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OTflEJIEHHE MATEMATHKH, MEXAHHKH H KHBEPHETHKH AH

MOMEHTHblE HAIlPfl>KEHH5I B TEPMOynpyrOCTH

B . H O B a U K H H

(B a p m a D a)

D,ejib HacToamefi pafioTbi COCTOHT B HeKOTopux o6o6meHHHX TeopeM
TepMoynpyrocTH Ha cnyiafi cpeAbi, onHCbisaeMOH ^ByMH He3aBHCHMbiMH BeKTopaMH:

TOpOM nepeMeuneHHii u n BeKTOpOM BpaiueHHH a>. Ha ocHOBe TepMO^HHaMHKH HeofipaTiiMbix
npoueccoB BbiBe^eHbi onpeflejuiioiuHe ypaBneHHH H pacuiHpeHHoe ypaBHeHHe TenJionpoBOA-
HOCTH JXJIH H3OTponnoft cpe^bi. no^y^eHa ocHOBHan CHCTeMa flH<jxpepeHu,Ha.nbHbix ypaBHe-
HHH conpHJKeHHOH TepMoynpyrocTH. O6cyxjxetiu Bonpocbi pacnpocTpaHeHHH TepMoynpy-
rnx BOJIH B neorpaHHlieHHOH cpe^e. npHBe^eH o6o6m,eHHbiH npHHunn BHpTya^bHOH padoTH
p,jia ^HHaMH^ecKHX 3ajia^ conpajKeHHoft TepMoynpyrocTH. ycTaHOBJieHa TeopeMa o B3aHM-
HOCTH H o6cy>KfleHw HeKOTopbie cjreACTBHH, BbiTeKaiomwe H3 3Toft TeopeMbi.

§ 1. BBefleHHe. HecHMMeTpnqHyio TeopHio ynpyrocTH npeAJiojKHJi Bnep-
Bbie W. Voigt [17] H 3aTeM pa3BHJiH E. Cosserat H F . Cosserat [7]. B STOH Teo-
pHH npeAnojiaraeTCH, q-ro B3aHMOAeHCTBHe MaTepHajibHoro o6rbeua c oKpyjKaio-
meft cpe^ofl nojiHOCTbK) onncbiBaeTCH BeKTopHHMH nojTHMH HanpfljKeHHH H MO-
MeHTHbix HanpHJKeHHH Ha orpaHH^HBaiomeH noBepxHOCTH.

B HacTonmee BpeMH HecHMMeTpHqHan TeopHH ynpyrocTH nojiyqHJia j\anb-
Hefiiiiee pa3BHTHe. B qaeraocTH, OHa OKa3ajiacb nojie3H0H npH BbincHeHHH HeKo-
Topbix 3aK0H0MepH0CTeft pacnpocTpaHeHHH KOPOTKHX aKycTHqecKHx BOJIH B

KpHcrajuiax, B nojiKKpHCTajijinqecKHx CTpyKTypax, a TaKjKe B BbicoKOMO^e-
KyjinpHbix nojiHMepax.

ynoMHHeM B3T0H CBH3H pa6oTbiC. Truesdell, R. Toupin [16] H 3 . JI . Aspo,
E. B . KyBuiHHCKoro [1], G. Grioli [10] H R. Toupin [14] npeycnejiH B o6o6meHHH
TeopHH cpe^bi Koccepa Ha cjiyqaft KOHeqHbix Aec^opMauHft. HaKOHeu,, R. Min-
dlin, H. Tiers ten [13j npe^CTaBHJiH HcqepnbiBaiomHH aHajiH3 JIKHCHHOH TeopHH
RJIR OAHOpOAHOH, H3OTpOnHOH, UeHTpOCHMMeTpHqeCKOH CpeAbl.

B nocjie,n,yioiu,He ro^bi E. B. KyBiiiHHCKHH, 3 . Jl . Aapo [2], B. A. FlajibMOB
[4] H A. Er ingen , E. Suhubi [8] pa3BHJiH TeopHio HecHMMeTpHqHOfl ynpyrocTH,

CBodo^Hyio OT npe^nojiojKeHHH o CBH3H CO = ^ rot u Me>KAy
-»• •> z

noJIHMH CMeineHHH U H BpaiU,eHHH CO, KOTOpOe JiejKHT B OCHOBe TeopHH
Koccepa.

B HacTOHmefl pa6oTe paccMOTpeHbi, c ToqKH 3peHHH OCHOB TeopHH

MeTpnqHOH ynpyrocTH, B3aHMO/;eHCTBHfl Me>K^y nojiHMH CMem,eHHft u, Bpauie-

HHH oD H TeMnepaTypbi 9. H a ocHOBe TepMOAHHaMHKH Heo6paTHMbix nporieccoB
onpe^ejiHioiuHe ypaBHeHHH RJIR ynpyrofi o ,̂Hopo/i,HOH H30TponHoft

c ueHTpajibHOH CHMMeTpneft CBOHCTB. XI,aHa nojinan CHCTeMa ypaBHeHHft
p TepMoynpyrocTH, ypaBHeHHH ^BHJKeHHH H pacuiHpeHHoe

ypaBHeHHe TenjionpoBO^HocTH. B 3aKJiioqeHHe npHBeAeHa BapnariHOHHaH
, Teopewia o B33HMHOCTH H HeKOTopbie HX cjieACTBHH.

§ 2. ypaBHeHHH ABHJKeHHH. ypaBHeHHe 9HeprHH H GajiaHC
ypaBHeHHH ABHjKeHHH, onHCbiBaiomafl H3MeHeHHe HMnyjibca H H3MeHe-



MOMeHTa HMnyjibca, HMeeT BHA [1, 13]

aiu + x< ~ Q«/ = 0; ellha/h + |*//iy + Yt - /a, = 0, (i, /, £ = 1, 2, 3),

(2.1)

TeH3op CHJIOBMX Hanpn>KeHHH; \JLJ1 —
HblH TeH3Op MOMCHTHblX HanpH>KeHHH; X-v Yt — COOTBeTCTBeHHO
nJIOTHOCTb MaCCOBblX CHJI H MaCCOBblX MOMeHTOB; eijk — H3BeCTHblfl

TeH3Op; Ui H COj — COCTaBJlHK)LU,He BeKTOpOB CMemeHHH H
coxpaHeHHH SHeprHH B npoH3BOjibHOM o6i,eMe V,
A, onHCbmaeTCH B BHAe

T {gvtvi + IWiWi) + u] dV = f (Xtvi + YiWi) dV +
/ J J

V

+ f (p.v. + mp.) dA~[ q.n.dA. (2.2)

