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1. Fundamental relations and equations

Consider an isotropic and homogeneous elastic body, subjected to

permanent strain e°. . depending on the position x. This strain can arise

in metals in exceeding the yield limit or during changes occurring in a

heat working. A special case of distortion is the temperature strain

e?. = a,6 . . . Here a. denotes the coefficient of linear thermalĴ t IQ t
expansion and T - T\-T§ is the temperature increase, ^lC?) is *he

absolute temperature at point x and TQ = const is the absolute tempera-

ture of the natural state.

We assume that the strain c°. . is of the same order as the elastic

strain. The introduction of the initial strain e^ . into the body
I'd

produces a state of elastic strain e'. . and the state of the stress a . ..
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The total strain e.. consists of two parts, the initial strain e°.. and

the elastic strain e'...

The elastic strain e'.. is a linear function of the stress

Substituting (1.2) into (1.1) and solving the latter equations for the

stresses, we obtain

where u,X are the Lame constants, and

2v* 2u(3X+2y)'

The total strain e . . can be expressed in terms of the displacement

vector u as follows:-

If the stress a., given by (1.3) is introduced into the equilibrium

equations

a,. . = o, (i.5)

and the relations (l.t) are taken into account, then the system of three

equations in the displacements reduces to

uV2u + (X+y)grad divu + X = 0. (1.6)

We have introduced here fictitious body forces

h - -°kj> ( 1-7>
where

a0.. = 2yEQ. + A 6 . . e i \ . ( 1 . 8 )
Ji %3 %Q kk

Equations (1.6) should be completed by boundary conditions which

may be given in terms of the displacement or of surface
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forces on the surface A bounding the body.

Solving the differential equations (1.6) we obtain the displace-

ments u. Equation (1.4) serve then for the determination of the strain

e.. and (1.3) makes it possible to calculate the stress a...

Equations (1.6) are particularly simple if we are considering

thermal distortions, namely e.. = a,6 . -T. They then take the form

ViV2u + (X+u)grad divu = ygradT, y = (3X+2u)a . (1.6')

The second method for determining the state of stress due to the

action of distortions is the following:-

the components of the strain tensor satisfy the compatibility

conditions

In view of relations (1.1) we have [lOlJ

c I - _(c° j.r0 _ c0 _P0 \ I "I a!1)
zikjl " Uijtkl kl,ij Jltik

 zik,olU

The right side of the equation (1.9') is known and constitutes the

distortion terms. Writing the elastic strain e'. . in terms of stress

a., by means of relations (1.2) we obtain the compatability equations in

terms of the stresses. Making use of the equations of equilibrium

(1.5) we arrive at the Beltrami-Michell equations

-±-r< , .. = -u(r. ,+r.. + -r^-fi-.r,,), (1.10)
(k.vo ij Jt. 1-v «̂7 kk

In the particular case of thermal distortion e£ . = a^S. .T, we have
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Consider now the differential equations in displacements (1.6).

Applying the divergence operator to equation (1.6) we have

V2divu = - T^r-divX. (1.12)
A x Ax J

Next we apply the operator V2 to equation (1.6) and make use of

the relation (1.12) to arrive at the following equation containing only

the displacement vector

- JiiHgrad divX). (1.13)

Equations (1.13) are very useful in determining the function u due

to the action of distortions in an infinite elastic space.

We now consider two particular examples.

1. First, we consider the distortion e9. = S..e°(x). From (1.7) we

have

X. = -(2u+3A)e0.. / (1.14)

Observe that in this case equation (1.13) is reduced to the equation

Introducing the potential ij>, we-transform equation (1.15) to the form

V2* = me°(x), u. = <j> .. (1.16)

The solution of the latter equation is

V

In the particular case of a "centre of dilatation" e°(x) = 6(x) we

obtain

u. =
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2. We now consider plane strain. Assume that all sources and unknown

functions depend on the variable X\,#2.

In this particular case we obtain only one equation from (1.91):

3 M l + 31E22 " 28l32e!2 =A <*•">

where

Replacing the strains eI . by the stresses a., and making use of the

relations (1.2) we obtain the equation

The compatability equation (1.20) should be completed by the equilibrium

equations

8lall+32CT21 = °t 8l°12+82022 - °« (1.21)

If we express the stress by the Airy function

then the equilibrium equations are identically satisfied and the equation

(1.21) is reduced to the simple differential equation

a w . (1.23)

2. Basic relations and equations of thermoelasticity

A change in temperature of a body results in a state of stress

and strain in it. The temperature T represents the increment of the

temperature from the initial stress-free state when T = 0. We assume

that the change of temperature is small and therefore has no influence

on the mechanical and thermal properties of the body.
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In the linear theory of elasticity the strain tensor e. . is

connected with the displacement vector by the relations

The components of the strain tensor cannot be arbitrary; they

should satisfy the following six relations - the so-called compatability

conditions [lOlJ -

*<j*i"n,<f*n&m*ik1ii'- °» *•*•*•*= 1'2*3- (2-2)

In the classical linear theory of elasticity the components of the

strain tensor are functions of the components of the stress tensor and

of the components of the strain tensor due to the temperature field

e.. = e<J. + el.. (2.3)
tj t-j 13

Here e °.. denotes the deformation of an elementary parallelpiped due to

the increment of temperature from zero to T under the assumption that

the sides of the parallelpiped are free of tractions

ch = atW' iJ = 1'2*3* (2>l°
The relation (2,4) represents a property of an isotropic body, in

which a change of temperature results in no change of the shear angles,

the only result being a change of volume of the elementary parallelpiped.

In the relation (2.4) a, denotes the coefficient of linear thermal
v

expansion.

The strain tensor e'. . is expressed in terms of the stresses by the

relations

%-- a»'0«f • ̂ V a * (2-5)
where

1 ... \2u' =

Here n, A denotes the Lame" material constants.

Introducing (2.5) into (2.3) and solving the system of relations
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for the stresses, we have

°iO = 2 y e i i t a e ^ r ) ^ ' Y = (3At2v) V (2.6)

If in the equations of motion

we express the stresses in terms of the strains and the latter by the

displacements (making use of the relations (2.6) and (2.1))we obtain a

system of three equations in which the unknown functions are the compon-

ents of the displacement vector and temperature [lOll

or

uV2u t (\+y)grad divu t X = pii + ygradT, (2 .8 )

m . . . + (X+W)M. . . + X. = pii. t yT . .
T- ,33 3 »i/> * * i*

From thermodynamical considerations we obtain the generalized equation of

heat conduction | 6 |

V2!7 - i T - ndivu = - p (2.9)

Here fc denotes the coefficient of heat conduction, 1/ denotes the quantity

of heat generated in unit volume and unit time; K = /a , where a is
T y E C

the specific heat, and n = 0 . The equations (2.8) and (2.9) are coupled.
k

It is evident that the coupling of the temperature and strain field is

due to the term ndivu.

The influence of the coupling of strain and temperature is

appreciable only in the dynamic problem.

Consequently as a first approximation in the case of quasi-static

and dynamic problems we need only consider the solution of the uncoupled

problem.

In subsequent considerations we shall neglect the influence of the

body forces, attention being devoted mainly to the stresses due to the
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temperature field. We shall consider the system of equations

= pu. + yT ., (2.10)

• A * . - ' (2.11)

with the boundary conditions

a.m. - 0, xeA, t > 0 (2.12)

for a body free from tractions on its boundary surface A and

u. - U.U.t), (2.13)

for a body with kinematic boundary conditions on the whole surface A.

We now have to take into consideration the initial conditions

u^Oc.O) = /^(x), "^(x.0) = £r.(x), xeK, t = 0. (2,14)

The temperature field is completely determined by equation (2.11)

and the appropriate conditions, i.e. the boundary condition for t > 0

and the initial condition (for t = 0).

The boundary condition

321
•5— + of = e, x e i 4 , t > 0 , a, 0 are constants, (2.15)
art m

represents free heat exchange on the surface A. If the body is

thermally insulated, then r— = 0 on A, If the temperature 2" is given on

A, we have T = h(x,t)t xeA, t > 0.

