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1. An instantaneous source of heat in an infinite spa.ce

Let the heat quantity Q = WQ C be produced at the point A (f, r/, C)
•of an isotropic elastic sp'acp at the instant t = 0, where W denotes the
intensity of the heat soturtfi; Q — the density and c — the specific heat
•of the elastic medium. The temperature field is descrilbed by the differen-
tial equation

**T-£ If.
where T (x, y, z, t) is the temperature at the point (x, y, z) and at the
instant t, and 7c = A/gc, where X is the coefficient of heat conduction
(thermometric conductivity).

The temperature field due to the action of the concentrated instanta-
neous heat source at the point A (£, r),0 is determined by the equation, [1],

W - '*'
(1.2) T = - 7+ V i ,2e •*', where R~ = ( a s - tf + (y — r)f + (z~Cf,

•or by the integral expression

11.3) . T = J I' f fexp |-kt(aa+/3a
p | ( / y ) 1 X

o n "o
X cos o (x — I) cos fi (y —»)) cos yzdadfi dy.

In order to determine the state of stress,, it is convenient to use the so-
called potential of thermoelastic strain 0. It is related to the displacement
components u, v, w toy the relations

,, , d$ d@ 6 0
i 1.4) j — - = u, -5— = v, -5— = to.
v t)x dy oz

[77]
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The relations (1.4) introduced in the three displacement equations of
the theory of elasticity, can be reduced to the unique equation, [2],

(1.5) p2fl> = ^ - % , T .

The Eq. (1.5) is valid if the dynamical effects are disregarded. It is
known that the displacement accelerations are disregarded in the displace-
ment equations of the theory of elasticity. Our problem is therefore
considered to be quasi-statical.

In the Eq. (1.5) v denotes Poisson's ratio and at the coefficient of
thermal dilatation.

Differentiating the Eq. (1.5) with respect to time, and using the Eq..
(1.1), we obtain

(
Hence,

(1.7) 0« ,L±± w fc / Tdt'
1 — v J \ .

From the relations (1.1) and (1.7) the following relation is obtained:

The stress components are connected with the potential of therrno
elastic strain by the relations, [2],

r _ _ 2 G ( | 7 B 0 - - 3 - n 5 l - * ' a"̂ s 7c dt

(1.9)

Ozz = = — 2 (

axy = 2 G ~ ^ , ~6yt = 2G-A-)
r, azx = 2 G -r~£-,

dxdy' dydz ' d z d x '

G denoting the modulus of elasticity in shear.-
In order to determine the stress components we shall proceed, as

follows. We determine a particular integral of the Eq. (1.5) and substitute
it in the relations (1.9). This integral does not satisfy, in general, every
boundary condition. In the latter case to the state of stress (a) a state
of stress (a ) will be superposed, chosen in a way to satisfy every boundary
condition. The resulting stresses will be obtained by adding the correspond-
ing stress components pertaining to the states (a) and (a).



State of Stress in an Infinite and Semi-Infinite Elastic Space 79

It is seen that according to the Eqs. (1.2) and (1.7) the particular
integral of the Eq. (1.5) will take the form

or
1 + , w F F r" ,

(1.11) ® = — f̂ — at-^ (a2

1—v n JJJ
0 0 0

Xcos a{x— £)cosf$(y — rj) cos y{z — £) dadfidy

By substituting u — R2/4 fct, the integral (1.10) can be reduced to

(1.12)

Since

we have

(1.13)

0 = -

A-i/a e X p ^— u ) £U __ i/OT [i — e r f (|/u)] = ]/n erfc | /u-

R( JU.
\2|/fct/

Substituting the particular integral <Z> in the relations (1.9) and introduc
ing the notation

AT 1 + v GW

we have

Rexp I —
R2

! — (or — 5)2] |

and two analogous equations for

(11.4b)

V
R

4kt
1 R^

1 + 6 ! c t

and two analogous equations for axz and ffZJ/.
It is seen that the normal and shear stresses vanish at infinity at

every instant t.
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They do not vanish, however, for t — oo for arbitrarily chosen x, y,
For t = oo we have

(1.15 a) CT.V.V.~= — ^ j 1— ' - ^

and two analogous equations for ayy, », o^,.*,, and

(1.15b) a.vy.., = | ? (a? — f) (y —17)

and two analogous equations for aXz,—, ayx,^o.
If these values of stresses are substracted from the stresses expressed

by the Eqs. (1.14a) and (1.14b), we obtain the stress comiponents satisfying
all conditions at infinity.

