B rnnoTeTHHecKofl
cpeAe, B KOTOPOH AonycKaeTCH BpauxeHHe. HcKJiioqaH H3 ypaBHeHHH (2.29),
(2.30) cHaqajia (fyHKUHio H, a 3aTeM T , 3anHineM

T(D2 n 4 + 4a2v2) T = 2a/ rot ?— QD4X; (2.32)

(DsDi + 4aaV2) H = 2ae rot X — IQ^. (2.33)
(2.32) no aHajiornn c (2.31) 6yn,eM Ha3HBaTb ypaBHeHHeM MOAH$H-

nonepeqHoft BOJIHH, a (2.33) — ypaBHeHHeM
BOJIHH
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TaKHM o6pa3OM, CHCTeiwa (2.14) npHBe^eHa K CHCTeMe 6ojiee npocrbix
BOJIHOBHX ypaBHeHHfl (2.27), (2.28), (2.32), (2.33). C(J)OpMyjiHpyeM o6paTHyio
TeopeMy.

TeopeMa. EiycTb u. (x, t), <p£ (x, t) — qacrabie pemeHHH cncTeMbi Rm 06-
jiacTH V H BpeMeHH tx < t < tt. CymecTByiOT TaKHe CKajiapHue O, Y H
TOpHbie ¥ , H 4>yHKuHH, MTO nepeMemeHHe H BpameHHe MOJKHO Bupa3HTb B

u = grad 0) + rot T; div Y = 0;

«p = grad !• +rot// ; div// = 0,

npHHeM Q , T, T , H flOJIJKHbl y^OBJieTBOpHTb BOJIHOBHM ypaBHeHHHM (2.27),
(2.28), (2.32), (2.33).

II (p (
B padoTe [14]. O H O flBjiaeTCH o6o6m,eHHeM Ha y n p y r y i o

p p y cpe^y, H3BecTHyro H3 KjiaccimecKofi sjiacTOKHHeTHKH TeopeMbi
n . jlioreMa [7].

§ 3 . PacnpocTpaHeHHe ynpyrHx BOJIH B HeorpaHHneHHOM ynpyroM npo-
cTpaHCTse. FIpHBejieM HecKOJibKo pemeHHH H HeKOTOpwe 3aMeHaHHH, OTHOCJI-
m,Hecfl K pacnpocTpaHeHHK) y n p y r n x BOJIH B HeorpaHHqeHHOH MHKponojiapHOft
cpe^e.

IloBeAeHHe npoAOJibHoft BOJIHH O HimeM He ouiHiaeTCH OT ee noBe,n,eHH5i
B cpe^e Fyxa. PacnpocTpaHeHHe BOJIHH onncbiBaeTCH c noMoiu,bio 3ana3ABma}o-
mero noTeHunajia, HHTerpajioB ITyaccoHa, TeopeMH Kupxrodpcpa — FejibM-
rojibiia RJIK TpexMepHoro cjiyqan, TeopeMoft BojibTeppa H Pncca RJIK AByx-
MepHbix cjiyqaeB [4], a TaiQKe Kjiaccn^ecKoft TeopeMoii /IajiaMfiepa

KpoMe Toro, c npoAOJibHoft BOJIHOH, reHepnpoBaHHOH HCTOIHHKOM •& (x, t),

CBH3aHH CHMMeTpH^Hbie TeH30pbI AefpOpMaUHH yj; H HanpflJKeHHH a / f. B 3T0M

+ ^ - v 2 ^ ; v>ti=o. (3. i)
3anHiueM BOJiHOBoe ypaBHeHHe K-nefiHa — FopfloHa

D 3 r + /cT = 0, (3.2)

B KOTOpOM TeH3OpbI JC-. H [X£. CHMMeTpH^HH.

FIpHHHMaH BO BHHMaHHe COOTHOHieHHH

pemeHHH ypaBHeHHH (3.2) AJIH TpexMepHbix 3aAaq, KOTopbie,
y, nojiyqeHbt BnepBbie [13).

PaccMOTpHM CHaqajia HeoAHopoflHoe ypaBHeHHe c o,n,HopoAHbiMH
HHMH yCJIOBHHMH. PeilieHHfl 3TOro ypaBHeHHH HMeiOT BHA

t
1

3
V

r a (x, t - RfcJ _, > CdVjx) C . . »

V 9 0

(R < c3t). (3.3)
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H (z) — cpyHKUHH XeBHcafiAa; R — paccTOHHHe MeatAy TO^KaMH x H
J i (z) — 4>yHKmra BeccejiH I poAa, nepBoro nopHAKa.