The initial condition determines the distribution of temperature

at the instant t = 0; this temperature in general is given as a function

of position

r(x,0) = s(x), xeV, t = 0. (2.16)

We shall represent the solution of the system of equations (2.10)

for the static and quasi-static state
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in the form of the sum of two solutions - the particular solution of the

non-homogeneous system and the general solution of the homogeneous

system. The particular solution of system (2.17) can be simply derived

by means of the method represented by J.N. Goodier [38] who introduced

the so-called thermoelastic displacement potential $ according to the

relation

M. = * ,. (2.18)

Introducing (2.18) into (2.17) and integrating the above equations with

respect to x., we arrive at the Poisson equation

<b kk = mT, m - Y/X+2H. (2.19)

The solution of equation (2.19) yields the function *, and the strain

and stresses can be calculated by means of the following relations

*a '- \ij' aa - 2v{\ifho\kk^ ( 2 > 2 0 )

For an unbounded body the functions u. = 0 . represent the final

solution of the system of equations (2.17).

For a bounded body the function * satisfies only a part of the

boundary conditions. Therefore the incomplete solution u • = $ . must

be completed by a solution u . of the system of homogeneous equations

UU. -. + (X+y)M. -• = 0. (2.21)

The functions u. must so be chosen that the final solution u. - u • + u .

satisfies all the boundary conditions of the problem.

The system of equations (2.21) can, for instance, be solved by

means of the Galerkin functions. Introducing the Galerkin vector <Kx),

we assume the representation of u in the form [3&J

u = ±±2}!.(V24, - -r^-grad div*). (2.22)
y - A+2y

Substituting from (2.22) into the system of equations (2.21) we obtain a

system of three biharmonic equations
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V2V2<j> = 0. (2.23)

In numerous problems of thermoelasticity, particularly in the case

of stress boundary conditions, it is more convenient to use the stress

equations of equilibriur, , representing a generalization of the equation

of E. Beltrami and I.H. Michell to the case of thermal stresses.

Introducing the strain tensor e.. given by formulae (2.3) and (2.5)

into the compatibility equations (2.2) and making use of the equilibrium

equations, we obtain the system of six equations [lOlJ

a E
~ (7 .. + —^. J,,) = 0, (2.25)
1+v ,%Q 1-v %3 .kk

i,0 = 1,2,3

where

Contraction of the above equations yields

(2.26)

In the particular case of a stationary temperature field with no

heat sources acting inside the body, equations (2.25) are significantly

simplified. Since in this case T ,. = 0, then according to the relation

(2.26) we have a., . . = 0. Hence

ife^fc + atET)Hj= °' (2-27)

Any non-stationary problem of thermoelasticity is basically a

problem of dynamic elasticity. Only if the.changes in temperature are

slow can the problem be regarded as quasi-static. If however there

exist sudden changes of temperature (for instance a sudden heating or

cooling of the surface of the body) the inertia terms cannot be
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neglected. We then have to investigate the equations of motion (2.10).

We rewrite the system of equations (2.10) in the vector form

yV2u t (A+u)grad divu - pu = ygvadT. (2.28)

The displacement u may be represented by

u = grad<|> + cur IT; divf = 0. ( 2.29 )

Substituting from (2.29) into (2.28), we conclude that the system of

equations (2.28) is satisfied if
2 2

• it = me, O2<p = 0 (2.30)

where

a

Here Q\ denotes the velocity of propagation of an irrotational wave

resulting only in a change of volume. The velocity a\ is associated

with equation (2.30)i which determines the potential (irrotational)

displacement field. The quantity 02 is the velocity of propagation of

rotational motion in which elements of the body suffer equivoluminal

changes. A temperature field in a bounded body results in both types

of waves.

Eliminating the temperature, from the heat conduction equation and

equation (2.30)i, we arrive at the system of wave equations

n?a3+ = - X ' D 2 ! = 0, (2.31)

where

•? = V2 - ±3 ..
d K t

If the function <(> is known the displacements and stresses in the

infinite space can easily be found. From the strain-stress law (2.6)

and from the equation (2.30) we obtain
., - 6..4 ,,,.) + p6..+ . (2.32)
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If the body is bounded, we have to solve the system of equations

(2.30) with the appropriate boundary and initial conditions. But the

incomplete solution u. = <f>,. + t... * . must be completed by the solution
_ % % I'd K K | J

u . of the system of homogeneous equations

+ (A+y)grad divu" - pu" = 0. (2.33)

The solution u . can be represented by means of the M. Iacovache

vector <f> [it 8]

u = ZZ2i< cjjj - - ^ jg rad divj) . (2.34)

The function (j> satisfies the equation

D ! D 2* = °- (2.35)

In some cases it is simpler to determine the stresses from the

stress equation of motion. The equations given below were derived by

J. Ignaczak jjt9J and they constitute an extension of the equations of

E. Beltrami and J.H. Michell to dynamic problems of thermoelasticity.

We obtain the system of equations

,1

:" V = 0.
2

Applying the operator Dj to equation (2.36) we obtain the interesting

result

We now consider the coupled equations of thermoelasticity (2.8)

and (2.9).

Assuming that

u = gradiji + curlV, divf = 0

(2.37)
X = p(grad + curl^), divx = 0
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we obtain the following system of wave-equations

Oi* = ml -ir#>,
1 (2.38)

nfr - rvH -- - g,

and

(2.39)

2

The first two equations are coupled.

Now we assume that the initial conditions are homogeneous.

We now confine ourselves to the case of an infinite space. If

the body forces are absent ( $"=,0, x = 0) and the state of stress is

produced by the action of heat sources, there arise only longitudinal

waves, for ^ = 0. The function <|> is to be determined from the wave

equation [l27]

2 2 c mW
{U1 P 3 - i«tv2),(, = - ™L, e = nm<, (2.HO)

and the temperature is determined from equation (2.38)«. The displace-

ments are given by the formula u . - § . and the stresses by the relation

Suppose that in the infinite space there are no heat sources

{W = 0) and that the body forces can be derived from a potential

In this case also, only the longitudinal wave occurs since ip = 0.

The function § is obtained from the equation

1

and the temperature from the equation (2 .38)2. The displacements u^

are given by formulae u . = <(>. and the s t r e s s e s by the r e l a t i o n s
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lid ' •JJS#nAefc*"T"t''0# = w^Hfid\kk'T]Jvid^" #)* (2*U3)

Finally if the body forces are of rotational nature ( •&• - 0,

X = pcurl^) only transverse waves are present in the body (<)> = 0) which

result in no temperature field ( 7 = 0 ) .

3. Thermal inclusions. Nucleus of thermoelastic strain

Discontinuous temperature fields are frequently encountered in

engineering practice. The simplest example is the case in which a

part of the body is heated to a constant temperature T , the remaining
(e)

part having a temperature T j this case occurs when we are dealing

with a thermal inclusion.

We know that in an infinite space the displacement equations of

thermoelasticity have solution u. - J •, where

V2I = mT, m = —Xj-, (3.1)

and which can therefore be represented by the Poisson integral

y

The solution (3.2) is valid for a continuous temperature field,

assuming the existence of the first derivatives of the function T, which

appear in the right-hand side of the displacement equation of thermo-

elasticity.

It is proved in the potential theory that if it is assumed that

the function T(?) is integrable and bounded, then the integral in formula

(3.2) is also a solution of equation (3.1). Such being the case the

function <J> has the following properties.
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Fig. 3.1

a) The first derivatives T-"— of <|> are continuous also in regions
i

where T has discontinuities.

b) The second derivatives of the function $ are continuous in the

whole region, except the derivative $ which on the discontinuity
«YY

surface S has the discontinuity (Fig. 3.1).

IYY • YY
(3.3)

According to the relation u. = $ ., the first property implies

that the components of the displacement vector are continuous. It

follows further from the second property that the tangential-stresses

a , a „ are continuous. Similarly the stress a is a continuous
Y« Y3 YY
function. In fact, from formula (2.20) we obtain

U) (e) .
a - a

YY YY tYY ,YY
Taking in to account the r e l a t i o n (3.3) and bearing in mind t h a t

' " : ) - T ( e ) ) (3.4)

we find that on passing through the surface S we have a = a

On the other hand the stresses a , a suffer a discontinuity on
act' 'BP



186 W. Nowacki

(i) (e)
passing through S, the value of which is -2vim(T -T ).