- f
dt)

V

3#ecb v( = up wi — 0)^ f/ — BHyTpeHHHH SHepran; q. —

pa TenjioBoro noTOKa; Be^HqHHbi p. H m. CBH3aHbi c TeH3opaMH o.., \i.. cjie-

o6pa3OM:

Pi = CT//«/; ^ = Hv/i/. (2.3)

£- — cocTaB/iHKDiuHe BeKTopa HopMajiH Ha A.
MjieHbi no jieBofl CTOpOHe ypaBHeHHH (2.2) npeACTaBJiaioT CKopocTb BO3pa-

KHHeTHqecKoft H BHyTpeHHeft SHeprHH paccMaTpHBaeMoro oS-beMa.
ift qjieH no npaBoft CTopOHe npeACTaBJineT CKopocTb pa6oTH o6i>eMHbix

CHJI H 06-beiVlHbIX MOMeHTOB, BTOpOH qjieH — CKOpOCTb paSOTbl nOBepXHOCTHblX
ycHJiHH H MOMeHTOB. HaKOHeu,, nocjieAHHH HHTerpaji no npaBofi CTopone (2.2)
o6o3HaqaeT SHeprHK), nojiyqaeMyK) o6i>eMOM nocpeACTBOM TenjionpoBOAHOCTH.

ypaBHeHHH (2.1), (2.3) H HCnojiib3yH TeopeMy o AHBepreHUHH, nojiy-

J \U - [alt (vu - eklpj + \i}lwu) + qj dV = 0. (2.4)
v

3 T O paBeHCTBO cnpaBeAJiHBO A-nn Jiw6oro 06'beua V. ECJIH noAHHTerpajibHoe
HenpepbiBHO, TO oTcioAa cjieAyeT jiOKajibHbift 3aKOH

U = CT..V.. + u..x.. — q. . (2.5)

~ ^i i T t e- Y// — HecHMMeTpH^Hbift Tensop Aec|)op-

(2.6)

bi. . ^kn

t — TeH3op
6biTb 3anHcaHO B BHAe [9]

CTopoHa SToro ypaBHeHHH npeACTaBjineT CKopocTb BO3pacTaHHH
. nepBbift qjieH no npaBofl CTOpOHe HBjineTCH CKopocTbio, c KOTOPOH o6teM

3HTponHK) qepe3 noBepxHOCTb; BTOpofi qjieH — CKopocTbtonpOH3BOA-
CTBa SHTpOnHH, BbI3BaHHOrO TenJlOnpOBOfiHOCTbK).



HanpnoKemin a TcpMoyiipyeocru

Mcnojib3yfl TeopeMy o AHBepreminn,

fj . dV = 0. (2.7)

ElocKOJibKy Bbifiop oS^eMa npoH3BOJieH, noJiyqaeM cJieAyiom.ee ypaBHenwe, KO-
Topoe AOJI>KHO BbinojiHHTbCfl B Ka>Ki\0H ToqKe TeJia:

q. . q.T .
S = S--lji-+~~. (2.8)

B cooTBeTCTBHH c nocTyjiaTOM TepMOAHiiaMHKH neofipaTHMbix npoueccoB HMeeM
0>O.

HcKJiioqafl q, H3 (2.5) H (2.8) H mojin Bbipa>t<eHHe F=U — ST ICBO-

6oAHyw SHeprHK) FeJibMroJibua), Haxo^HM

( Q T \
-T 6 4-4^ • (2.9)

CBo6oji,HaH sneprHH HBJIHCTCH cpyHKUHeft ne3aBHCHMbix nepeMeiinux

A d f • OF • dF •
F ^ + T ( 2 1 0 )

Etpe/i.no^araH, qTO cpyHKUHH 6 , q., .. . o,., (i.. He 3aBHCHT HBHHM o6pa3OM OT

npoH3BOAHbix no BpeMeHH dpyHKiiHH y.p K.., T, onpeAejiflfl sHTponnio npH no-

dF
MOIIIH cooTHoineHHH S ^ — jy=r H cpaBHHBaH Bbipa>KeHHe (2.9) c (2.10), nojiy-

dF OF o OF _ , <7^,/ n ._ , . .

B-ropoft 3aKOH TepMO^HHaMHKH 6yj\er BbinojiHeH £JIH 6 > 0 HJIH A^H

CorjiacHo 3aKOHy TenjionpoBO^HocxH Oypbe,

To — TeMnepaTypa TeJia B ero ecTecTBeHHOM COCTOHHHH, B KOTOPOM

Hanpn>KeHHH H flecpopMaiiHH paBHbi Hyjiro (T. e. JXJIH y.. = \i.. = 0, T = To);

KO34)CpHLI.HeHTbI TeriJlOnpOBOAHOCTH k . HBJIHK3TCH KOMnOHeHTaMH CHMMeTpH^HOrO
TeH3opa.

H3 ypaBHeHHH (2.8), yqHTbiBan nocjie^Hee H3 cooTHoiueHHfi (2.11), onpe-

= -qu = ktflttr (2.12)

H H3OTponHoro Tejia HMeeM

TS = k%.., (2.13)
k HBJineTCH KOHCTaHToft.
§ 3. OnpeAeJinramHe ypaBHeHHH. Pa3Jiarafl Bbipa>KeHHe ,n,Ji5i

T
p p p

3HeprHH F(y.iy xy/, T) B pn^ Tefijiopa B OKpecTHOCTH ecTecTBeHHoro COCTOHHHH



B. Hoeai{Kutl

yfl = x /7 = 0, T = To H onycKaa qjieHbi nopflAKa Bbiine BToporo, flviH iieHTpo-

cpe/jbi

F =

* A + ^ * * + 4 xx VY8 xx8

3TOT pe3yjibTar BbiTeKaeT H3 p
SHeprHH HBjineTCH cKajiHpOM, TO ^IK)6OH qjieH no npaBofl cTOpoHe p
(3.1) AOJIJKeH 6bITb CKajlHpOM. H3 KOMnOHeHTOB HeCHMMeTpHHHOrO TeH3Opa Y;7
MO>KHO 06pa30BaTb TpH He3aBHCHMbIX KBaApaTHqHblX HHBapHaHTa, a HMeHHO
Y//Y//» YiiY/y H Ykkynn- AHajiormiHoe 3aMcqaHHe OTHOCHTCH K TeH3opy x/7.
MjieHbi Y//%> Y//x// H "Skk^nn OTcyTCTByioT B BbipajKeHHH (3.1), TaK KaK B npo-
THBHOM cjiyqae STO npOTHBope^HJio 6 H npeAnojioxceHHK) o ueHTpocHMMeTpH^Hofl
H3OTponHH. B ceAbMOM H BOCbMOM qjieHax (3.1) HMCIOTCH HHBapnaHTbi ykk, nkk.
3 T O cjieAyeT H3 Toro o6cTOHTejibCTBa, qTO TeH3opbi HMeioT jinnib no

fly HHBapnaHTy, a HMCHHO ykk H %kk.
Hcno^b3yn cooTHomeHHH (2.11), nojiyqaeM

o}. = ([i + a) y/t + (fi — a) yt + (XYfcA - v8) 6./,
(3-2)

