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T Fundamental relations and equations

Consider an isotropic and homogeneous elastic body, subjected to
permanent strain cgj depending on the position x. This strain can arise
in metals in exceeding the yield limit or during changes occurring in a
heat working. A special case of distortion is the temperature strain
e, = a,6,., . Here a, denotes the coefficient of linear thermal
1d t g €
expansion and T = T1=Ty is the temperature increase. T;(x) is the
absolute temperature at point x and T¢ = const is the absolute tempera-

ture of the natural state.

We assume that the strain an is of the same order as the elastic
strain. The introduction of the initial strain egj into the body

produces a state of elastic strain E%j and the state of the stress Uij.
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The total strain Eid consists of two parts, the initial strain EEJ and

the elastic strain Eéj'

=el, \ 4 .
€54 EiJ + £} (1.1)
The elastic strain E%j is a linear function of the stress
| ' o . ’
Eij 2u cij + A atgckk (1.2}

Substituting (1.2) into (1.1) and solving the latter equations for the

stresses, we obtain

- e gl
ﬂij - 2u(s£j eij) + kﬁij(ekk Ekk)’ (1.3)

where u,A are the Lamé constants, and

ut = :L. A = = A -
2u? 21 (3A+21)
The total strain Eij can be expressed in terms of the displacement

vector u as follows:-

€55 = %(ui,j+uj,£)° (1.4)

If the stress Gij given by (1.3) is introduced into the equilibrium

equations

Giai g = O (1.5
Jtsd ’ )
and the relations (1.4) are taken into account, then the system of three

equations in the displacements reduces to
uv2u + (A+u)grad divu + 8 =04 (1.8)

We have introduced here fictitious body forces

A

= g0
: oji.j' (1.7)
where
0 = 0 0
°j£ 2“E‘j + Aaijakk' (1.8)

Equations (1.6) should be completed by boundary conditions which

may be given in terms of the displacement or of surface
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forces on the surface 4 bounding the body.

Solving the differential equations (1.6) we obtain the displace-
ments u.  Equation (1l.4) serve then for the determination of the strain

¥ and (1.3) makes it possible to calculate the stress oij'

Equations (1.6) are particularly simple if we are considering

thermal distortions, namely Egf © utaijT' They then take the form
u92u + (Atu)grad divu = ygradl, y = (3A+2u Ja. (1.6")

The second method for determining the state of stress due to the

action of distortions is the following:-

the components of the strain tensor satisfy the compatibility
conditions

Eij,kz'.'ﬂkl’f‘j-ﬂjz'ik"sik‘jz = 0, ‘L'j’k,z = 1’2'3- (llg)

In view of relations (1.1) we have [101]

! ! -e! -g! = -(el, 0 eamele Lwgl Y. .9!
R A Ll R L A U PR TAL VI b I Tl T T (2.1
The right side of the equation (1.9') is known and constitutes the
distortion terms. Writing the elastic strain E%J in terms of stress
cij by means of relations (1.2) we obtain the compatability equations in
terms of the stresses. Making use of the equafions of equilibrium

(1.5) we arrive at the Beltrami-Michell equations

2 iy = o S 5 LT .10
% 9%d Y TRCkk, 1 “(rzg+rgz i T:Gazgrkk)’ (1.10)

A
L YO I R | [ T = .
Fij X B£j+ekk,£j Cik,ik €ik,ik’ VT 20
In the particular case of thermal distortion Egj = utaijT’ we have

[r01]
2 1 % “tE(T L o O (1.11)
Vi, Y Tk, iG T T THv e 4id T Iov Eg SkK* '
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Consider now the differential equations in displacements (1.6).

Applying the divergence operator to equation (1.6) we have

X i
244 = - - A e
vZdivu I:Eﬁdlvg ¢1:12)

Next we apply the operator V2 to equation (1.6) and make use of
the relation (1.12) to arrive at the following equation containing only
the displacement vector

2a2 = 1 2% Aty PR
v2viy TVEX = gpperad divk). (1.13)

Equations (1.13) are very useful in determining the function u due

to the action of distortions in an infinite elastic space.