TTpHBeAeHHoe peineHne COCTOHT H3 Asyx qacTeft: 3ana3AHBaiomero noTeH
unajia, o6jiaAaK>mero TOH H<e CTpyKTypoii, q-ro H B cjiy^ae KJiaccHqecKoro BCUI-
HOBoro ypaBHeHHH, H HHTerpajia co cBepTKOH.

PaccMOTpHM oAHopoAHoe (a = 0) BOJIHOBOC ypaBHeHHe (3.2) c HaqajibHbiMH
yCJlOBHHMH

T(x,0) = g(x); T(x,O)=h{x). (3.4)

PemeHHe SToro ypaBHeHHH npeAcraBHM B

r (x, t) = ^

3
V

2it n

"l sini c r
c< {/i (xi, t)} = - j - \ dij? I A (ATJ +

h no c<J)epe, paAHycoM c3t
c ijeHTpOM B TO^Ke x, npimeM BejiH^aHH n(- noA 3HaKOM nocjieAHero HHTerpajia

KocHHycaMH paAHyca c(J)epbi, 3aAaHHHMH B c$e-

= sin 8 cos i|r, n2 = sin8siml); ns = cos8;

0 <; 6 < n; 0 < i|> < 2n.

(3.5) HBJiHeTCfl o6o6m,eHHeM HHTerpajibHofi ^opMyjibi Flyac-
COHa, H3BeCTHOH H3 TeOpHH KJiaCCHqeCKOro BOJIHOBOrO ypaBHeHHH. ECJIH V = 0,
TO B (3.5) coxpaHHioTCH jiHiub ABa nepsbix HHTerpajia, npeAcraBJiHioiUHx HH-
TerpajiH IlyaccoHa.

I l (JjopMyjiy, o6odm,aioinyio H3BecTHyio ^opMy-^y K^pxro^a Ha

(3.6)

v).
3Aecb 3HaqeHHe 4>yHKUHH F B Toqxe I 06/iacTH V npeAeraBjieHo c noMom,bio
HHterpajioB no noBepxHOCTH OT BHpanceHHH, coAepscamnx F H ee npoH3BOAHbie
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no HanpaBjieHHio HopMajiH H no speMeHH Ha noBepxHOCTH A, p
o6jiacrb V. Flpn BHBOAe 3TOH (|)OMyjibi npeAnojiarajiocb, ^TO (})yHKH,HH V
c nepBbiMH H BTopHMH npoH3BOAHbMH HenpepbiBHa B o6jiacTH V H Ha noBepx-
HOCTH A. FIpH a — 0 cpopMyjia (3.6) CBOAHTCH K KJiaccHiecKofi cpopMyjie Knpx-
rocf>a.

JX xpoMaTHqecKHx KOJieSaHHH nojiyqaewt Bbipa>KeHHe, o6o6iuaKi-
Fejibivirojibiia Ha ypaBHeHHe K f l F

(3.7)

3T0M

4a
<&opMyjia (3.7) HMeeT CMHCJI JiHuib B TOM cjiyqae, Korfla v2 > -^-,

TOJlbKO n p H 3T0M yCJIOBHH q)a3OBaH CKOpOCTb BeiII,eCTBeHHa. 3aBHCHMOCTb

, „ CD

<pa3OBOH CKOPOCTH c = -rOT qacTOTbi co yKa3biBaeT Ha AHcnepcnio BOJIHBI Bpa-
meHHH. FIpH v -> 0 ypaBHeHHe (3.7) nepexoAHT B cpopinyjiy FejibMro^bua.
cooTBeTCTByiomyio KjiaccHqecKOMy cjiyqaio.

(2.32) H (2.33) B HacToauiee BpeMH Majro HccjieAOBaHbi. Pac-
TOJlbKO OAHOpOAHbie BOJIHOBbie ypaBHeHHH H HX

Hbie pemeHHH.
§ 4. <l>yHAaMeina.nibHbie peiueiiHfl ypaBHeHHH ajiacTOKHHeTHKH.

peuieHHHMH 6yAeM Ha3HBaTb CHHryjiapHbie peineHHH p
ypaBHeHHfl B 3aBHCHMOCTH OT paccTOHHHH R H To^eK x, | B Heorpa-
ynpyroM npocTpaHCTBe.