In fact, we have from equation (2.20)

a^-c^ = 2yU(^-*(e)-V2(*(i)-*(e))]. O.5)

aa aa u ,aa ,aa T J

In view of the continuity of the function $ (<fr aa = * a a) expression

(3.5) is reduced to

"aa^a* = -a^O1*0-^). (3.6)

by virtue of (3.4). In an analogous way we obtain

:)-T(e)). (3.7)

Let us return to the solution (3.2) of equation (3.1) for an

infinite space. The Pbisson integral can be represented in the form

• (x) = Jr(C)<f.A(x,C)d7(x). (3.8)
J - ~ -
V

The function

**(M) = -Srfejr C3-9)
is the Green's function of equation (3.1) in an infinite body.

It satisfies the differential equation

V2<|>* = m6(x-C). (3.10)

A
By means of the function <|> we can express the displacements and
stresses in an integral form; we have

U^x) = \TU)~^> (x,g)d7(5) (3.11)

v i

and

f_ ft
(3.12)
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where

ft it

and stresses respectively.

ft A
The functions u^, a., are the Green's functions for the displacements

In many cases it is more convenient to make use of the direct

solution of the equation for the thermoelastic displacement potential

(3.1).

We now consider a thermal inclusion having the form of a semi-

infinite cylinder. This problem was dealt with by N.O. Myklestad |72 | ;

we shall however use a different method - the integral transform method.

The temperature field can be expressed in terms of the Heaviside

function as follows

T = Hia-r)H(z), ,v = {x\+x\fi% z = scr (3.13)

This means that inside the region of the semi-infinite circular

cylinder of radius a the temperature is T = 1, and outside this region

the temperature is zero. We now represent the field (3.13) as the sum

of two fields - the first anti-symmetric, the second - symmetric with

respect to the plane z - 0. Hence

where

]
Consider first the action of the anti-symmetric temperature field T

is

which can be represented by the integral
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(3.14)

The thermoelastic displacement potential <j> is determined by solving

the equation (3.1) by means of the Hankel and Fourier sine transforms

---II
0 «

2+Y2

or

^J0(.ar)da, z > 0. (3.15")

0

The stresses a. . corresponding to the temperature field are given by

the formulae (2.20) , but in cylindrical coordinates

(3.16)

SB

z{)} = Vma\ (e"
aa-lK1(aa)Jo(op)da,

22 J

°rz ~ ymal'I
o

The above formulae hold for z > 0. For z < 0, g has to be replaced by

-z and the signs changed. Let us observe that the temperature field

T * yields the temperature T = J inside the infinite circular cylinder
( 2)of radius a and 7 = 0 outside this region. We obtain here a plane

state of strain in which the displacements, strains and stresses are
( 2)

independent of the variable z. The stresses o. . are determined from
W
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the formulae for the stresses a., for z > 0, letting z •*• °° in (3.16),

Taking into account that

n

J0(ar)Jl(aa)da = —

we obtain

(3.17)

(z)
= - \imH(a-r), a^/ = 0.

(2)
The stresses a . . are constant inside the cylinder and for r > a rapidly

%^ (2) (2 )
tend to zero. The stresses a44 , o suffer a discontinuity on the
surface v = at and the stress a,, changes sign on passing through it.

(Cf. Fig. 3.2)).

Adding the stresses c.. and o.. we obtain the final stresses due to

the action of the temperature field (3.13). The Hankel integrals appear-

ing in the relations for the stresses can be represented by means of

elliptic integrals and Legendre functions.

To this end we observe that P32"]

0

00

e~azJl(aa)Ji(<xp)d<x = (n2or)"^^(z ' ^ + a ) , (3.1J
0

I3(a,r,z) -
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"-2arr/EToat

where

1.0

-1.0

foa t

2.0 3.0
i

4.0
i

m •

r/a

The functions

Fig. 3.2

,a,z), Iz(a,r,z) = ), T3(a,r,3)

-) are Legendre functions

of the second kind, F(k,Q) and E(k,Q) denote the incomplete elliptic

integrals of the first and second kind, respectively, with modulus

k - [(a-r)2 +J52]5 [(a+r)2+s.2]"5 and argument 6 = sin"\z[(a-
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where 0 < 6 < ir. Finally K1 and E' denote the complete elliptic

integrals of the first and second kind, respectively, referred to the

complementary modulus k' = (1-fc)5. Adding the stresses or.1, and a .. ,

making use of formulae (3,18) and of the relation

I e~aZoTlJi(.aa)Ji(<xr)da. = ̂ [al3(.rtalz)^rl3(a,riz)-zl2(.a,v,z)] (3.19)

0

we obtain

= -pma{l3(a,r,a)- —

t J[fl(a-r) - 2jff(r-o)]}, (3.20)

a = \ima[l3(.a,rtz)' ̂ fl(a-r)]

a - \imaI2(atr,s).

For z < 0 we have

\ s ) - ^[aI3(r,a,z)+ rI3(a,r,a)+ aJ2(a,r,a)]

o = -^f [aI3(.rta,z)+ rI3Utrtz)*
(3.21)

a = -ymaJ3(a,r,3),
22

°»
The above formulae take a particularly simple form for r = 0.

Thus for z > 0, we have
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0 1.0 2 .0 3.0 4 . 0 5 .0 z / a

1.5
1 . 0 -

-o.

1.0

_ 0 5 2 .0 3.0 4.0 5.0 z / a

Fig. 3.3

2

= 0;

= 0.

(3.22)

(3.23)

The discontinuity in the stresses a and c.. at the point z = 0 on

the z-axis has the value -2\im. Fig. (3.3) shows the graphs of the

stresses a
rr* f, for r = 0.
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4. Heat sources in an elastic space

In numerous cases of practical interest we encounter heat sources

acting inside the elastic body. These sources may be point, line,

surface and volume sources in an infinite elastic space. The Green's

functions for a concentrated source can then be employed to construct

more general solutions concerning sources distributed in a continuous

or discontinuous manner in the space.

If we locate a heat source at the origin of the coordinate system,

we have to solve the equations

K K

or the equation

V2V2.J, = _ 2$t Q(X) = QO6(X). (4.2)

The solution of (4.2) has the form

• R + const. R = (a^+a;2.-^ )S. (4.3)

If we now situate a concentrated heat source of unit intensity

Qo = 1 at the point 5, we have the following relations for the component

of the stress tensor

or

ft

H
where

[(».-? .)(«.-5,)?, A = ^

The functions (4.4) should be regarded as the Green's functions

for the stresses in an infinite body. If the sources are distributed
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in a volume F,

. a..(x) = f <?<Oa%(5,x)dF(C). <t.5)
V

In many cases it is more expedient to determine the stresses by a

direct integration of the differential equation (*t.2).

Let us examine the action of heat sources distributed uniformly

inside a circle of radius a. In this particular case we have

KQ0H(.a-r)S(a), (H.6)

where ff(n) is the Heaviside function. This is an axisymmetric problem.

We apply the Fourier cosine and Hankel transforms to the equation

and obtain as a result

^ 3 > 0. CM-.7)

0

This integral is divergent in the entire space. We can however

separate the divergent and convergent parts, the divergent part having

no influence on the gradient of the function.

The temperature field is represented by the formula

00

-as= fgS- J J-
Having found the function <f> we readily determine the components of

the stress tensor for z > 0:

- 2<70(ar)]da, (1(>g)
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00

a = -B\ a~ Ji(aa)Jo(ar)e~aZ(l+az)d.a,

0

The integrals occurring in the above expressions

v = 0.1, (4.10)

0

can be represented in terms of the functions I\, I2, I3 of section 1.3,

or by means of a series of hypergeometric functions [32J.

Any non-stationary state of stress constitutes a dynamic problem.

However, if the variation of the temperature field with time is small

the acceleration may be neglected and the problem regarded as quasistatic.