I*// = (Y + B) K/i + (Y - B) xly + (Pxw

CooTHomeHHH (3.2) MoryT 6biTb 3anHcaHbi B ^pyroM, sKBHBajieHTHOM

°u = 2^Y(//) + 2aY<//> + ( X Y M - v8) 6./,

I1// 2 + 2 + (K
3Aecb \i, % — KOHCTaHTbl JlaMe; a, Y> e, P — HOBbie ynpyrae KOHCTaHTbl, OT-
HeceHHbie K H3OTepMHqecKOMy COCTOHHHIO (KOHCTaHTbl v, % 3aBHCHT KaK OT Mexa-

TaK H TepMHqecKHX CBOHCTB Tejia); CKO6KH ( ), < > o6o3HaqaroT
MeTpH^HyiO H aHTHCHMMeTpHMHyiO qaCTH TeH3Opa.
Peuian ypaBHeHHH (3.4) oTHOCHTejibHO yn- H %t],

ylt = a,ftiy8 + 2|i'o(/y) + 2a'a<f/> + V5,.a^; (3.5)
lt

^/ = PA/8 + 2 Y> ( W + 2e'|i<v> + P'6^hft, (3.6)

v
a,

Kos4)(J)HUHeHTOM TenjioBoro pacniHpenHH.
llpH yBejinqeHHH ofiteMa sjieMeHTa, CBO6OAHOI\) OT CHJIOBUX H

HanpH>KeHHH, 3a cqeT TOjibKO H3MeHeHHH Tewn'ipaTypbi

Koscpd^U p( H, cjieAOBaTe^bHO, BejiH^HHa % AOJIJKHH 6biTb paBHbi Hyjiio.
3 T O yTBep>KAeHHe o6ocHOBbiBaeTCH TaK>Ke cjieAyiomHMH coo6pa>KeHHJiMH. Pac-
CMOTPHM 3aa,aqy KjiaccHMecKofi s^acTOKHHeTHKH, B KOTopoft npeAno/iaraeTCH



HanpnoicenuH e repMoynpyeocTu

npouecca (S = 0). J\J\H aAHaSaraqecKoro npouecca
paTypa onpeAejineTCfl (J)opMyjiOH

^ f c * + * * * * ) • (3-7)
HcnoJib3yH (3.7) B cooTHomeHHHX (3.4), nojiyqaeM *

°a = *Kkk) V-

2ex«/>

(3.8)

m ^ ' m m
KaK BHAHO, cooTHomenHH (3.8) npOTHBope^aT (popMyjraM j\j\n H30TponHoro

ueHTpocHMMeTpHqHoro Tejia, A-nn KOToporo CHJiOBbie HanpnjKeHHH atj He 3aBH-
CHT OT %IJ, a MOMeHTHbie Hanpn>KeHHH He 3aBHCHT OT Y//12, 13]. O
BejiH^HHa % AOJi}KHa paBHHTbcn Hyjiio H B Bbipa^ceHHH AJIH CBO6OAHOH

(3.1), MO>KHO nOJIOJKHTb % = 0.
TaKHM o6pa3OM, OKOH^aTejibHbiH BHA cooTHOineHHft (3.2), (3.3) 6yAeT

- v 6 ) 6//i
(3.9)

md. (3.10)

B cooTHOineHHH (3.10) HMeeTCH BejinqHHa m, KOTopan Sy^eT onpe^ejiena
e.
PaccMOTpHM AH(p4)epeHiiHajibHoe ypaBHeHHe

dU = o..dy/l + ix ̂ n.. + Td5. (3.11)
Hcnojib3yn

H y^HTHBan, qTo dU HBJineTCH ncwmbiM AH$(pepeHU,HajioM,

\a%iiJn,T \aKiiJy,T

lloACTaBJlHH 3TH dpopMyjIbl B (3.11) H (3.12) H npHHHMaH BO BHHMaHHe, qTO
fdS \ ce

AT = r~r ' r ^ e C e H B J 1 H e T C H y^e-nbHOH TenjioeMKOCTbKD npH nocToaHHbix

, nojiyqaeM

dU = a^Y// + M ^ + 7vdVkk + CedT; dS = vdykh + Cg ^ . (3.14)

p y BTopoe BbipaJKeHHe (3.14) B npeAnoJio>KeHHH, qTO flJiH ecre-
CTBeHHOrO COCTOHHH5I S — 0, BblBOflHM

* 3aMeTHM, MTO fl^H cpeflbi Koccepa, T. e. flJia 20)̂ - = e(jkukj HMeeM xAft — 0.



MTO

nepBbiH

0
1 o

SToro

, pa3Jio>KHM jiorapncpM B creneHHOH

, onpeAeJineM

_e_

. CoxpaHHH

(3.16)

H3 cpaBHeHHH cooTHouieHHH (3.10) H (3.16) cjie^yeT paBencTBo m = ^ - .

§ 4. ,H,HcpcpepeHu,HajibHbie ypaBHeHHH TepivioynpyrocTH. OnpeAejiniomHe
ypaBHeHHH (3.9) jxawT B03M0>KH0CTb nojiyqHTb ypaBHeHHH ABHJKCHHH (2.1),

B BH^e, C0Aep>KaineM BeKTop CMem,eHHH a, BeKTop Bpam,eHHH co H TeMnepaTypy 8

(X + 2(i) grad div a — (JJ. + a) rot rot u -\- 2a rot CD + X = QU-\- V grad 6;

(p -f- 2y) grad divco — (Y + s) rot rot co + 2a rot u — 4aco + Y — /co.