p Smne cJiopMyjiH (c noMombio KOTopbix MOJKHO p
nepeMemeHHe H BpameHHe B ToqKe x decKOHê HOH cpeAbi), BH3BaHHbie
cTBHeM MaccoBbix CHJI H MOMeHTOB. 3TH cpopMyjibi nojiyieHbi MeTOAOM qeTbipex-
KpaTHoro npHMeHeHHH HHTerpajibHoro npeo6pa3OBaHHH <I>ypbe K BOJIHOBHM

ypaBHeHHHM. Bbipaacas noTeHUHaJibi O, T, ¥ , H qepe3 nepeMemeHHe u H Bpa-

m,eHHe

+ - A g jktlkY^ [ exp [- i (lkx
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dW = dlldS>2dl3dr\; Wt — iieTbipexMepHoe npocTpaHCTBO gj, g2, i 3 , T];

«2v . 2a 2a

-xl-rfo + v2)2 + 4psx2
2]

i

HeCMOTpH Ha CJlOSCHOCTb 3THX BblpaJKeHHH H Heo6xOflHM0CTb MHOrOKpaT-
Horo HHTerpHpoBaHHH no SecKOHe^HOH o6jiacTH jierKo nojiyqaioTCH Bbipa>Ke-
HHH AJIH nepeMemeHHa H BpameHHH, Bbi3BaHHbie AeflcTBHeM cocpeAOToqeHHbix
CHJI H MOMeHTOB, rapMOHH^eCKH H3MeHHK>IU,HXCH BO BpeMeHH.

npe^nojioiKHM, HTO cocpeAOToqeHHaH cHJia Xj = 6 (x — | ) 6jie~i(at npnjio-
KeHa B TO^Ke | H HanpaBjieHa napaJiJiejibHo OCH xt. Tor^a nepeMeojeHHH
u. = u[P (x, £, f) H Bpan;eHHe (fj = <t>^ (x, | , ^

e-imt

F = Atf

j5 j -

A *

p '

jk<R jatR

^0 ^O K I

* A * 1

O/ = - | - : ( / = l , 2 , 3,4).
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ECJIH B TOHKe I aeflcTByeT cocpeflOTcweHHHH MOMCHT Y\ = 5 (x — £) bjie~iat,

HanpaBJieHHbifi napaJiJienbHo OCH XV TO, o6o3HaqHB nepeiiemeHHa uW, a Bpa-

e~ta>i

U. fe,/ = l , 2 , 3), (4.6)

5—|- C2«2-H~;

R= ~R ^ ~~R

T 2 4a
; v=- r .

PaccMOTpHM lacTHHii cjiyqafl (a = 0 ) ; (J)opMyjiH AJIH 4>yHAaMeHTajibHbix
ft KJiaCCH^eCKOH SJiaCTOKHHeTHKH HMeiOT BHfl

HOH BOJIHH B cpejie FyKa).

H3 ypaBHeHHfi (4.5), (4.6),

(4.9)

o

tf3 = — . BejiH^HHa BpameHHH O j 0 OTHOCHTCH K rHnoTerauecKOH cpe^e, B

KOTopoS ^onycKaeTCH jinuib BpameHHe.
ECJIH cocpeflOTOHeHHaa CHJia H cocpeAOToqeHHbift MOMCHT HanpaBJieHbi na-

OCH xv TO H3 (popMyJi (4.4), (4.5) HMeeM Q)\l) = 0 H U\l) = 0. Cjie-

« (/ = 1, 2, 3) H yu (de3 cyMMHpoBaHHH no /

Kaxfloro / B pe3yJibTaTe fleHCTBHH cocpeAOToqeHHOH CHJIH nojiynaeM no

fly BeKTopy nepeMemeHHH u{1) H BpameHHH 0 ( O . npHHHMaa nooqepeAHo
1 = 1 , 2 , 3 , HaxoAHM 9 KOMnoHeHT TeH3opa nepeMemeHHH «</> H 9 — TeH3opa
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CD^. AHaJioraiHo &jm cocpeflOToqeHHoro MOMeHTa HMeeM TeH3opbi

%{p H BpameHHH Of. 3 T H pe3yjibTaTM 3HaiHTejibHo pacurapsiOT

KJiaccmecitoe peuieHHe, rAe HMeeTCH jiHmb OAHH TeH3op nepeMemeHHH Uj , B H -
(popMyjiofi (4.7).

paccMaTpHBaeMbix TeH3opoB cnpaBeAJiHBH cneAyiomwe 3aBHCHM0CTH:

Uf (|, x, t) = U? (x, I, t); <b\l) (I x, t) = Qfp (x, 11);