We now consider two particular examples.

a First, we consider the distortion Egj = 6ije°(§}. From (1.7) we
have
X, = =(2u430)e” . ’ (1.14)
»
Observe that in this case equation (1.13) is reduced to the equation
- 0 _ 3A+2u
?zu‘!': = me’_i, m = o (1.15)

Introducing the potential ¢, we’transform equation (1.15) to the form

Fios gl "
V44 = me®(x), My = W g (1.16)

The solution of the latter equation is

e®(£)av(g)

¢<§) = - % J _R(T_":;T__' R = [(x?:“si)(mi_gi)]%o (1.17)
v

In the particular case of a '"centre of dilatation" e%(x) = &(x) we

obtain

o(x) = - m—"}m, Up =9 e (1.18)
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2. We now consider plane strain. Assume that all sources and unknown

functions depend on the variable & ,x;.
In this particular case we obtain only one equation from (1.9'):

2.1 2.v o t =
32511 + 31522 23132812 A (1.19)

where
= LE2L0 2.0 0 0
A= -(dge) + ey, + )3, (ef, + €5y
Replacing the strains Eéj by the stresses Uij and making use of the

relations (1.2) we obtain the equation
320, + 320, - =—A—92(c. 40, )=20.3,0., = 2ud (1.20)
2711 122 2il+ui 1= 2002 152:=12 ! =

The compatability equation (1.20) should be completed by the equilibrium

equations
9;0)1+3205] = 0, 91019409022 = 0. (1+21)
If we express the stress by the Airy function
- 2
Oup (VIGus
then the equilibrium equations are identically satisfied and the equation

-QGBB)F, a,B = 1,2, (1.22)

(1.21) is reduced to the simple differential equation

202p - Hu(A+p) 2 = a2.n2
VIV = WA, Ve mids4ds. (1.23)

2. Basic relations and equations of thermoelasticity

A change in temperature of a body results in a state of stress
and strain in it. The temperature T represents the increment of the
temperature from the initial stress-free state when I = 0. We assume
that the change of temperature is small and therefore has no influence

on the mechanical and thermal properties of the body.
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In the linear theory of elasticity the strain tensor €4 is

connected with the displacement vector by the relations

Eij = %(u'!:.,j + ua-..!:)l (2.1)

The components of the strain tensor cannot be arbitrary; they
should satisfy the following six relations - the so-called compatability
conditions [lOlJ =

€7 k1 YERL, 157651 ik S ik, 0, Tyd ksl = 1,2,3. (2.2)
In the classical linear theory of elasticity the components of the
strain tensor are functions of the components of the stress tensor &nd

of the components of the strain tensor due to the temperature field

gs S €% , 8
€44 = 4 + el (2.3)
Here Egj denotes the deformation of an elementary parallelpiped due to
the increment of temperature from zero to I under the assumption that

the sides of the parallelpiped are free of tractions
o = . = =
€34 “taijf’ Tod = 12,3, (2.4)

The relation (2.4) represents a property of an isotropic body, in
which a change of temperature results in no change of the shear angles,
the only result being a change of volume of the elementary parallelpiped.
In the relation (2.4) a, denotes the coefficient of linear thermal

expansion,

The strain tensor s%j is expressed in terms of the stresses by the
relations

Vo= outao. (e %
el., = 24 F¥ + A nguk (2.5)

zd k
where

2]-[' _i A‘ = - A
2’ M EITIDN

Here u, A denotes the Lamé material constants,

Introducing (2.5) into (2.3) and solving the system of relations
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for the stresses, we have

9z = 2“1‘,.;:‘ +(J\ekk-~rf')6£j. Y = (3A+2u ). (2.6)

If in the equations of motion

ot X = °ﬁ£' £ = 1,2,3. (2.7)

we express the stresses in terms of the strains and the latter by the
displacements (making use of the relations (2.6) and (2,1))we obtain a
system of three equations in which the unknown functions are the compon-

ents of the displacement vector and temperature [1013
uv2u + (A+u)grad divu + X = pu + ygrad?, (2.8)

or

i gcs A . .. 4+ X. = pu. )
uut"m + ( +u)uJ'J£ Xz U, + YT.T_

From thermodynamical considerations we obtain the generalized equation of

heat conduction |6|

2 _l._ ..=_W
VT - =T = ndivd T (2.9)

Here k denotes the coefficient of heat conduction, W denotes the quantity
of heat generated in unit volume and unit timej; «k = k/ce, where e is

2y

0 -

the specific heat, and n = The equations (2.8) and (2.9) are coupled.

It is evident that the coupling of the temperature and strain field is

due to the term ndivi.

The influence of the coupling of strain and temperature is

appreciable only in the dynamic problem.

Consequently as a first approximation in the case of quasi-static
and dynamic problems we need only consider the solution of the uncoupled

problem.