We obtain finally:

i y K t

2]/-r(ktF '(

and two analogous equations for avy, azz; and

(1.16b) ffv-4r

erf —-,.:

and two analogous equations for axz, ayz.
Equations for stress components in polar co-ordinates are particularly

simple in the case of spherical symmetry of strain. Let us assume the
heat source to be located at the origin. Then,

(1.17) (1>— --R 'erfcl--;— , where R — yxs-f-y\-\-z2.

The stress components are expressed by
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The notations are as follows:

(1.19)
~UK d®
2 u

where uR is the radial displacement.
Bearing in mind that for t = oo the stresses should 'be zero, we obtain

the Eqs. (1.18) in the form

8N[ , R 2R
^ f

R4N\ * R R

%r - *!f» - ^ [erf 2 ? ^ - ^
t

exP ( - —

Figs, la, b, c represent diagrams of T, aliti, avv, in function of the
radius R for a few values of the parameter d — 4 Jet.

If in the Eqs. (1.16a), (1.16b), we put W = 1, these equations represent
the Green functions of- our. problem. The knowledge of these functions
enables the solution of the more general problem of determining the
stress components a*j at any point B (x, y, z) due to the action of instan-
taneous heat sources w (£, r\, 0 distributed over a finite region of the
•elastic sipace.

Using the superposition method, we obtain the a*j components from
the equations

•(1.21) a*j(x,y,z,t)= | ) | v){$,r),t)atj{x,y,v,Stiq,C,t)dtdiid£ i,j = x,y,z.
" i n ' •

2. An instantaneous source of heat in a semi-infinite space

Consider an instantaneous source of heat of intensity W acting at
a point A (0, 0, f) of a semi-infinite space. Our problem is to determine
the stress components when the plane 2 = 0, bounding the semi-infinite
space, is free from stresses.

In addition, we require that T = 0 for 2 = 0. Thus, the (boundary
conditions of our problem are

(2.1) ffw = 0, (Tzx—0, <7Z.v = 0, T = 0, for z = O.

The first and the last conditions will be satisfied if a positive and
a negative sources of heat are located at the points .4(0,0,C) and .A'(0,0,—C)
of the infinite space, respectively.
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For such a system of heat sources, antisymmetric in relation to the
plane z = 0, we obtain, using the Eq. (1.13),

(2.2) </> = -1 -+ '• ?**
1—V 4 or.

where

Rr1

For further considerations it will be convenient to represent the
function by the Fourier integral

C~T 0>3 O-J

1 + v atW C C C
(2.3) 9 = - YIT7 ^ T J J j (a2 + £2 + y2)-1 exp [ - fct (aa + /Sa + / ) j X

o o o
.< cos a x cos /S y fcos y (z — C) — cos y {z + £)j da d^ dy.

The stress components due to the action of two sources, antisymmetric
in relation to the plane z — 0, can easily be found by means of the Eqs.
(1.14a), (1.14b).

Thus, for instance,

Ifci
1.-. X

(Mb) 5 w = 3 ^ { ^

The function <P does not satisfy all boundary conditions. In the plane
z = 0 the stresses aXz, o> do not vanish. In order to suppress these
stresses an additional problem must be solved, and the state of stress
(o/j) in the elastic semi-infinite space for T = 0, due to the action of the
shear stresses — axz, — ayz in the plane z = 0, must Ibe determined. The
conditions of this problem are

(2.5) cXz + ~6xz = 0, CT_Vz + Gyz = 0, 0^ = 0 for z = 0.
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The stresses at], due to the action of a heat source at the point
A (0, 0, £) of the elastic semi-infinite space, will be obtained (by super-
position of the stresses (jy- and aij.

In order to determine the stress components 0?,,-) in the semi-infinite
space we use the Galerkin displacement function, [3].