HOCTH pa6oT.
H3 cTpyKTypu 4)opMyji (4.3) — (4.6) H TeopeMbi [12] o B3aHM-

Puc. 2. Puc. 3,

3Han dpyHAaMeHTajibHbie pemeHHH RJIH cocpeAOToqeHHoft CHJIM H cocpeAOTO-
qeHHoro MOMeHTa, MOKeM onpeAejiHTb CHHryjiapHOCTH Bbicuiero nopHAKa.
TaKHM o6pa3OM, Hcnojib3yn peuieHHe, cooTBeTCTByiomee cocpeAOTOieHHOH
caj ie , nocTpoHM peuieHHe RJIR ABOHHOH CHJIH 6e3 MOMeHTa, ABOHHOH CHJIH C

MOMeHTOM H AJIH U,eHTpa CMCaTHH.
A H a ^ o r n i H o H3 pemeHHH AJIH cocpeAOToieHHoro MOMeHTa nocTpoHM ABOH-
MOMeHT H IieHTp KpyqeHHH.

I l HeKOTopbie pe3yjibTaTbi. Jlna ueHTpa otcaTHH HMeeM (pnc . 1)

R
_

' "

3 T O peiueHHe He oTjraqaeTCH OT pemeHHH, nojiyqeHHoro B paMKax KJiaccHqecKofi
ajiacTOKHHeTHKH. E C J I H B Haqajie KoopAHHaT AeficTByeT ueHTp
(PHC. 2)

1 \cvnf tW -X. <fc-P\l . 1
«y = 0;

c3

T. e. HMeeT MecTO BojiHa, noABepraroiiiaHCH
IlycTb B Haqajie KoopAHHaT AeftcTByroT Ase napH CHJI C MOMCHTOM (pnc. 3).

CoBepuiaa npeAejTbHbra nepexoA, nojiyqaeM c^eAyiomee BbipajKeHHe una nepe-
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mt cpopMyjiyB cayiae cocpeAOToqeHHoro MOMeHTa Y/ = 8 (x — £)
(4.5), B KOTOpoft HyjKHO B3HTb / = 3.

K BHAHM, 3TH CpOpMyjIH HeOAHHaKOBbl. OieAOBaTejIbHO, B TeopHH MHKpO-
cpeAbi Hejib3H 3aMeHHTb ^eftcTBHe cocpeAOToqeHHoro MOMeHTa n a -

COCpeAOTO^eHHblX CHJI (c MOMeHTOM). 3AeCb COCpeAOTOTCHHblH MOMeHT
TaKHM 5Ke paBHOIipaBHblM H He3aBHCHMbIM HCTOHHHKOM, KaK H COCpe-

CHjia.
Hbie pemenHH, nojiy^eHHbie B cjiy^ae 6ecKOHeqHoro npo-

CTpaHCTBa, npHMeHHioTCH npn nocTpoeHHH peuieHHH AJIH orpaHHqeHHbix o6jia-
ft IlpH STOM nojib3yiOTCH dpopMyjiaMH, anajiorH^HbiMH cj)opMyjiaM COMH-

B KjiaccHqecKoft sjiaeroKHHeTHKe.
§ 5. PacnpocTpaHeHHe BOJIH B orpaHHHeHHwx Tejiax. BbmeAeHHue BOJI-

HOBbie ypaBHeHHH AaioT BO3MO5KHocTb nocTpoHTb peuieHHH AJIH pacnpocTpane-
HHH BO^H B orpaHHqeHHbix xejiax. PaccMOTpHM ABe 3aAa*iH: pacnpocTpaHeHHe
npoAOJibHofi MOHOXpOMaTHHecKofl BOJIHH B HeorpaHH^eHHOft njiHTe, a
pacnpocTpaHeHHe npoAOjibHoft BOJIHH H BOJiHbi KpyqeHHH B

Kpyrjioro ceneHHH. B nepBOM cjiyqae — 3TOAByxMepHaH3aAatia,
o , CO

nepeABHraeTCH c nocTOHHHOH qpa3OBOH CKopoerbio c= -= B HanpaBjie-

HHH x2,
x3.

npHqHHH H cjieACTBHH npeAnojiaraiOTCH He3aBHCHMHMH OT

aAaiH cHCTeMa mecTH Anc|)(|)epeHU,HajibHbix ypaBHeHHH p a 3 -
Ha ppe He3aBHCHMbie CHCTCMH. t l epBaa H3 HHX npnogpeTaeT BHA

[(I* + a) V, - ($1«! + (A. + ii — a) a,e + 2a32cp3 = 0;

[(p, + a) Vi - Q^l «j + Q. + |i - a) d2e - 2aaitp3 == 0; (5.1)