Consider the system of equations

(V2 _ I 3 )T = _ fi (V2 _ 1 3 2 H s mTf ( U g l l )

for the dynamic problem. Let us perform the Laplace transform on

equation (H.ll), assuming that the initial state is the natural state:

thus

(V2 _ E)r = _ I f (V2 _ £_)•$ = mT, (4.12)

where

0

Eliminating the function ~T, we find that "* should satisfy the equation

• ( * 2 - K
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We now apply to equation (4.12') the exponential Fourier transform

in accordance with the relations

= (2TT)"3/2J jJ(x,p)exp(ix.§)d*r(x)l

:,p) = (2TT)" 3 / 2| ?(§,p)exp(-£x.§)dA'(§), (4.13)

dW = dc dr dr .
Si ?2 ̂ 3

The solution of equation (4.12*) is given by the integral

5(§,p)axp(-t|x)dl/(|)m -3/9 f e(§,p)exp(-T5x)dV(p
*(x,p) = - ̂ 2 T T ) d/2 : — — , (4.14')

' (5.?+p/K)(5.C+p2a2;

or

C-t:5x)dV(5)

pO2-p/K

2,)- 3 / 2
 {1 [ ^

Ui (4.14")

e(e.p)exP(-ic.x)di/(e)

The solution of the heat-conduction equation (4.12) has the form

2>(x,p) = f(2T)"3/2f 1 1-1- (4.15)

The first integral on the right-hand side of equation (4.14") is equal

to T. The second integral may be regarded as the solution
p2a2-p/K

of the differential equation

(V2-p2a2)F = - I , f(x,O) = JPU.O) = 0, (4.16)

the structure of which is analogous to that of equation (4.12) . Thus
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the solution of equation (4.16) can be represented in the form | io |

?(x,p) = -2 (T-F). (4.17)
P*o2-p/K

It should be observed that for the determination of the function ?"

it is sufficient to know the transform of the function T. The function

F is deduced by replacing in the transform T the quantity p/< by p2cr2.

Putting a = 0 in equation (4.17) we obtain the function <|> for the quasi-

static case.

Suppose that an instantaneous concentrated heat source is acting

at the origin.

We have to solve the equation

(V2 - h,)T=- h(x)Ht). (4.18)

Performing the Laplace transform on equation (4.18) and. assuming

that T(x,O) = 0, we obtain

(V2 - L)T = - h(x). (4.19)
K K ~

The solution of this equation is represented by means of the

Fourier-Hankel transform (in the cylindrical coordinate system (r,

T = i f f ^ 0 ( a y ) c o s^d«dC (4.20)

= —f
UiricJ

/a2+p/K

Representing the function <)> by the Fourier-Hankel integral
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<j> = C(a,c,pV0(ar)cosC2dadc, (4.21)

Vo

and inserting the last result together with (4.20) into equation

8r2 r 3 r 8 z2

( J l + i _ l + -if. - o2p2)T = mT (4.22)

we find that

C(o,C,p) = — • (4.23)

Substituting (f.23) into (4.21) we obtain after integration

f = 2 , (exp<-/fe>o)-exp<-J?»£>) . (4.24)
41rKa

2p(p-1/a2K)i?L I

The latter result can also be derived by making use of formulae

(4.17). The function F is obtained by replacing in the expression for

T (4.20) the quantity *^ by pa.

Inverting the Laplace transform in (4.24) we have ̂74j

where

E2(R,t)H(t-Rol\,

- ^ - /t>)

2/T /
Jel|e"erfc(

2/T I 2/T

= exp(T-c) - 1,

= £-. T = *
ica

The knowledge of the functions <J> makes it possible for us to calculate

the components of the stress tensor a., through the equations
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°RR R dR + p* '

aM = a e e = - 2v(WW+'

Introducing the notations

°RR
(H.27)

°"H(t-aR),

and
t

' • C O '
P = « / K 0 , T = * / K O 2 , n = P /Hyo 2 ,

we a r r i v e a t t h e f o l l o w i n g f o r m u l a e f o r t h e f u n c t i o n s a n_. , u , , , a _ . .

/erfo(-£-) + ieT[(l-i;
I 2/T *>

-L. - A)] -

ji = It
™ K3O3?3 I 2/T ^ 2/T

xp(- 5_)
2/T 2/TT-3

- l«T[f>) - iel|[i-?+C2(l-2n)>Wc(-£- + /T)
2/T L 2/T

[l+i;+?2(l-2n)Je"Cerfc(-^- - / T ) |
2/T

 J

A T 3
exp(- —)\, (4.28)

K3a3^3
[l+?t?2(l-2n)]exp(T-C)-]

The potential f is a continuous function, while the displacement

M_ = T I suffers a discontinuity of amount - —-= at the instant t = Ro.Mj = Tt suffers a discontinuity of amount - —-=
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At t = Ra the stresses a ^ and a., suffer the discontinuities
Kti tyy

HEKlzni. and 3*2* ^/.yPJ.g, respectively. It is evident that in contrast

Kj ~ erfc(-a-) - exp(t), £2 - exp(t) - 1 (4.29)

2/r

+ « - |erf(£—) = - JLerffJL). (4.30)
/ ^ ictTC 2 / T

to plane heat sources the jumps in the stresses decrease as £ increases.

We also observe that for t »Ro the stresses rapidly approach their

quasistatic values. In fact, for t »Bo we have

hence

We now consider the plane problem of the action of a continuous

line heat source in an infinite space. The starting point of our

considerations are the equations:

Sr2 i>9i- K 3t 2irr 3r2 r 8r o2 3t2

In this case it is convenient to apply to equations (4.31)

successively the Laplace and Hankel transforms. Thus we obtain

(4.32)
a2+p/K 2in<:p

and

21TKP-' (a2+p/K)(a
2+p2a2)

(4.33)

1 / K

The Laplace transform of the displacement and the temperature have

the form — mo\

r(np) - ZL = fail*-)- —Kx{rA)]. (4.34)
r 3l- 2TTKp(p-C2/K)^ Oi /pK y' ) •
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Taking into account that

1 Pz

we obtain

0

where Ei(-z) is the integral

Ei(-z) --

We confine ourselves to the determination of the displacement u

all values of time t; we may therefore replace u in equation

for large value of the parameter p by the asymptotic expression

_ ma i (, rp ax \
u (r,p) RH A(r*f) • (4.36)

2T\K\PZ O\ /<p 5 J

Inverting the Laplace transform we obtain [87]

u(r,t) = S-[u1(r,t)+ £/2(r,t)fl(t-p/a1)] (4.37)u
r 2TTK

where the functions U\(vtt) and ̂ (r.t) are given by the formulae

°lrtf net -r2 ^ 2 -v2tfjCr,*) = - L _ (l + l!iE)exp(_i_) + (2 + -£_)B^(J

8K V r2

. (4.38)

t/2(
r»*) = " 2 -^-{/c2t-r2+r[logr-log(c1t+/c2t

2-rz_|}

The first term of equation (4.37) corresponds to diffusion i.e. an

instantaneous displacement in the disc, while the second represnts an

elastic cylindrical wave moving with the velocity 0\.

In the case of a plane source of heat situated on the plane a^ = 0 ,

the dynamic thermoelastic problem is described by the system of equations

[20]
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O 2 - k.)T - - h(x,)&(t), O2 - i-92 . )<(> = mT. (4.39)

Performing the Laplace transform on equations (4.39) and assuming that

y(rc] ,0) = 0, if(xiyO) - 0, <(> (a?i ,0) = 0 we obtain the system

(32 _ E)y = - itftej), 0 2 - a V H s «BTi <J2 = l /«^. <*.*0)

The solution of (4-.40) has the form

= i_J = _i exp(-«!•€.) (4.41)•j
TTK 0 C?-tp/K 2/p/lK

IC

1

and similarly, we have for the function <j>

o

" J (4li42)

o <efv/o(5l

(p-l/K(J2)l P

After inverting the transform

I ̂ -exp(-xi^) exp(-a;iap)l.

(4.43)

Let us now perform the inverse transform on the function p2^" to

obtain [77]

? s - -2L—• [fi(a;ltt)-F2(xi,t)^(t-a;io)], (4.44)
2KO 2

where

,t) = J eT[exp(-c)erfc(-S-- /r)-expU)erfc(-^ + / T ) )
V 2/T 2/T /

+ —exp(-
/T 2/T

= exp(j-cj, C = —L, T = .
tea KO2
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The stresses are calculated by means of the formulae

= -2u4>,n + p'i = -2vmT + -j<f, (4.45)

°12 = a13 = a23 = °-

It is evident that to determine the stresses it is sufficient to

know the functions T and <|>.