(4.1)

i. JXna. 3Toro paccMOTpHM cooTHOuieHHe (2.13) H Bbipa>KeiiHe (3.15),
npeo6pa3OBaB ero K BHAy

TS = vTykk + cef. (4.2)

H3 CpaBHeHHH 3THX COOTHOIXieHHH

X (4.3)

jiHHeapH3auHH ypaBHeHHH (4.3) npeAnojiaraeM,
T
1 n

(4.4)

SToro, yqHTbiBan TenjiOBbie HCToqHHKH BHyTpH Tejia H o6o3Haqan HX HHTeHCHB-
HOCTb B eAHHHue od-beivia 3a eAHHHiiy BpeMeHH nepe3 W, nojiyqaeM pacuiHpeH-
Hoe ypaBHeHHe TenjionpoBOAHOCTH

1 - '-* _ Q tr,^W"
•a % ° x ' \ ~ " k,

OTMeTHTb, mo B cpopMyjie (4.4) yqaCTByeT TOjibKO nepBbift HHBapnaHT

CoOTHOIlieHHH (4.1) H (4.4) COCTaBJlHKDT CHCTeMy ypaBHeHHH J1HH6HHOH
conpn^eHHOH HecHMMeTpnqHOH TepMoynpyrocTH, K KOTopofi neo6xOAHMO AO-
daBHTb cpopMyjibi, BbipajKaioinwe KpaeBbie H HaqajibHbie ycjioBHH. ECJIH Ha no-
BepxHOCTH A, orpaHHyHBaiouieH Tejio o6i>eMOM V, 3aAaHbi CHJiOBbie H MOMeHTHbie
Hanpn>KeHHH ph mt H TeMnepaTypa 9, TO KpaeBbie ycjioBHH MoryT 6biTb 3ann-
canbi B

CO

p. (x, t) = afl {x, t) n. (x); mt {x, t) = v,n (x, t) tij (x)\

Q(x, f) = h(x, t), {x£A, t>0).

ycjioBHH 6yAyT Bbipa>KeHbi cpopMyjiaMH

ut (x, 0) -ft(x)\ ul(x,Q) = gl(x); co. (x, 0) = /.(x);

, (x, 0) = kt (x); 6 (x, 0) - r (x), {x e V, t = 0).

(4.5)

(4.6)



MuMCHTHblC HanpHOKl'HUn 0 TPpMOynpiJZOCTU

ypaBHeHHH TepMoynpyrocTH (4.1), MoryT 6biTb

nocpeACTBOM pa3jio>KeHHfl BeKTopHbix nojieft u, w Ha noreHUHajibHbie H cejie-

u = grad cp + rot ? ; w = grad I + CD; div ¥ = 0; div $ = 0. (4.7)

pa3Jio>KenHe o6i.eMHbix CHJI H MOMBHTOB

X = grad d + rot J; ? = grad a + Q, (4.8)

K cJie/iyiouieH cncTeMe

n;<P = ' » 8 - 4 - * (4-9); D3
2£-sC = - ^ - ; (4.10)

l x (4.11); D4
2O - p V 2 Y - 2p$ = -% . (4.12)

C CC4

' 8J3,ecb D l - V - ' 8J. ( -1 ,2 ,3 ,4 , ; ^
c* ' ' \ Q ;

/ v ^ e \ 1 / 2 2a 4a 2a
c4 = r) ' r-Qc*' s-~i^> P

K cpopMyjiaM (4.9) — (4.12) cjie^yeT /j,o6aBHTb ypaBHenwe

= _ l . D^v2__Ldt. (4.13)

PaccMOTpHM pacnpocTpaHeHHe repMoynpyrnx BOJIH B decKOHeMHOM npo-
CTpaHCTBe. HCKJUO^HB H3 conpHjKeHHbix ypaBHeHHH (4.9) H (4.13) TeMnepaTypy,

ypaBHeHne pacnpocTpaHeHHH npoAojibHbix BOJIH

B cjiyqae, Kor^a BejinqHHbi %, Q, o paBHbi Hyjiio, a HaqajibHbie ycjiOBHH

C Y, OoAHopoAHbi, BHeorpaHHMeHHofl cpe^e pacnpocTpaHHiOTCH TOjibKO BOJIHH

paciiiHpeHHH. OriHCbiBaiomee STH BOJiHbi Bbipa>KeHHe (4.14) HAeHTH^Ho COOT-

BeTCTByiorneMy ypaBHeHHw RJin KJiaccnqecKOH ynpyrofl cpeAbi (6e3
nanp5DKeHHfi). KaK H3BecTHO, 3TH BOJiHbi noA^HH^ioTCH 3aTyxaHHio H
CHH. IlocKOjibKy Ui = cp(i; (0/ = 0; yn = q?,//; x/,- = 0, nojiyqaeM

ECJIH BeJiHqHHH Q, TS1, x, ^ paBHbi Hyjiio, aHaqajibHbieyc/ioBHHflJiH 0, 9, T",

O o^HopoAHH, TO B HeorpaHHqeHHofl cpe^e pacnpocTpaHHioTCH TOjibKO BOJIHH

Bparn,eHHH, ormcbiBaeMbie ypaBHeHHewi (4.10). Flpn STOM ut = 0; co;. = t, t-

(*(l/) = 2YC.,, + Pfi^v'fc

PacnpocTpaHeHHio 3THX BOJIH He coriyTCTByeT nojie TeMnepaTypbi.



10 B.

B cnyqae, Kor^a BejiHqHHbi Q, ft, a paBHbi Hyjiio, a HaqajibHbie ycjiOBHH
(p, £, 8 OAHOPOAHH, B 6ecKOHeiiHOH cpe^e pacnpocrrpaHHioTCH mnbKO BOJIHH

HCKa>KeHHH, onHCbiBaeMbie CHCTCMOH (4.11) H (4.12). HcKJuoqan H3 STHX ypaB-

Y H 3aTeM CD,

(4.17)

K D 4
2 - 2p) Ul-prsj2] $ = - • § • V

2X
C2

[ ( • 4
2 - 2p) D2

2

Flojie TeMnepaTypbi He conyrcrByeT TaK>Ke pacnpocTpaHeHHio BO^H HCKa-

jKeHHH. O H H He Bbi3biBaioT HHKaKHx H3MeHeHHH oSteMa Tejia, nocKOJibKy div u=
— 0. TeH3Op CHJIOBblX HanpH>KeHHH On H TeH3Op MOMeHTHblX
Hjl HBJ15IIOTCH CHMMeTpH^HblMH.

B orpaHH^eHHOM Te^ie 6y^,yT pacnpocTpaHHTbCH Bee TpH yKa3aHHbix
BOJIH. ypaBHeHHH (4.9) — (4.13) B STOM cjiyqae conpnjKeHbi nocpeACTBOM Kpae-
BblX yCJIOBHH.