ICY + e) v? - 4a - Id]\ (p8 + 2a {d,u2 - dpt) - 0

3flecb BeKTopaM nepeMemeHHH « s ( u p ur 0) H BpameHHH <p=(0, 0, q>3) cooTBeT-

CTByiOT HanpflHfeHHH Oi}. H [ij.y

a =

0 0

0 0
<% CTla 0

y a 0

0 0 a3l

BTopafl, He3aBHCHi/aH OT (5.1), CHCTeMa ypaBHeHHH 6yAer

a2,
[(Y + 8) V i — ^ a — IdJ 91 + (P + Y — e) ^ i x + 2a32«3 = 0;

[([x + a) Vi — Q ;̂] «3 + 2a (3jCp2 — d2<p,) = 0

IlpH 3TOM BeKTOpaM « s e (0, 0, «3) H f e (cp,, Cp2' °)

0 0 Ci3

0 0 CT
23

0

0 0 p-33

(5.2)

(5.3)

(5.4)
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PaccMOTpHM SecKOHeqHyio miHTy TOJIUIHHOH 2ft. FlycTb B STOH njiHTe B
HanpaBJieHHH OCH X 2 pacnpocTpaHfleTCH MOHOxpoMaTHqecKaa npoAOJibHan

co _.
BojiHa c IIOCTOHHHOH CKOpocTbK) c= ~. IlpeAnojiaraeM, q r a KpaH njiHTbi

CBO6OAHBI OT Harpy30K. TorAa AJI» %\ — rfc h HMeeM

BBOAH y n p y r n e noTeHUHajibi O H W, CBH3aHHbie c Be^nqHHaMH uy H « 2 3aBH-
CHMOCTHMH

^ = 3 ^ — d2W; u 2 = 32<I) — 3,XF; q>3 = cp, (5.6)

CHCTeMy (5.1) K TpeM BOJIHOBHM ypaBHeHHHM

Cf

* a2 W _ 2scp = 0; (5.7V

PeineHHe STHX ypaBHeHnft B npeAnojioJKeHHH,

(O, •*?", cp) = (<D* (xi), T * (^0, (p*

c yqeTOM KpaeBbix ycjioBHii (5.5) npHBOAHT K AByM TpaHCueHAeHTHbiM ypaBHe-
HHHM (nJia CHMMeTpnqHbix H HecHMMeTpHqHbix KOJiefiaHHfl). JXnn
KOJie6aHHft no^yqaeM xapaKTepHCTHqecKoe ypaBHeHHe

tg /1 ( V » ) " V A a ^ 6 (Ma—MO [ x 2 2 x ̂ , tg h (Kh)\ •x 2 2 x ^

c,. = p, (k2 + %]) + a {%) - k2) - 2axy; 8=(k2- a*) 2 ;

0 - V2 =F / ( °2 + °4 + 0̂ + Vo)2 - 4°2

4aa

6, ^ 1 , X,2 — 4 > y H K I I H H napaMeTpa k = — ; c — HCKOMaa <pa3OBaH CKopocTb.
c

H 3 ypaBHeHHfl ( 5 . 8 ) onpeAeJ iaeM 3HaiieHHfl KopHei i k H cooTBeTCTByiomHe
HM BHAbI KOJie6aHHH. EcJIH B (5 .8 ) npHHHTb a — 0 , MTO COOTBeTCTByeT K a C

ii 3JiacTOKHHeTHKe, T O noj iyqHM H3BecTHoe ypaBHeHHe JlaiviSa

t g h ( k h V 1 — q2Jc2
2) 4 . 1 / ( 1 —
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qacTHbix cnyqaa. npeflnojio>KHM, ^TO AJiHHa BOJIHH Majia no
cpaBHeHHio c TOJimHHofl njiHra 2ft. TorAa 3HatieHH3 8ft, Xih, "k^h 6yAyT BcriHKH,
H cooTHomeHHe TaHreHCOB MOJKHO npHHHTb paBHbiM eAHHHite.