The function <f> and hence the stresses are represented by different

formulae for t < ajjcr and for t > Xio. Consider now in detail the stress

a u = pij). The function Fy(,Xi,t) is of a diffusive nature - the corres-

ponding part of the stress arises instantaneously in the entire elastic

space. The function F2(xx ,t)H(t-Xio) indicates that an elastic wave is

propagated. Let us take an arbitrary section X\ = constant in the space.

For the time interval t < X\a we have at the point x\ the stress

oU = - S ^ l <*!.*>• (4.H6)

At the instant t = X\a the front of the elastic wave begins to pass, and

the stress OJJ takes the value

o u = - -Zgy^te!,*) - F2(*l»*)]> * > *1<». (4.47)

The stress c ^ undergoes, at the instant t° - xja, a jump of

finite value

tu-) -
2KO 3

We notice that this jump of stress is independent of the distance

x\. After the elastic wave is passed, the stress in the section

Xi - constant decreases rapidly and tends to its quasi-static value,

i.e. as t + » the stress tends to zero.
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5. Heat sources in an infinite space. Coupled problem.

Suppose that in the infinite space the temperature field is due to

the action of non-stationary heat sources. We assume that the body-

forces vanish (X = 0) and that the temperature and all stress and dis-

placement components vanish as l^jta^+^lI ->• °° or t -*• °>. The displace-

ments, stresses and temperature may be found simply by solving the wave

equation (2.40)

±0 )<V2_ -i* ) - -̂ ,v2|<f = - 22, e = nmK. (5.1)
K V o2 V K t I K

The knowledge of its particular integral <j> enables us to calculate

the temperature from the formula

T = i(V2- A-3?)$ (5.2)
m fl2 *

and the displacements and stresses in accordance with the relations

ui = \v aij = 2 l i (*^-V.Wk ) + pV ' (5*3)

If we apply a four-dimensional Fourier transform to equation (5.1), we

obtain

where

and

Inverting the Fourier transform for the function (5.4) we have

+ (e,x) = - ~ *(x,t)exp[-t(x.5+tr)]da;ida;2dx3dt (5.5)
4TT2 J4TT

£•4
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( 5 . 6 )

If we are dealing with an instantaneous concentrated heat source

Q(x,t) = 6(x)6(t) then

U**
(5.7)

If the concentrated heat source varies harmonically with time

Q(x,t) = 6(x)etw*. then

(5.8)

= -i^(T+o)),
21T

since

Finally, if the heat source is moving in the direction a;3 with the

constant velocity V, then

14TT2 Si

— CO

0Q

x \\ Six

CO

= _L. f e^(T+53V)dt = -i-6(T+53u).
Uir2 ' 2TT

( 5 . 9 )
4irz J 2TT

— DO
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In the case of an axisymmetric distribution of temperature, the

field equation (5.1) should be solved in cylindrical coordinates. If

we apply the Hankel-Fourier transform to (5.1), we obtain

<(.(a,C,T) = - 2,

-.C.O- (.**«-§)(•««*-$-*?<-

where

Here

oo to

$(a,c,t) = 2 7 exp[i(?z+tt)]dzdt $(.r,z,t)rJ0(.ar)dr. (5.11)

-00 0

Inverting the transform (5.10), we have

00 0°

• (i-.a.t) = - — | exp[-i(c*+*T)]dcdT J jjfejjjj*j"J0(ay)da, (5.12)
0

and knowing the function <f» we calculate the displacements from the

formulae

In the case of an instantaneous source of heat Q(r,z,t) = 6(g)~ f

we obtain

00 C

§ ( O , C , T ) = ̂  IJ 6(z)6(t)exp[i(Ca+tT)JdadT| = (5.It)
— 00

1

If Q(.r,z,t) -- Ji£>«(«)«*•>*, then

576(1+01). (5.15)

If the concentrated heat source is now moving with a constant velocity in
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the direction z, then

We obtain for these cases

Q(a,C,t) = ~6(.x+ZV). (5.16)

For a concentrated source the intensity of which varies harmonically

with time the function <|> is obtained in the closed form

dadc, (5.17)

where

D(a,C) = (a2+C2) +(a2

and

fc2+fc2 = q(l+E)-a2, k2k2 = -qo2, e = m<,

q = U/K% a2 = w 2 / 0 2 .

Here k\,k2
 a r e roots of the equation

kh+k2 {a2-q(l+e)} - azq = 0, (5.18)

where

[-X2+tX(l+e)±A],
2 2<2 (5.19)

A = [x2(X2-(l+e)2)+2iX3(l-e)]i.

a2
Here X = w/w* is dimensionless and to* = 1/K is a quantity characteristic

of the thermoelastic medium, introduced by P. Chadwick and I.N. Sneddon

After carrying out the integration in (5.17) we obtain [76J
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(5.20)
M.irKff(fc2-fc2)

where

E = ( r 2 t 3 2 ) s , r = (s^tx? . ) 3 , fcj 2 = ax 2 + #>i ,2 ^1,2 * °-

From equation (5 .2 ) we obtain

T = e- <<*fc> ^"-(o^)*-**1)! (5.21)
4lfKi?(fc2-?:2)V' * 2

1 2
In the particular case of zero coupling (e = 0), we have

T = ——exp^uit-fl/q), $ - me

6. Discontinuous temperature field in a semi-space [77].

Suppose that the temperature is equal to unity in a semi-infinite

circular cylinder, and that it is zero outside this cylinder. Assume

also that the plane 3 = 0 bounding the elastic semi-space is free of

tractions. The stresses CJ .. due to the action of the discontinuous

temperature field can be represented as the sum of two parts, the first

is due to the action of the temperature field

T - R{a-v)[R(z)-H(-z)~] (6.1)

in the infinite space. The second state a., is so chosen in the elastic

serai-space that the boundary conditions on the plane 3 = 0 (vanishing of

traction) are satisfied. The stresses "a. . due to the action of
id

temperature field (6.1) were examined in the preceding section 1.3;

they are given by formulae (3.16) of 1.3 which should be multiplied by 2.

It is evident that for z - 0 we have "5 = 0 , and
zz
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( 6 . 2 )

The components of the stress tensor a.. are determined by means of

the Love function $» i.e. \j>]

axv
(6.3)

The function <(> satisfies the biharmonic equation

V2V2((i = 0 (6.4)

Representing (j> by the Hankel integral

OB

* = I (C+azD)e~aZJ0(,ar)dctt (6.5)
0

which vanishes at infinity, we have to determine the quantities C and D

from the boundary conditions

"a +o = 0 , "a = 0 , for z - 0. (6.6)
rz rz zz '
The second condition yields C = -(l-2v)0 and the first

D = ma(, l-2v) J3-. (6.7)

I n s e r t i n g D a n d C i n t o r e l a t i o n s ( 6 . 3 ) and ( 6 . 5 )

(arri
da,

a = ^ H _ Z)(a)e"aZa3 2W0(ar)-(2v-2+a2) da,
+* 1-2VJ Q V . or )
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= 3L

"rs = " 1=27 f D(a)a3e~aZJl(ar)a-az)da, (6.8)
0

we arrive at the components of the stress tensor a... Adding the stresses
_ m "
a . . and o.. we obtain the final state of stress

(aa)f(l-az)«Mar)+(2v-l+az/l(ar)jda -l ' at* it

c

-I,

o

0

Making use of the functions J i , J2 and J3 of the section 3 we reduce

relations (6.9) to the forms

.a)
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- zI2(a,r,2)- pT2(a,r,a)- ~\_

( g 1

i

Awhere QAtii) is the derivative of the function Qi(w) with respect to the

argument w. For z = 0

r2
(6.11)

Along the 3-axis the stresses are

0^(0,2) = ma[(l+2v)7(z)+z7'(3)-7(0)] ,

°<M>(0'3) = °rr ( 0' 2 )'
a (0,2) = 2uma[i-3K'(3)-"K"(0)l f

a (0,3) = 0, (6.12)

where
00

-as
K(3) = | e

0

For 3 -•- °°, we obtain a plane state of stress; its components are

independent of the variable z and o
r,(

J1»°°) = °« T h e stresses in this

case are the stresses a., represented by relations (3.17) of 3

multiplied by 2.
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7. Stresses in an elastic half-space due to a heat exposure on

the bounding plane [6t, 62, n o , 98, 76],

We consider an elastic half-space on the boundary of which the

temperature T{x\tX2,0) - fi^it^z) is prescribed, and assume that there

are no heat sources inside the half-space. It can be proved that if

the boundary is free of tractions then a plane state of stress parallel

to the boundary x$' = 0 exists in the semi-space.