§ 5. npHHUHn BHpTyajibHofl paSoTbi. JlerKO noKa3aTb

[(Xt - QUt) &u. + (Yt - /«;.) 6a),] dV + f ipfiut +
A

+ tnfia,) dA = f {ojibyii + ^,.6x,.) dV. (5.1)
v

CTopona 3Toro ypaBHeHHH npeACTaB/tneT BapHaujHio pa6oTbi BHeiiiHHx
, a npaBan — BHyTpeHHHX HanpnjKeHHH. CHMBOJibi6«/, 6co;o6o3HaiqaioT

BHpTyaJIbHbie H3MeHeHHH KOMnOHeHTOB BeKTOpOB CMeui,eHHH Ut H BpameHHH 0),-.
Hcnojib3yn B npaBoft ^acTH ypaBHeHHH (5.1) cooTHomeHHH (3.9), npHBe^eM STO
ypaaHeHHe K

J [{Xt - QU\) dUi + (Y. - Iot) 5co.] dV + J (p.6u. + m.Sco,) ̂  =
V A

dV, (5.2)

K ypaBHeHHio (5.2) Hy>KHO AoSaBHTb Apyrne cooTHomeHHH, Tax KaK B
yqacTBytoT B HBHOM BHAe JiHiub q e m p e npiMHHbi, a HMCHHO Xh Yh

pt, m.. FIpHCoeAHHHM 3aBHCHMOCTb, BbmeAeHHyio H3 ypaBHeHHH TenjionpoBOA-
HOCTH M. A. Biot [5]

f B6dV f BfiH^A + [ mdV + ^ f HpH^V (5.3)— v f B6yhkdV = f BnfiH^A + jr[ mdV + ^
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BeKTop H CBH3aH c BeKTopoM TenjioBoro noTOKa q H SHTpormeH S cjie.qyiom.HM
o6pa3OM: ^ . 4 ->

q=TQH; S = - d i v ( t f ) . (5.4)
HCXOAH H3 BbipanceHHH (5.2) H (5.3), noJiyqaeM

6 (W + P + D) = f [(X, - Q W " ) 6u. + (7. - /©.)6a

f dA—\ BnfiHfiA. (5.5)

P==-~ZI J
D, npnqeM 6D^j~\ H.bH.dV. B onyqae,

° J

v
(5.5)

conpn>KeHHOH TepMoynpyrocra 6
BapHau,HOHHBiH npHHiinn, Bbipa>KeHHbiH ypaBHeHHeM (5.5), MOJKex 6biTb

HcnoJib3OBaH ^JIH ycTaHOBJieHHH SHepreTHqecKofl TeopeMbi. / IJIH SToro cJieflyeT
CpaBHHTb 3HaqeHHH (JjyHKUHH Uh CO;, 6 B TO^Ke X B MOMeHT / C HX 3HaieHH-
»MH B 9TOH me ToqKe nocjie HcreqeHHH BpeMeHH dt. HTaK, Hcnojib3yn B (5.5)

k
BejiHqHHbi 6ut = Vidt; 600,= Widt; 66 = Hdt\ 5H = / / ^ ^ = — ^ - 8^^

' 0

HM aHajioraqHbie o6o3HaqeHHH, nojiyqaeM cjie^yromyio

^ (K + W + P) +xo = f (X .0. + Yflft) dV + f (p/0/
} X

(5.6)

= f *fe,Mv>o,
at y o j

v
K - - KHHeTHqecKan SHeprHH, a BejinqHHa %e nponopnHOHajibHa

CHBHOCTH npoH3BOACTBa SHTponHH H nosTOMy BcerAa nojioxcHTejibHa.
SHepreTHqecKyio TeopeMy (5.6) MO>KHO Hcnojib3OBaTb npH AOKa3aTejibCTBe

TeopeMbi eAHHCTBeHHOCTH A-flfl oAHOCBH3Horo Tejia. Cnoco6 npoBeAeHHH SToro
AOKa3aTejibCTBa He 6yAeT oTjinqaTbCH OT yKa3aHHoro B pa6oTax [12, 18].

§ 6. Teopeivia o B3aHMHOCTH. PaccMOTpHM ABe cncTeMbi npnqHH B ynpy-
TOM Tejie V, orpaHHqeHHOM noBepxHOCTbio A. K npnqHHaM npHqncjiHM: o6i.eM-
Hbie CHjibi Xt H MOMeHTbi Yh TenjioBbie HCToqHHKH Q, noBepxHOCTHbie Harpy3KH
Pi,m.i H HarpeB noBepxHOCTH (3aAaHHyio Ha noBepxHOCTH A TeMnepaTypy HJIH

TenjiOBOH noTOK). OieACTBHHMH HBJIHKDTCH: cocTaBjiHiomHe BeKTopa
uh BeKTopa BpaineHHH cot- H TeMnepaTypa 8. BTopyio CHCTeMy npnqHH H
CTBHH 6yAeM OTJinqaTb OT nepBofl, Hcnojib3yn CHMBOJibi co niTpHxoM. B
HeftmeM npeAnojiaraeM, qTO HaqajibHbie ycjiOBHH OAHOPOAHH.

llpHMeHHB K onpeAejiHK)iu,HM ypaBHeHHHM OAHocTopoHHee npeo6pa3OBa-
HHe Jlanjiaca, nojiyqHM cooTHOineHHH:

a.. = (ji + a) ytt + (\x - a) yCJ + (lykh - v8) 6.y; (6.1)
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— e) xv

(5a,. = (J, p) ^ L [aj{ (5, /)] a jCT/f (£ 0

MO>KHO 3anncaTb fljm a'., H

To>K,necTBo:

a..v'.. + u..x'.. — o'..y.. — u/..%.. = v (d'y,, — Gv' ). (6.2)
/2 ' / / ' " / i It l^'ll ^11 II- * 'kit l kk' K I

HuxerpHpyn (6.2) no o6teMy V, Haxô HM

= v f (9'V** -~8Y; f t ) dV- (6-3)

npeo6pa3OBai-iHe Jlanjiaca K ypaBHeHHHM ABHMteHHH, nojiyqaeM

aftJ + Xt = p\u{, ellka]k + ^ , . + y, = p»/a>,, (6.4)

aHajiorHqHbie ypaBHeHHH flJia iUTpHXOBaHHtix BejiH^HH. BocnoJib3O-
cooTHOiueHHHMH (6.4), Bbipa>KeHHe (6.3) npHBe^eM K

f (X.u; + y/fl>;) dF + f (p.«; + m^;) ^ = f (x;.«. + r
V <4 V

v f (S*Yw - ei iL)d V -

TaKHM o6pa3OM, ycTaHOBjieHa nepBan yacTb TeopeMbi o B33HMHOCTH. BTopaa
qacTb 3TOH TeopeMbi 6yAeT nojiyqeHa c Hcnojib3OBaHHeM ypaBHeHHH Tenjionpo-
BOAHOCTH ixnn. o6enx CHcreM.