CorjiacHO pafioTe [10] 3annineM ypaBHeHHe

xapaKTepHCTHiecKHM AJIH noBepxHOCTHbix BOJIH B ynpyroM nojiy-
npocTpaHCTBe, KOTopoe npH a = 0 nepexo^HT B ypaBHeHHe P

4V=4J(l-cV4)(l -cX). (5.11)
c\ 1

ECJIH flJIHHa BOJIHH BejIHKa no CpaBHeHHK) C TOJimHHOH njIHTbl 2ft, TO Be-
jiH«iHHbi 5ft, ,̂ift, X2ft MajiH, H rHnepSojiHqecKHe TaHreHCH B (5.8) MOJKHO 3aMe-

HX apryMeHTaMH. B STOM cjiy^iae

xa - Xj) - [(2n -f X) 8a — fe2X] (fltx, - fl2xi). (5.12)

a -> 0, T. e. npH nepexo^e K KjiaccHqecKoii sjiaeroKHHeTHKe, nojiy-
qaeM (|)opMyjiy AJI^ 4>a3OBOH CKOPOCTH

HeCHMMeTpHiIHOM BH^e KOJiedaHHft OTHOCHTejIbHO njIOCKOCTH Xx = 0

TpaHcu,eHfleHTHoe ypaBHeHHe

PaccMoTpHM KpaftHHe cjiyqaa. JIJIH BOJIH oqeHb Majiofl AJIKHH no cpaBHe-

HHK) C TOJ1IHHHOH njIHTbl 2ft nOJiy^HM ypaBHeHHe (5.10) fl,JlH nOBepXHOCTHHX
BOJIH Pajiea.

ECJIH AJiHHa BOJiHbi 3HaiHTejibHO Sojibine TOJimHHH njiHTH, T O , pa3JiaraH
B pHA ranepSojiHHecKHe TaHreHCbi H coxpaHHH TOJibKO ABa nepBbix

ypaBHeHHe

fl,xt 1

l - ^ )

H3 KOToporo MO5KHO onpeAejiHTb 4>a3OByio CKOpodb c = x BojiHU H3rn6a.

JIJIJI a ->- 0 ypaBHeHHe (5.12) nepexoAHT B H3BecTHyio (|)opMyjiy
SJiaCTOKHHeTHKH

y CHCTeMy ypaBHeHHH (5.3). noAo6naH CHCTeMa He p
B KjiaccnqecKOH sjiacxoKHHeTHice. B STOM cjiyqae B HanpaBjieHHHx2 pacnpocTpa-
HJieTCH noneperaaa MOHOxpOMaTHqecKaa BOJiHa u3 = «*(JCI.) exp [i {kxz —
— at)], KOTOpaa conpoBOXAaeTCH BpameHHHMH cpt H cpa. BOJIHH STOFO xnna
H3BecTHbi noA Ha3BaHHeM BOJIH JlaBa, HO TOJibKO AJIH cjioHCToro ynpyroro
nojiynpocTpaHCTBa. OHH BO3MO>KHH Jinuib npa BbinojiHeHHH HeKOTopbix Hepa-
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MaTepHajibHHX KOHCTaHT 3THX cjioeB. B MHKponoJinpHOH
BOJIHH HMeiOT MecTO KaK AJIH nojiynpocTpaHCTBa, TaK H SJIK y n p y r o r o

CJIOH.
B (5.3) 3aBHCHMOCTH

nojiyqaeM cHCTeMy Tpex BOJIHOBHX ypaBHeHHft oTHocHTeJibHo (pyHKUHH V, H, us

V? —2p —4-3?W-2p«3=0; (5.17)
C J

2 l

PenieHHe STHX ypaBHeHHft B npeAnanoHceHHH,

B KpaeBbie ycjiOBH5ir Koropbie B STOM cjiyyae npHHHMaiOT

^11 == 0; (x12 = 0; a13 = 0 npH xx= ± A. (5.18)

CHMMeTpfflHoro BHAa KOJiedaHHfi HaxoAHM cjieAyiouiee '
ypaBHeHHe:

(dh) 1 Lxc:\c}kh(Xh) 1

.;

H3 ypaBHeHHH (5.19) MO«eM onpeAeraTb 3HaqeHHH napaMeipa k = —

H COOTBeTCTByiOmHe HM Cpa3OBbie CKOpOCTH C, a TaK>Ke BHAbI KOJie6aHHH.
JX BOJIH, A^HHa KOTOPHX Majia no cpaBHeHHio c TOJIIH,HHOH njiHTH 2h,

ypaBHeHHe

P) o2 -P2A2] M 2 - g,da).
(5.20)

H3 KOTOporO HaXOAHM (})a30ByiO CKOpOCTb nOBepXHOCTHOfl BOJIHbl. B MHKpOnO-
JIHPHOM nojiynpocTpaHCTBe, KpoMe BOJIH THna Psjien, MoryT pacnpocrpaHflTbca
BOJIHH THna JlHBa w3== «£ (ATJ) exp [i (kx2 — at)], KOTopbiM conyTCTByiOT
MOAHdpHUHpOBaHHbie BOJIHbl KpyqeHHH ylt (p2.