We first solve an auxiliary problem. Consider the heat conduction

equation in cylindrical coordinates

= 0 (7.1)

with the boundary condition

'$-> *! = 0. (7.2)

The solution of (7.1) satisfying the required boundary condition is

given by the function

A e~aSJT\r,z) = i- J ae~aZJ0(ar)dcL = ̂ p - ,
0

where

E =

is the distance of a point of the elastic semi-space from the origin of

coordinates. Further, we have to solve the equation
, ft ft

V̂ (j) ( r , 2 ) = mT (7 ,4)

with the arbitrary boundary condition

is
= 0 for z - 0. (7.5)

ion we t

the equation (7.4) has the form

For this boundary condition we have a = 0 for 3 = 0. The solution of
33
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ft m , (• aoQ(ar)
<j> = — Csincsdad?

TT* J J ( a2 + c2)2
(7.6)

00

-az
e

0

ma

Knowing the function $ we can find the stresses a.. from the formulae

o = - 2p( + )<|) , p a - 2y( + )4> ,

- * _ 32 1 a ft - A 3 2 A * ( 7 . 7 )

3 3 3r2 r 3r r s 3r33

or

a v = -A j o,e aZh2-azWQ(ar) + aB-^—-Jda,

( 7 . 8 )

00

— * A f

aB = -Az aV0(ar)<2 a 3 d a ,

a * = A I a(l-ois)e~aZ<Motr)da, A - ^-.
0

On the boundary we have the expressions

_ ft _ ft
0 = 0 and a ^ 0 for 3 = 0 .
zz rz

= :';

The stresses a. . should be so chosen that all boundary conditions

on the plane z - 0 are satisfied

Vn'Jl a r % ar* = 0 for3 = 0. (7.9)
The state a., is determined by means of the formulae (6.3).
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The Love function <j>, has the form ( 6 . 5 ) .

The f i r s t equation (7 .9) y i e lds C = - ( l - 2 v ) # ; the second

l-2v
condi t ion D = — — A .

2uct2

We obta in

' '2-ctaVo(ar)+(2v-2+ct3)—j—•jda,

I ae l2v^0(ar)-(2v-2+ag> a y f(

a2e «^o(ar)da,

(7.10)
00

= A

a = -/ ae (l-as)e/'i(ar)dot.

0

. — * = *
Adding the stresses a., and a... we obtain

alr '- - 2^ \ «"a^l(^)da = - I----, B
0

ft Ea+ f \aH = " i f J ^"a2[^o(«r)-

It is of considerable importance to observe that a plane state of stress

occurs in this case.

Passing to a rectangular coordinate system, we make use of the

formulae
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i, a * =

2 2 * r vf*i (7.12)

and we move the Dirac function from the origin of coordinates to the

point (5i,S2»°)» we then obtain

f1 1 r2 « i?3

+(ai-«l) — -

12 1.2 (fl

a* = a* = a* = 0 .
13 23 33 '

where

The stresses given by formulae (7.13) correspond to the temperature field

2* satisfying the harmonic equation with the boundary condition

2*(ajt#2»0;£l»52»°) = 6(xi-5j)6(a;2-£2)' I f w e a r e given a distribution

of temperature r(xi,a2,0) = f(x\tXi) on the plane ij = 0 in a region r,

the temperature in the semi-space is represented by the formulae

The stresses a. . due to the temperature field T are derived by means of

the Green functions crt .

<?l.52)°$J-(a
;i»a!2ia:3;5i,52.o)d?l<ie2. (7.15)

r

We now proceed to examine the particular case of an axially
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symmetric problem. Suppose that on the boundary of the elastic half-

space the following thermal boundary conditions are given [77j:-

rO,0) = VQ - const, for 0 < r < a,

~ = 0 for a < r < » (7.16)
aZ

T°> = 0.

Observe that the function
CO

T(rtss) = I C(a)e~
a3J0(ar)da, z > 0, (7.17)

o

satisfies the heat conduction equation in the elastic half-space. The

quantity C(a) should be chosen such that the boundary conditions for

0 = 0 are satisfied

CO

I C(<x)J0(.ar)da = Vo for 0 < r < a

(7.18)

f
I CfoOa^ofazOda = o for a < r < «>.

0

Solving this system of dual integral equations, we obtain

sinaa
c(a) = ir ~^r> (7.i9)

The last result can also be derived by making use of the Hankel integrals

sinqgj~J-0(or)da = jlfl(a-r) + |ff(r-a) sin"
1^)! (7.20)

I sinaa^0(ar)da = H(a-r)(a2-r2)~K

0

In determining the stresses we can proceed from the differential equation
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for the thermoelastic displacement potential

r 3r 3s2

the solution on which can be written thus

s inaa«7o (ar)
—coscsdadc

0

(7.22)
V ° m f -3 -as

- - a (l+a2)e sitiaaJ0(ax')da, z > 0.

0

Next, we calculate the stresses from the formulae

arr

\z )
3r2

Observe that, in the plane z - 0, we have a = 0 . In order to

annul the stress 0 (r,0) a state of stress a. . expressed by means of
zz 1*3

the Love function should be added to the state of stress a. ..

The function <f> is taken in the form
OO

4 = I (C+azD)e~aZJ0(.<xr)dQt, (7.24)

0

the constants C and D being determined by the boundary conditions

^ = 0, "a + "a = 0 for z - 0. (7.25)
1*3 ' ZZ ZZ

Taking into account relations (6.3) we have

Vf/n .
C=2v0, D -- (1-2V)—£±[p. (7.26)

Having found the stresses a.. and completing them by a. . we obtain the

final state of stress
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0

- 2 - c

a e

"2 - o

"« = ' V ^ O sin"1

r

nsin 1 —• —idn,
J

o \/s2t(a+n)2+/22+(a-n)2/

(7.27)

We next examine the action of heat sources distributed in the

region r of the plane bounding the elastic semi-space. Suppose that r

is the circle of radius a and assume that the following boundary

conditions are prescribed on the plane 3 = 0.

:•££•) = WH(a-r), W = const. (7.28)
3=0

a = a = 0 for z -
TZ ZZ

The first condition (7.28) can he put in the form

00

(-2^) = Wa Ji(ata)tro(ctr)da. (7.29)

It is readily verified that the function

00

2'(̂ ,s) = H f ~-Ji(aa)Jl(,ar)da, z > 0, (7.30)
0

satisfies the heat conduction equation. Solving equation (7.21) we find

the function <j> which yields the stresses "a. ., and by means of the Love

function <j> we satisfy the boundary conditions in the plane 3 = 0. The
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final stresses a. . = a.. t a . . have the form
X-J VQ tj

V

Be

- a e ot3t)r
1(aa)/i(ar)doi,

(7.31)

a

0

0 = 0 = 0 , 01 = —rrt—.

the stres

elliptic integrals

For z - 0 the stresses a , a can be expressed by means of the complete

a (

(7.32)

+

where
TT/2

0

TT/2

X(w) :
J
0

For r = 0, we have

All the problems examined above were solved under the assumption that

the plane X3 = 0 was free from tractions, the plane state of stress
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occurring in the elastic semi-space being a result of this assumption.

It can easily be proved that the boundary conditions

"13 = cr23 = W3 = 0 or U\ = 1*2 - W3 = 0

in the plane 2:3 = 0 lead to a three-dimensional state of stress.