IlpHMeHHB K ypaBHeHHio TenjionpoBo^HOCTH npeo6pa3OBaHHe Jlanjiaca H
Hcnojib3yn npeAnojio>KeHHe 06 OAHOPOAHOCTH HaqajibHbix ycjiOBHH, onpe-

9 | |

E[pH6aBJi5iH KO BTopoMy ypaBHeHHro (6.6), yMHO>KeHHOMy Ha 6, nepBoe, yMHO-
>KeHHoe na — 6', HHTerpHpyfl pe3yjibTaT no odteiviy V H Hcnojib3yn TeopeMy
F

-^ f ffi -Q'8)rfF- f ( 8 ' e n - e ; / ) d / i = o. (6.7)
V A

H3 (6.5) H (6.7) odmufi iJien, 3anHineM TeopeMy o B3aHMH0CTH
B OKOHHaTe-lbHOM

f ";+ x f (88";n - e 7 8>n) dA + 1 (Q'8 — Q6~') dV = 0. (6.8)
/i v
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3 T O ypaBHeHHe coAep>KHT Bee npnqHHbi H aieACTBHfl.
o6paTHoe npeo6pa3OBaHHe JlanJiaca,

K (6.8)

v

p r du. (x, t — x) , du. (x,t)
dV(x) Xt (x, x) '" d% ^ - X ^ x J - x ) - ^ -

dm', (x, t — x) , (3co. (x, x)
'•(x x\ Y (x / — T V

dx

+ dA (x) \ | p. (x, x)
A

du. (x, t — t)

dx

p: (x, i —
dut (x, x)

dx

m i

\{x, t — x)
dx mi

<5o). (x , T )

dx~~ dx

+ x \ d A (x)\ [B (x, x) B[n ( x , t — x ) ~ Q (x, t - x) 8,n (x, x)) dx +

t

+ f dV (x) f [8 (x, x) Q' {x, t~x) — 8' {x, t-x)Q (x, %)] dx - 0. (6.9)

V

Y = Y't = ml = m' f= 0 TeopeMa o B33HMHOCTH (6.9) nepexoAHT
B TeopeMy o B33HMHOCTH J\J\X ynpyrofl cpeAH 6e3 MOMeHTHbix HanpH5KeHHft,
KOTOpyio ycTaHOBHJia V. Jonescu-Cazimir [11].

J^ cTaTHqecKOH Harpy3KH H CTauHOHapHoro TenjioBoro noTOKa
ypaBHeHHH

f (XlU'. - x\ut + F.a>; -y;.co.) dV +
V A

+ m.co; - m'.co,.) dA + v f (dy'hk - Q'ykk) dV = 0;

f (Q'8 — Q8') dl/ + -K f (88;n — 8'8 J di4 - 0.

(6.10)

B TeopeMe o B33HMHOCTH (6.10) pacnpe,n,ejieHHfl TeMnepaTyp 0, 0' cm-rraioTCH
H3BeCTHbIMH (pyHKUHHMH, HBJlHKDmHMHCH peilieHHHMH ypaBHeHHH TerUIOnpOBOfl-
HOCTH, a HMeHHo8,//= — Q/%; 8 ' , / / = — Q'IK. Bropoe ypaBHeHHe (6.10)Mo>KeT
paccMaTpHBaTbCH KaK TeopeMa o B3aHMHOcra RJISI TenjionpoBOAHOCTH.

§ 7. Cne,n,CTBHH TeopeMbi o B3aHMH0CTH. PaccMOTpHM cHaqajia 6ecKOHeqHoe
Te/io. FlyCTb B TO^Ke | npHJiojKeHa cocpeAOToqeHHan MrHOBeHHan CHJia XL =
= 6(x — l)6(t) 6ik, HanpaBjieHHaH no OCH xk. OeosHa^HM qepe3 UW (x, I, t)
nepeMem,eHHH, Bbi3BaHHbie AeftcTBHeM STOH CHJIH. JI,ajiee, nyerb B ToqKe x\ npn-
jrojKena cocpeAOToqeHHaH MrHOBeHHan cnjia X'. = 6{x —rj) 6{t) 6tj, HanpaB-

no OCH X-V
, Bbi3BanHbie STOH CHJIOH, o6o3HaqHM qepe3
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£/</> (JC, rj, t). H3 TeopeMbi o B33HMHOCTH (6.9), ccpopMy/mpoBaHHOH A->™ Heorpa-
Tejia, cjieAyeT

dx dUl'n (x> T]>'

0

/ ^ J ^ ] = 0, ,7.1)
T. e. HMeeT MecTo paBeHCTBO

OV (t t|, 0 - u\h) ft, S, 0.

U). (7.2)
FlycTb B TOHKe | 6ecKOHeqHoro Tejia npHJiojKeHa cocpeAOToqeHHaH Mrao-

cHJia Xt = 6 (x — £) 6 (t) 8^» a B Tomse TI — cocpe^oToqeHHbiH MrHo-
TenjioBofl HCToqHHK Q' = 6 {x — TI) 6 (t). O6o3HaqHM qepe3 ®{h)(x,£,,t)

TeMnepaTypy, BH3BaHHyio fleftcTBHeM CHJIH Xh a qepe3 Ui(x,y\,t) — nepeMe-
IU,eHH5I, BbI3BaHHbie AGHCTBHeM HCTO^HHRa Q'.

H3 ypaBHeHHH (6.9) BbiTeKaeT cjiej,yiom,ee cooTHOineHHe:

0

^ ay~T)ldt^0, (7.3)

nojiyqaeM

^ W | T 1 ' 0 . (7.4)

B To^Ke | 6ecKOHeiHoro Tejia npHjiowceHa cocpeAOToqeHHan
Xt = 6 (x — | ) 8 (z1) 8/A, a B Tomce r] cocpeAOToqeHHbift

MOMeHT F / = 6 (x—r\)6(t)6u-. BBeAeM o6o3HaqeHHH: Q<ft) (x,
I, t) — cocTaBJiHiomHe BeKTopa Bpam,eHHH, Bbi3BaHHoro ^eftcTBHeM CHJIH X^
V[ (x, T], t) — nepeMemeHHH, Bbi3BaHHbie fleflcTBHeM ofiiieMHoro MOMeHTa Y',-.
H3 ypaBHeHHH (6.9) cjie^yeT

f ^ I, 5, 0. (7-5)
) ( - £ npHJio>KeH B

Q' = 8 (x — r|) 6 (̂ ) — B Toqi<e r\. O6o3HaqnM qepe3
(x, £, 0 TeMnepaTypy, Bbi3BaHHyio fleficTBHeM oe^eMHoro MOMeHTa, a qepe3

^/ (•*. 'H. 0 — seKTop Bpam,eHHH, Bbi3BaHHoro Aei-'CTBHeM HCToqHHKa Q. Hcnojib-
3yn TeopeMy o B33HMHOCTH (6.9), noJiyqaeM

Ka|ia, p.6)

MOJKHO noKa3aTb, ^TO cooTHOiueHHH (7.2), (7.4) — (7.6) cnpaBeAJiHBbi
Tejia npn OAHOpoAHbix KpaeBbix ycjiOBH^x.