HaMeTHM KpaTKo nyTb, KOTopoMy HaAo cjieAOBaTb npH onpeAejieHHH (pa-
3OBHX CKOpOCTeft AJIH npOAOJIbHHX BOJIH H BOJIH KpyqeHHH B 6eCKOHeqHO AJ1HH-
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HOM erepjKHe Kpyrjioro ceqeHHa. PaccMOTpHM cucreMy AH$cpepeHu;HajibHbix

ypaBHeHHH jym nepeMemeHHs u H BpameHHH cp. IlepenHcbiBaH STH ypaBHeHHfl
B uHjiHHApH^ecKHx KoopAHHaTax (r, 0, z) H nojiaran He3aBHCHMOCTb Bcex
nDH^HH H cjieACTBHfl OT yrjia 0, HaxoAHM ABe He3aBHCHMbie cHCTeMbi ypaBHe-

ift. riepBaH npHHHMaeT BHA

a)
de . 2a d+ (5.21)

r dr
1 d

p .

r dr dz '

nepeMemeHHH u = (ur, 0, «2) H BpameHHft cp=(O, cpe, 0) cooTBeTCTByioT

CHJIOBOe a H MOMeHTHOe IX HanpH5KeHHbie COCTOflHHS

a =s 0 a6fl 0

ex 0 a

0 n,, °

0 u\ 0

(5.22)

BTopan, He3aBHCHMafl OT (5.21), CHCTeMa ypaBHeHHfi coAepJKHT

u = (0, ut, 0) H cp = (cpr, 0, cp2)

rtn»

+ s) v2q>2 - 4acp2 + (P + V ~ e) gj- + 2a — ^ (r«,) - /cpz; (5.23)

1 i a
' r dr r

BeKTopaM nepeMemeHHH u = (0, «9 , 0) H
cjieAyiom,He nojin CHJIOBHX ojt H

0 af9 0

re C\ re

0 a, 0

-jrL-dz

cp = (cpr, 0 , (p2) OTBe-

n 0 n

(5.24)

PaccMOTpHM nepBbift c^ynafi, KorAa MOHOxpoMaTHqecKaa
pacnpocTpaHHetca BAOJib OCH ciep>KH5i (ocb z) c nocTOHHHofl
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cKopocTbio c. BBOAH ynpyrHe noTeHunajiH O, Y, cBa33HHbie c
nOMOffl,H COOTHOmeHHH

" ' ~ dr + drdz ' " z " dz r dr \dr

cHCTeMy BOJIHOBHX

Oi<I> = 0; ( • . • 4 + 4aV)(tF.A) = 0. (5.25)

nepBoe ypaBHeHHe orracbiBaeT npoAOJibHyio, a BTopoe MOflH4)Hii,HpoBHHyKD
nonepe^Hyio BOjiHy.

n
(fe —arf)l (5.26)

H yiHTHBan KpaeBbie ycjioBHH (oTcyTCTBHe Harpy3OK) Ha noBepxHocTH u,HJiHHApa

o r r = 0; arz = 0; p.r, = 0 (r = a), (5.27)

CHCTeMy Tpex OAHopo^Hbix jiHHefiHHx ypaBHeHHH.
Hyjiio onpeAejiHTejib, nojiyiaewt xapaKTepHCTH^iecKoe ypaBHeHHe, KOTopoe H3-3a
ero CJIOJKHOCTH He npHBOAHM. TlojiaraH, HTO AJiHHa BOJIHM ropa3A,o Sojibme

unjiHHApa, MoxeM pa3Jio»cHTb coAepacamneca B o6iu,eM ypaBHeHHH
BeccejiH B decKOHeiHbifl pHA H orpaHHHHTbca paccMOTpeHHeM

nepBbix qjieHOB paAa. TorAa nepBHM npnfijiHHceHHeM C
4

c = '

P l 1 + ; P l 1 + ^ ; fc^

R _ J _L- ft -_2^i--4-^-

a ->• 0, T. e. RSIK cjiyqaa KjiaccHqecKofi 3jiacT0 KHHCTHKH H3 (5.28)
fE\l

H3BecTHyio dpopMyjiy L. Pochhammer [15] c = f—)§ .