8. Heat sources in an elastic disk [75]

We now present a method for solving the problem of stresses due

to the action of heat sources in thin plates. To this end we consider

the pair of equations

= -?•
and eliminate the function T to obtain

vfvf* = -mA V2 = 32 + 32 (a,2)

We chose the boundary conditions for equation (8.2) in such a way

that the resulting solution is as simple as possible. The first

condition follows immediately; we should have V2<f> = 0 if we assume

that T = 0 on the boundary. For the second boundary condition we take

4> = 0. This assumption is very convenient for plates with rectilinear

boundaries. If on the boundary parallel to the ajj-axis we have

(J> = 0, V̂cf, = 0 it follows that 3 ^ = 32$ = 0 on this boundary. Hence

according to relations

~°io ~~ 2 " ( * l « r V . »
) ' (8-3)

we have an{x\,0) = 022(0:1,0) = 0 and a^^i ,0) ^ 0. The stress

QJ2(^1,0) may be annulled by introducing a correcting solution in which

the stresses a.. are obtained by superposition
to

The equation (8.2) is analogous to that for the deflection of a plate
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Fig. 8.1

[21, 115]

tfV^u = p. (8.5)

For simply supported rectilinear boundaries the boundary conditions

have the form w = 0, 7?W = 0.

Taking into account the analogy between equations (8.2) and (8.5)

and the boundary conditions, we may use for the determination of the

function $ the familiar solutions of plate theory.

Let us examine an example of a disc strip in which there acts a

concentrated heat source of intensivity QQ at the point (£j,0),

(cf. Fig. 8.1). The first stage of the analysis consists of finding

the solution of the equation

(8.6)

(8.7)

With the boundary conditions

= 0,

= 0,

= 0,

= 0.
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It is known that the deflection of a simply supported plate strip

loaded by a concentrated force P at the point (?',0) is the following

n-1 o M

We can obtain the result (8.8) applying to equation (8.5) finite

sine and cosine transforms. It follows from the analogy between (8.2)

and (8.8) and the corresponding boundary conditions that

= - — >sina.E.'sinoJT1 dC , K = , (8.9)

i.e.

x% Jsina^C 'sinâ a;' for xi > 0,

(8.10)

<J> /——(1-a ,a;?)sina 5'sina x' for xo < 0.
2 ^ *3 n nl nl

The stresses have the form

= - 2 ^ = - ̂ 2£-^i+a^2)sinanqsinV;, (8.11)

OO

a , - 2p = — ^ 2 / e w sina 5 coso ̂ c .
1 2 3a;13x a , n l n 1

l 2 n=l

These formulae are valid for #2 > 0. Since the summations

entering formulae (8.11) are slowly convergent it is more convenient to

express them in a closed form by means of the function
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cosh - cos—(x'-£,')

- ~ 2 - J ~ ^ (8.12)

cosh cos-^kx'+S')

Namely, we have

0 ^ , = Ky(-zJS+a:2|—.), F 2 2 = K]i(-#-xj~—),

Q (8.13)

It is easily seen that the stresses a , f and a vanish on the

boundary of the disc. In the vicinity of the heat source the normal

stresses tend to infinity logarithmically. The normal stresses are

symmetric and the stress a , is antisymmetric with respect to the

KJ-axis. On the axis x2 = 0, a , = 0 . As x -> <*> all the components

of stress vanish. On the boundaries x1 = 0 and a;' = a the stress a ,

does not vanish. To determine the state of stress a. . by means of the
1-3

Airy function i t is expedient to employ the stress not in the form

(8.13) but in the form following directly from the function 4> given by

(8.11)
, t __, a sinoiF'cosa^a;;

F , - M cainc2T^ \ \ d̂C
1 2 air ' . *-i

n-X
a* Q

Taking into account that

(8.15)

<-l)"«w
sinanel _ a3

(a2

n=l n

where
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a-£i)-Xsinhe?i

A2sinh2X
i

A2sinh2X

we obtain

r- i JJ&2 f

Cni(?ifC)sin?a;2d?»

(8.16)

t

The heat source acting at the point (Si ,0) is now replaced by the action

of a pair of heat sources of half intensity. We situate them first

symmetrically and then antisymmetrically with respect to the a?2~axis

(cf. Fig. 8.2).

For the symmetrically situated heat sources

vfo2 r°° (s)
= -g7~ ?P U,5i)sinca:2d? (8.17)

=# o

J8-a 1 2

where

Vi0
2cosh2y0

while for the antisynunetric arrangement

•» V>o = ??»

r-(a)i . »M2 r
r i 2 - 1 7 - 1 P a (?. (8.18)
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1*1

(b)

Fig. 8.2

where

p(a)(C,ei) =

* }To annul the stresses 0^2 occurring on the boundaries x\ - i^

the state of stress cr. . must be completed by a state a. . expressed by

means of the Airy function, which satisfies the equation

''> = 0 (8.19)



226 w> Nowacki

and the boundary conditions

F ( s ) = 0, -*1 ?2 + °^S) = ° f ° r Xl = a/2' (8.20)

(s)
Accordingly, we take the function F in the form

(8.21)

Having determined the constants A,B from the boundary conditions (8.20)

we have

CO

a l l = %f D(c,5i XyosinnPocosh^l'^lcosh^O00811^!

22

12

^f«c
(8.22)

where

sinh2po+2yo

For the sources situated antisymmetrically with respect to the a^-axis

the Airy function is taken in the form

CO

F a ~ I C (Csinhcarj+flcaiiCosh^aJiJcosCaradCf (8.23)
0

and we determine quantities C, D from the boundary conditions
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= 0. ~ ^ + ^ = ° f ° r Xl = a/2 ( 8 ' 2 ^

The stresses o/J' are

<^ = ̂ ?i? I G(e.?i)(yoc°shvosinh?a:i - (8.25)

. \iKa
12 2TT

where

sinh2yo-2uo

We observe that for the arrangement which is symmetric with respect

to the K2-axis (Cf. Fig. 8.2a) the distribution of the normal stresses

is symmetric with respect to the axes X\ and #2 *he tangential stresses

being antisymmetric. For the sources situated antisymmetrically with

respect to the a; -axis the converse statement is true. We note also

that the state of stress a . . vanishes for a heat source situated at
1-3

the origin of the coordinate system.

The functions describing the state of stress a. . are regular, and
• . *

the singularities due to the action of the concentrated heat source

appear in the formulae for a. . only.
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For a source situated at the point (Ci,0) the final state of

stress has the form

a . . = a . . +P.S? + &.V. (8.26)
13 13 •z-J *-J

The t empera tu re f i e l d i s t o be determined from equa t ion ( 8 . 2 ) :

(8.27)

where the function •&• is given by relation (8.12). The thermal boundary
t t

conditions are satisfied, namely T = 0 for x = 0 and x = a. In the
t

vicinity of the point (?,,0) the temperature has a logarithmic

singularity.

1

If the unit source be placed at the point ( ? , ? ) , then in all

formulae x^ should be replaced by X2~?2» an<^ w e s e t ^0 = !• Thus we

obtain the Green function for the stresses and the temperature for

sources distributed arbitrarily over the region of the plate.

9. Thermal stresses in infinite cylinders. Quasi-static problem.

The method of solution consists here in introducing the thermo-

elastic displacement potential and constructing the solution as a sum

of two parts, the first part being connected with the potential <j> and

the second representing the residual solution by means of the Airy

function F.

We determine the temperature from the equation

We then determine the particular solution of the equation
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V*$ = rnT. (9.2)

Next we determine the displacements u . and the stresses o . .

corresponding to the function $. In general the boundary conditions

are not satisfied; thus for a stress-free boundary a i- 0, a f 0.
YlYl YIS

Hence the state of stress a., has now to he completed by state "a • •

expressed by Airy function F, such that on the boundary
~a + a = 0 , a + a - 0. (9.3)
nn nn ' ne ns

The two following simple examples will illustrate the procedure.

Let a solid circular cylinder of radius a be situated in the

initial temperature field TQ and suppose that at the instant t = 0 its

surface is cooled to the temperature 1 = 0 [112].

We have to solve equation (9.1) with the boundary condition

T(a,t) = 0 (9.M-)

and the initial temperature

T(r,0) = TOi TO = const. (9.5)

Taking the Laplace transform of equation (9.1) we obtain the equation

(il_ + iJL)r - i<p2VT(r,0) = 0, (9.6)
8r2 r dr K

with homogeneous boundary conditions and the initial condition (9.5).