PaccMOTpHM KOHeqHoe Tejio V H npeAnojiojKHM, MTO npHMHHbi BO3HHKHO-

eHHH onpeAe^eHH KpaeBbiMH yc^OBHHMH. Bbipa3HM coeraBjifliomHe
EeKTopoB nepeMemeHH5i ut H BpameHHH «,-, a Tai<>Ke TeMnepaTypy 8 B HeKOTopoft
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ToqKe x €V npH noMOiun HHTerpajiOB no noBepxHOCTH A, orpa-
Tejio. YKa3aHHbie HCKOMbie (pyHKUHH ^OJISCHH yAOBJieTBOpHTb
ABHmeHHH, paciiiHpeHHOMy ypaBHeHHK) TenjionpoBOAHOCTH H

KpaeBbIM yCJIOBHHM.
FIpH BblBe^eHHH (|3OpMyjI /tJIH (JtyHKUHH ut(X,t), Cdi(X,t), 6 (x, t) BOCnOJIb-

3yeMCH TeopeMOH o B3aHMHOCTH (6.9). ripeflnoJio>KHM, qTO IUTpHXOBaHHbie Be-
u\ = Uf^x, I, t); co: «= Q[h) (x, I, t)\ 6' = Q(k) (x, I, t) Bbi3BaHbi ^eft-

Ha fiecKOHe^Hoe Tejio cocpeflOTcmeHHOH MrHOBeHHofl CHJIH X'. = 6 (x —
— 1 ) 6 (t) 6!k, npHJio>KeHHOH B Toqne I H HanpaBJieHHoft no OCH xk.
nojio>KHM, qTO o6teMHbie CHJIH, oSteMHbie MOMeHTbi H TenjioBbie
oTcyTCTByioT (X; = Yt — Y'/ = Q = Q = 0). Ha ocnoBe TeopeMbi (6.9) nojiy-
qaeM renepb cjie^yromee Bbipa>KeHHe:

uh (x t) = r dA (D r dx \p (i x) dU^] ( £ ^ » - x )

,., _ t) w + m i (l,
s, *, < _ t) ̂ | ^ > + f [s (i

CT J|Q

-®{k)(l,x,t-x)Q,n(l,x)]\; xeV; IQV. (7.7)

, g, o = o}*> (x, e, 0 1 , W; < } (*. 6, 0 = Kt1 ̂ - 6.
npnqeM no^ o(*) noHHMaeM Hanpn>KeHHH, a no/i (J,<^ — MOMeHTHbie Hanpn»:e-

HHH, BbI3BaHHbie BOŜ eHCTBHeM COCpe#OTOqeHHOH CHJIbI Xj = 6 (X — I) 6 (21) 6^.

OopMyjia (7.7) aaeT HCKOMyio CBH3b (pyHKitHH a^ (x, /) , x G V, ^ > 0 c
4>yHKUHHMH u / t p£., ©^ m ; , 9, 8 onpe^ejieHHbiMH Ha noBepxHOCTH A.

npe^nojio}KHM Tenepb, qTO B iirrpHxoBaHHoft CHCTeMe ^eficTByeT BeKTOp
cocpe^oToqeHHoro MrHOBeHHoro oSteMHoro MOMeHTa Yt =b{x — £) 6 (t) 6/^,
HanpaBJieHHbiH no OCH xk. 3TOT MOMCHT Bbi3biBaeT BO3HHKH0BeHHe B 6ecKO-
HeqHOM Tejie nepeMem,eHHH u't = Vf] {x, | , i), BpameHHH a] = A(ft) (x, | , t)

H TeMnepaTypu 6' = #(ft) (x, | , /).
Hcnojib3yn TeopeMy o B3aHMHOCTH (6.9) H

= Q' = 0,

co, (x, o = f dA (I) J dt {P/ (6. T)

ill(6, t)]J| x£V; UA, (7.8)
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jSjO (x, g, 0 - 9<*> (x, |, 0 r,. (x); mj*> (x, g, 0 = jig) (x, I, 0 ̂  (x);

H |X(.*> — COOTBeTCTBeHHO TeH3OpbI CHJIOBblX H MOMCHTHblX Hanpfl}KeHHH.

TaKHM o6pa3OM, H B STOM onyqae qbyHKUHn <£>k(x, t); x£V; / > 0 BH-
pa>KeHa qepe3 3aAaHHbie na noBepxHOCTH BejimwHbi ut, pt, m., m,., 8, 9 .

PaccMOTpHM Tenepb cnyqafi, Kor^a uiTpuxoBaHHaH cHCTeMa npHqHH COCTOHT

H3 oAHoro cocpe^oTOMeHHoro MrHOBeHHoro Ten-noBoro HeroqHHKa Q ' = 6 x
X(x—£)6(0> Bbi3biBaK)iu,eronepeMemeHHH u'. — U'.(x, | , t), Bpam,eHHH (£>'t=Qi(x,l-,t)

H TeMnepaTypy 6 = 6 ( x , ^, / ) . H3 TeopeMM (6.9) npn Xf- = X ; = Yi =Y\ =
Q dpopMyjia ^JIH TeMnepaTypbi

t

6 (A:, 0 = x f rf^4 (|) f d t J6,n (g, t) 0 (g, x, / - x) -

(7.9)

* (A;, g, 0 = CT^. (*, I , 0 ny (*); m\ (x, g, 0 = ^.. (x, g, 0 n.

a* jX̂ . — COOTBeTCTBeHHO TeH3OpbI CHJIOBblX H MOMeHTHHX HanpH>KeHHH, BW3-
BaHHblX fleHCTBHeM Q'.

(7.7) — (7.9) MoryT pacciviaTpHBaTbCH KaK paciUHpeHHe (JjopMyji
, npHBeAeHHbix B pa6oTe [15], Ha 3aAaqH TepMoynpyrccra. Hcnojib-

y B33HMHOCTH (7.4) — (7,6), MO>KHO npoH3BecTH HeKOTopbie
ynpomeHHH B Bbipax<eHHHx (7.7) — (7.9).