This function reduces the system of three differential equations of
displacement to the unique biharmonic equation

(2.6) 172p> = 0,

where the stress components (a,j) are expressed by the relations

d I . d2cp\ d I „ d\\

(2.7) ' d - *
dxdydz'

The displacement function will ibe assumed in the form of the Fourier
integral

(2.8) cp = I f Z(a,P,z) cos ax cos j8y da d/S,
6 6

where
Z = (A + B 8 z) e-dz, 8 = (/ a2 + > ,

and A, B are functions of the parameters a, /?.
The third of the boundary conditions (2.5) leads (as can easily be seen

by substituting (2.8) in a2Z, obtained from (2.7)) to the relation

(2.9) (2 - v) Z' (0) 8i — (1 - v) 7!" (0) = 0.

Since Z' (0) = (B — A) 8, Z'" (0) = (3 B — A) 8'\ we have

(2.10) B = -AT±Tv.

The first two boundary conditions (2.5) can be represented in the form

It is clear that these conditions can be reduced to a single condition:
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Expressing the function <Z> by the Eq. (2.3) and the function <p by the
Eq. (2.8), we obtain

Since Z(0) = A, Z"(0) = — (2B — A) <52, we obtain from the Eqs.
(2.13) and (2.10)

o

A
I

Since

.,2

/

yexp(—kty2) . ,. , n , , , , , u

— £ + 7 sm y; dy ™ 4 e x p {kt 8) A

o

X I exp (— SO erf c (d )/kt — - ^--'j — exp {80 erfc («]/kt + - ^_i\
\ 2]/Jet/ \ 2j/kt,

we have

n 4-,,wi—<).,,\r,AiT r r i / 1
•<5z xJ J (5a\ 1 —1—2r

6 6

X exp (•— (5 (z + 0) erfc (a ]/k t 7=4 —
I. \ 2]/fct/

— exp (— 6 (z — f)) erfc Id ] /kl H 7=11 cos ax cos By dadp.
\ 2ykt J

The knowledge of the function <p enables us to determine the stress
components (07/) from the Eqs. (2.7).

Since neither the function <p nor its third derivatives can be expressed
in a closed form, the determination of the stress components (ay) can
only be achieved by tedious numerical methods.

Consider an instantaneous action of a heat source at the point A (0, 0, £)
in the case, where u = 0, v = 0, w — 0 in the plane z — 0.

Proceeding as in the previous case, we verify easily, assuming 0'
according to the Eq. (2.2), that in the plane z = 0

(2.17)
, i

" dx = 0, « = ^
z-0
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The displacements w are different from zero. The state (cry) should
be superposed over the state (oif), the components of which are expressed
by the Eqs. (2.4a), (2.4b).

The state under consideration concerns a semi-infinite elastic space
for T = 0 subjected to the displacement —w in the plane 2 = 0. For
this additional problem the boundary conditions are

Since the displacement components are related to the function q>
by the equations

u = E dxdz'
(2.19)

. _ _ 1 + v dq>
v~ E dydz'

w = E

our problem is reduced to the solution of the differential equation (2.6)
with the boundary conditions*)

The function <p is assumed here in the form (2.8).
The quantities A, B, are found from the boundary conditions (2.20),

the stress components (cry) from the Eqs. (2.4a), (2.4b).
The final form of the stresses is determined by the relation try=o ;y+ atj~
The case where the plane, z = 0 is free from shear stresses, and the

displacements w are equal to zero in that plane, is equally easy. In de-
termining the state of stress (cry) the following boundary conditions should
be assumed for the function y.

(2.21)

2G
dz

= 0,
z—0

0.
z=0

The function 0 is expressed here by the Eq. (2.2) and the function q>
by the Eq. (2.8).

If in all these cases the heat source is shifted from the point A (0, 0, C)
to the point A (£, v\, C); x — | , y — y\ must be substituted for x, y in all
the equations of this article. If, in addition, we assume that W = 1, the

*) In the Eqs. (2.19) and (2.20), E denotes Young's modulus.
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stress components (oij) will be the Green functions of our problem.
Using these functions, we can obtain by integrating, according to the
Eq. (1.15), the stress components (ay*), due to the action of heat sources
distributed over a finite region F of a semi- infinite elastic space.
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