We have from (9.6):

( i L + I±--E)?(r,p) = -iiT0. (9.7)
di»2 r dr K K

Introducing the finite Hankel transform
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a
T(a p) = T{r,p)rJ0(a r)dr,

n, j n

(9.9)

0 (9.8)

We perform the integration by parts

a r — ~\a

I (£_ +i_!)rr(r,py0((y)dr = ^ o ( v
) ' V ? J o ( V ) S "

a

- an
2\ rf(r,

0

The expression in brackets vanishes for the upper limit, provided

e70(cc a) - 0; for r = 0 it vanishes also. The parameter a is taken to

satisfy the transcendental equation

J0(ana) = 0 , n = 1,2,..,,". (9.10)

Integrating the equation (9.7) in the interval <O,cz> we have

TQa J\{a a)
T(a ,p> = 2—, (9.11)

71 OKa a 2

Performing the inverse Hankel transformation we find that

«/t>(<y)
2 . (9,12)

Applying the inverse Laplace transformation, we arrive finally at the

result

T(r,t) = 2T0> exp(-a 2Kt). (9.13)

The p a r t i c u l a r solut ion of equation (9.2) can be represented by the
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series

«T0(o *>)
exp(-an

2Kt). (9.14)
t-ia 3a^i(a a)
n=l n l n

We have used the result

a

- = -a 2 d> (a p ) ,
dr-2 r dr n »

Hence, we calculate

a n
>

a = -2yV2<f> = -2pmT. (9.15)
ZZ 1

It is readily observed that the stress a (a,t) does not vanish on the

surface r = a at the cylinder. To eliminate this stress we add to the

state o.. a state o. . in accordance with the relation

exp(-a 2 K £ )
—. , (9.16)

a = v(a t o.,).

Finally we have [ll2]

n=l (tS

a

exp(-a 2 K £ )

a i» a a
M n (9.17)



232 . W. Nowacki

exp(-a
V C A F V n

V
We next examine an infinite cylinder of rectangular cross-section

|xx| < a/yt \x2| < bl , the initial condition having the form

[T(xi ,x2 ,t)"\ = To - const. (9.18)
J*=0

Applying the finite cosine transformation, the temperature T and th4

function <ji are given by the formulae p77j

•_1j(n+m-2)/2

a. aJa & (a 2 + & 2
»,•«• n m n m

HIT
where «„ = ~ » B^ = -y (n,m = 1,3,5 ») and a,fc are the sides of the

rectangle. Thus the stresses have the form

'" ° "" -" (9.20)
a33 = -V

2(2p!() - vF),

where

to

m=l,3,.

(9.21)

+ / , o^ (CncoshaMx2t^ana;2sinhana;1)cosana;1

m=l,3,,.

and the constants ^ D are determined from the boundary conditions
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°11 + F 22 = °» a12 ~ F 12 = ° f o r xi = all »
(9.22)

Consequently, We obtain the system of equations

A n (u) + ̂ e 2(-D 2 y \
h n=l,3.. . K +Kf> Slnh6«

(9 .23)

n

B
m

C
(-1) 2 cosh^Um

where

„ » a 2 « £_J » a 2 + ^2 ) s i n h

-5 2<^

B = -i4 u~1cotvt , 0 = -C 5~1cot6 ,
m mm m* n M n n '

"m5

The constants A ..,., D being known the function F is also known, and
tn n

hence we can calculate the stresses.

10. The linear theory of dislocations. The Volterra concept

of dislocations.

We know that a classical dislocation line L is associated with a
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Fig. 10.1

displacement field u(x) which is discontinuous on the surface S immersed

in an elastic solid, and the jump of u.(x) on St the well-known Burgers'

vector b-,, is given by the formula

I M 7 ( X ) | = uUx) - u~(x) = b1 (10.1)

We shall define a Volterra dislocation [l2p] in an elastic solid as a

displacement u(x) with the following properties:

a) u is a smooth field throughout the solid, except for S.

b) u has a jump on 5 given by (10.1).

o) partial derivatives of u are continuous across S.

d) the displacement w(x) satisfies, outside of S, the following

equations of elasticity:-

uV2w . + (\+\i)u. .. = 0 (10.2)
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or

where

A..,- - u(6 .7<5 .Tt6 .76 ., ) + X6..5, ,.ijkl 3I IK %l 3k 13 kl

In what follows, an important role will be played by the Green's function

for an infinite elastic solid.

Suppose that V is an infinite domain of three-dimensional

euclidean space, and that a concentrated force X. = 6 . 6(x-x') is

applied at x' € V parallel to the x -axis.

Then the displacement field G. (x,x') satisfies the following

system of equations

The solution of (10.M-) for the infinite space is well-known; it

takes the form [ioi]

where

G. =
vn

R - \(x -a;')(a; -x'

Assume now that V is a simply connected body with the boundary

shown in the Fig. 10.1. Since u is continuous on V,

(10.6)

v%3l kn

But A.., ,G, u. .-, = G, A, ..nu. .7 = 0 in view of (10.3). If I -> S then
ijkl kn i,;;! kn kjil 1,31

in view of the condition |u| = b on S, we obtain
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Consider the l a t t e r integral

3CsKi sdxi

V S

Introducing the notation

n.. = b.lsix-O&SAZ), (10.8)
JT. lj - - 3 ~

S

we can rewrite the formula (10.7) in the form [52]

(10.9)3

V U

Now we replace the discontinuous displacement field (with the discontinuity

on 5) by the displacement field related to the fictitious body forces X..

Accordingly, instead of (10.3) we should consider the following

non-homogeneous system of equations
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A solution of (10.11) can be obtained in terms of the Green

functions G. , using the following reciprocal theorem for the infinite

elastic space

X.u\dV - \X\u.dV. (10.11)

Indeed, sub st ituting

into (10.11), we obtain

u (x1) = IX.G.dVM. (10.12)

V

Now if the dislocation (10.9) is to be identical with (10.12) we have to

assume that

dxlS

and the dislocation |u| characterised by the Burgers' vector b can also

be described by the field of body forces related to b through (10.13).

We can show the transition from residual distortions to the

dislocation. In section (1.1) we have obtained the equations (1.6)

or

A..,7u7 .7+X. = 0, X. = a°. .. (10.15)

Using the Green functions G^n we have

). (10.16)
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But

K-
Comparing now (10.16) with (10.12), we conclude that the transition from

the residual distortions e°. . to the Volterra dislocations can be

expressed by the relations

•J. = -n°. = -fc.Ux-pd^U). (10.18)
y

Substituting from (10.18) into (10.16) we obtain

•I
0

An explicit form of u is obtained if a., are expressed by the Green

tensor G. . The final result is

Formulae (10.20) can be used to discuss particular types of dislocations.

The edge dislocation is characterized by the Burgers' vector of the

form b = (fci,0,0). If the dislocation axis coincides with the a^-axis

and the dislocation surface is the semi-plane x\X^ with x\ negative,

then the only non-vanishing component of e.. by virtue of (10.18) is
1-3

given by
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CO

62! =-bij«(x-5)dS2(5) = bA 6(a;1-?l)d?16(a:2)| S ^ - f ^ M ^ (10.21)

where H(-Xi) is the Heaviside function defined by

0 for xi > 0

1 for x\ < 0.

Substituting (10.21) into (10.20) after carrying out integrations, we

obtain

b\l xz XtU xix2\
—\arctg—+ —\t

2TT\ X\ X+2P r^ /

(10.22)
b1j v \+v a;2 \

,x2) = —I In* + 1.
2TT\X+2P X+2p r2/

We can obtain the stresses o^..% using the compatibility equation

(10.23)
1 1

where

A - -32e° -82e° +3 3 (e° +e° ) = -b 6(x )3 6(x ).
2 11 1 22 1 2 12 21 1 1 2 2

The solution of equation (10.23) will be obtained by applying the

double exponential Fourier transformation.

In this way we get

(10.21+)

Using the Fourier inversion theorem, we obtain
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nil 9 ir exp[
p . (10.25)

2TT te, J ^ (eft?*)2

The above integral does not exist as an improper integral; nor can we

assign to it a principal Cauchy value. We can however separate out of

it the "finite part" [ft] .

We obtain the "finite part" in the form

= —(C+lnr) (10.26)
2* J i . (5ftC2

and
u(A+y) 3

F = ; [r2(Zn2M-C)J. (10.27)
2ir(X+2y) 3a;2

Making use of the formulae

we obtain the stresses

2xzx
o n = -

2IT(1-\

I 2* x 2 \ X
o12 = , _ . - ^ _ t j , v =

2ir(l-\

(10.28)