Bbifinpan tpyHKUHH FpHHa U[k), ^ \ @{k) H HM aHajiorMHbie Tai<, qTo6u
na noBepxHOCTH A yAOBjieTBopnjTHCb oAHOpOAHbie KpaeBbie ycjioBHH A-nn CMe-
meHHfl, Bpam,eHHH H TeMnepaTypbi, nojiyqaein no c})opMyjiaM (7.7) — (7.9) pe-
uieHHe nepBoft KpaeBoft 3aAaqH, T. e. 3aAa4H c 3a/i,aHHbiMH Ha rpaHHue
IJ.HHMH Uh CO/, Q.

BbiSHpan yKa3aHHbie c^yiiKUHH FpHHa TaK, qTo6bi rpaHHua 6buia A
OT Harpy3OK n TeMnepaTypbi, no (J)OpMyjiaM (7.7) — (7.9) HaiiAeM peiueHHe
BTOpofi KpaeBoft 3aAaqn c 3aAaHHbiMH na noBepxnocra A Harpy3KaMH p-t, mt

H TeMnepaTypoft 6.
PaccMOTpHM CTauHOHapHbie 3aAaqn. FlycTb Te/10 V, orpaHHqeHHoe no-

BepxHOCTbio A noABep>KeHo AeficTBHio HarpeBa. EtycTb Ha qacTH Au noBepxHO-
CTH A 3aAaHbi KOMnoHeHTbi W; H a>h a Ha qacTH noBepxHOCTH AG npH/io>KeHbi
Harpy3KH pp mr KpoMe Toro, noJion<HM X. = 0. ZIJIH onpeAe/ieHHH nepeivre-

UieHHH U; (X), X G V paCCMOTpHM TeJIO Ô HHaKOBOH (pOpMbl npH TaKHX JKe
Harpy3Kax, B KOTOPOM 6' = 0 H B Toqi<e | KOTcporo npHJioJKeHa cocpeAOTO-
qeHHan cH/ia X,- = 5 (x — 1 ) 8 / * , HanpaBJieHHaa no OCH xk. 3Ta cHJia Bbi3bi-
BaeT nepeMem,eHH5i L/f^ (x, 1), KOTopue BbidepeM tan, qTo6bi Bbino/iH5uiHCb o^-
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KpaeBbie ycjiOBHH Ha Ao, Au. Hcno.nb3yH nepByio chopMyjiy (6.10),

uk (x) = v f 6 (x); ( £ = 1 , 2 , 3). (7.10)

3,necb eejiHqHHa £ / $ (£, x) #oji>KHa paccMaTpHBaTbca, I O K H3MeHeHHe
B TOHKe I, Bt>I3BaHHOe COCpeflOTO îeHHOH CHJ1OH Xh npHJIO>I<eHHOH B

Oopiviyjia (7 .10) HBJieeTCH o6o6nieHHeM H3BecTHoft dpopiviy.flbi B. M.
[3] Ha 3a,naqH TepMoynpyrocTH c MOMCHTHUMH Hanpfl>KeHHflMH.

J I H T E P A T y P A

2.

3.

4.

5.

6.

7.

8.

9.
10.
11.

12.

13.

14.

15.

16.

17.

18.

A 3 p o 3 . JT., K y B in H H c K H fi E. B., OcuoBHbie ypaEHenHH Teopmi ynpy-
rocTii cpea c Bpaui.aTe.abHbiM B3aiiM0AeiicTBiieM wacTHU, <t)H3HKa TBepaoro Tejia, T. 2,
Nfi 7, 1960.
K y B u i H H C K H H
"-lecKofi ynpyrocTH.
1963.
M a fl 3 e JI b B. M.,

yccp,
F l a j i

B., A 3 p o 3 . Jl . , KoHTHnyajibnaa TeopHH
BHyTpennero Bpamennji, <J>H3HKa TBep^oro Tejia,

p
T. 5, H° 9,

TeMnepaTypiian 3aAaiia TeopHH ynpyrocTH, K-, H3^-BO AH

OcHOBHbie ypaBneumi TeopHH HecHMMeTpn̂ HOH ynpyrocTH.

S u h u b i
Eng. Sci., 2, 1964.
E., A d k i n s I.

t F., Theorie des corps deformables, A. Hermann

S., Nonlinear theory of simple micro-elastic

Large Elastic Deformations, Oxford, 1960.
di M d l IV 0

E.

E.,

b
1951.

b M O B B . A . ,
nMM, T. 28, B. 3, 1964.
B i o t M. A., Thermoelasticity and irreversible thermodynamics, J. Appl. Phys.,
27, 1956.
C h a d w i c k P., Thermoelasticity. The Dynamical Theory. «Progress in Solid
Mechanics*, vol. 1, Amsterdam, 1960.
G o s s e r a t E. et G o s s e r a
et Fils, Paris, 1909.
E r i n g e n A. C ,
solids, Int. J.
G r e e n A. , , g ,
G r i o 1 i G., Elasticita assimmetrica, Ann. di Mat. pura ed. appl., ser. IV, 50, '%0.
I o n e s c u - C a z i m i r V., Problem of Linear Coupled Thermoelasticity, Kull,
Acad. Polon. Sci. Techn., vol 12, N« 9, 1964.
I o n e s c u - G a z i m i r V., Problem of Linear- Coupled Thermoelasticity IV.
Uniqueness Theorems, Bull. Acad. Polon. Sci. Techn., vol. 12, N° 12, 1964.
M i n d 1 i n R. D., T i e r s t e n H. F., Effects of Couple-stresses in Linear
Elasticity, Arch. Rat. Mech. Anal. 11, 1962.
T o u p i n R. A., Elastic materials with couple stresses, Arch. Rat. Mech. Anal.,
11, 1962.
T r e i f t z E., Mathematische Elastizitatstheorie, Handb. der Physik, vol. VI,
Berlin, 1926.
T r u e s d e I 1 6., T o u p i n R. A., The Classical Field Theories, Encyclopedia

of Physics, vol.III/1, Sees. 200, 203, 205, Spinger. Berlin, 1960.
Vo i g t W., Theoretische Studien iiber die Elastizitatsverhaltnisse der Kristalle,
Abh. Ges. Wiss., Gottingen, 34, 1887.
W e i n e r T. H., A Uniqueness theorem for the coupled thermoelastic problem,
J. Appl. Math. 15, 1958.

FIocTynHJia
2 6 . V I I I 1966 r. HayK

2~-n'|iHKJiajinafl MOxaHHKB Ng I.