ECJIH AJiHHa BOJIHW oueHb Majia no cpa'BHeHHio c paAHycoM KpyroBoro
a, TO H3 o6m,ero TpaHCU,eHAeHTHoro ypaBHeHHa, npHMeHHH acHMnTo-
nepexoA, nojiyqaeM xapaKTepHCTHqecKHe ypaBHeHHH AJifl noBepx-

HOCTHHX BOJIH Pajiefl B ynpyroM nojiynpocTpaHdBe.

HaicoHeu, paccMOTpHM BOjiHy KpyqeHHH B cTep>KHe Kpyrjioro ceqeHHa.
3 r a BOJiHa pacnpocTpai-i5ieTCH B HanpaBjieHHH OCH n,HJiHHApa c nocTOHHHofl

Cpa3OBOH CKOpOCTblO C — -r . C nOMOIII,bIO

cp = ^r \- • ^ „ ; cp, = > TT— r -s— ; u. = =r— (5.29)
T r dr drdz Y z dz r dr \ dr J ' « dr K '

H3 (5.23) rtoJiyqaeM CHCTeMy Tpex BOJIHOBHX ypaBHeHHH

0; ( n , D 4 + 4a2
V

2) (*. Q) = 0. (5.30)

H3 HHX OnHCblBaeTCH BOJIHa Bpam,eHHH, CJieAyK)III,HMH — MOAH(pHU,H-
poBaHHbie nonepeHHbie BOJIHM.
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, q-ro

(T, T, £2) = [P fo), V (r), Q* (r)] exp [t (fe — ©<)], (5.31)
H y^HTHBaa KpaeBHe ycJioBHH

nojiyqaeM xpancueHAeHXHoe ypaBHeHHe oxHOcHTejibHo qjieHOB c 6eccejieBHMH
4>yHKUHHMH JQ (r\) H Ji (vi). Tenepb MO)KeM nooqepe,a,HO onpeAejiHxb 3HaqeHHH
(J)a3OBbix cKopocxeft H cooxBexcTByK3Ui,He HM BHAH KojieSaHHH. f l p n a ->• 0
HMeeM H3BecxHoe xapaKTepncTHqecKoe ypaBHeHHe BOJIHH KpyqeHHH AJIH Kjiac-
CHqeCKOH

C2

(5.32)

yKa3aHHbie peuieHHH jinuib B He3HaHHTejibHofl cTeneHH o6cy>KAajiHcb
B HacTOHmee BpeMH HeH3BecTHbi To^Hbie 3HaqeHHH xapaKTe-

KOHCTaHT MaxepHajia a , p, y, e; OHH H3secTHbi TOJibKo c T O I -
HOCTblO AO nOpHAKa. nOSTOMy AJIH BUUHCJieHHft MOHCHO npHHHTB JIHIUb

PaccMOTpeB npo6jieiiy pacnpocTpaHeHHH MOHOxpoMaTHiecKHx BOJIH B
Koccepa, aHajiornqHO Ha ocHOBe BOJIHOBHX ypaBHeHHft (2.27) — (2.30)

peuiHTb Sojiee cjioatHbie 3aAaHH pacnpocTpaHeHHH BOJIH, BH3BaHHbix
Harpy3KaMH; pacnpocTpaHeHne MOHOxpoMaTHqecKax BOJIH B

CJIOHCTHX cpeAax H AP-

B BonpocoM HBJiHeTca noJiyqeHHe 4>yHAaMeHTajibHHX peuieHHH AJIH
KOjiefiaHHH. B HacxoHin.ee BpeMH HafiAeHH jiraiib HeMHoro-

noAofiHbie peuieHHH, HanpHMep, odm.ee peineHHe ypaBHeHHH ^.JIH
BOJIHH BpameHHH. JIJ IH onpeAejieHHH cHHryjiHpHbix peuieHHH AHHaMHHecKoft
3aAaqH C MrHOBeHHHMH (HMnyjIbCHblMH) COCpeAOTOHeHHblMH CHJiaMH H MOMeH-
xaMH nojiyqeHbi JIHUIB qaCTHHHbie pe3yjibTaxbi: AJia oqeHb Majibix H oqeHb

p y p
TaKHM o6pa3OM, cymecxByeT O6UIHPHUH KJiacc HeperaeHHbix npodjieM H

qacTHbix 3aAaq. OAHaKo xeMn pa3BHXHH HccjieAOBanuft B axofi odjiacTH yKa3bi-
T, HTO B TeqeHHe HeMHornx jieT noHBHTCH B03MoacHocxb nocTpoeHHK nojmofi

ynpyrHx cpeA Koccepa, QyAymeft CBoero poAa HaAcxpoflKH Kjiaccn-
3JiaCT0KHHeXHKH.
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