In subsequent considerations we shall neglect the influence of the

body forces, attention being devoted mainly to the stresses due to the
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temperature field. We shall consider the system of equations

a3 = P ; 2,10
g g O‘*“’“;,gq, pu +TT.1-' ( )
2p Lp ¥ 2;
Vizieo kb L (2.11)
with the boundary conditions
g..n.=0, xed, t>0 (2.12)

Jr J =
for a body free from tractions on its boundary surface 4 and

u, = Uit-’-"t)’ (2.13)
for a body with kinematic boundary conditions on the whole surface 4.
We now have to take into consideration the initial conditions
u; (%,0) = £,(x), ;11:(5,0) =g,(x), xeV, t=o0. (2.14)

The temperature field is completely determined by equation (2.11)
and the appropriate conditions, i.e. the boundary condition for ¢ > 0
and the initial condition (for t = 0).

The boundary condition

.:_.i. +of = 8, x€4, t >0, 0o, B are constants, (2.15)

represents free heat exchange on the surface A. If the body is
thermally insulated, then %g = 0on A, If the temperature T is given on
A, we have T = h(x,t), xed, t > 0.

The initial condition determines the distribution of temperature
at the instant ¢ = 0; this temperature in general is given as a function
of position

T(x,0) = 8(x), xeV, t=o0. (2.16)

We shall represent the solution of the system of equations (2.10)

for the static and quasi-static state

wi. .. o+ (A+pdu.

1,37 7t T (2.17)

F
s T
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in the form of the sum of two solutions - the particular solution of the
non-homogeneous system and the general solution of the homogeneous
system. The particular solution of system (2.17) can be simply derived
by means of the method represented by J.N. Goodier [3@] who introduced
the so-called thermoelastic displacement potential ¢ according to the

relation

Uy = ¢’£. (2.18)

Introducing (2.18) into (2.17) and integrating the above equations with

respect to X, we arrive at the Poisson equation

°,kk =ml', m=y/\+2u, (2.19)

The solution of equation (2.19) yields the funetion ¢, and the strain

and stresses can be calculated by means of the following relations

€sq = ¢,£j’ Tpg S 2"(¢,£j-6£j°,kk}' (2.20)

For an unbounded body the functions u, = L i represent the final
]
solution of the system of equations (2.17).

For a bounded body the function ¢ satisfies only a part of the

boundary conditions. Therefore the incomplete solution E; = ¢ . must
-— ?
be completed by a solution us of the system of homogeneous equations

== -
MU, .. + (A+plu. .. = O, (2.21)
2,47 * Mg 50
= - =
The functions ui must so be chosen that the final solution ui = £ + ui

satisfies all the boundary conditions of the problem.

The system of equations (2.21) can, for instance, be solved by
means of the Galerkin functions. Introducing the Galerkin vector ¢(x),

we assume the representation of u in the form [36]

T = L:_z.li{vzd, - t-grad dive). (2.22)

Substituting from (2.22) into the system of equations (2.21) we obtain a

system of three biharmonic equations
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V292 = 0, (2.23)

In numerous problems of thermoelasticity, particularly in the case
of stress boundary conditions, it is more convenient to use the stress
equations of equilibriun, representing a generalization of the equation

of E. Beltrami and I.H. Michell to the case of thermal stresses.
Introducing the strain tensor L given by formulae (2.3) and (2.5)

o g - A'S. .0 2.24
€5 “teng + 2u pg * 23%%k ( )
into the compatibility equations (2.2) and making use of the equilibrium

equations, we obtain the system of six equations [101]

a,F
g ke ¥ TRk * T g Y I ) 7 O Laces)
Tisd = 1,23
where
G A _ u(3x+2p)

T 200y * E = Ap
Contraction of the above equations yields

2utE

akk,.‘j'.j + ﬁ,kk = 0. (2.26)
In the particular case of a stationary temperature field with no
heat sources acting inside the body, equations (2.25) are significantly
simplified. Since in this case T %k = 0, then according to the relation
1]
(2.26) we have o .. = 0. Hence
kk jd

o 1k * -li—v(akk + o,ET), = O, (2.27)
Any non-stationary problem of thermoelasticity is basically a
problem of dynamic elasticity. Only if the.changes in temperature are
slow can the problem be regarded as quasi-static. If however there
exist sudden changes of temperature (for instance a sudden heating or

cooling of the surface of the body) the inertia terms cannot be
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neglected. We then have to investigate the equations of motion (2.10).
We rewrite the system of equations (2.10) in the vector form
pVZE + (A+u)grad divu - pii = ygrad?. (2.28)
The displacement u may be represented by
u = grad$ + curl¥; div¥ = 0. (2.29)

Substituting from (2.29) into (2.28), we conclude that the system of
equations (2.28) is satisfied if
2 2
Oy =mo, Oy =0 (2.30)

where

2
Dﬂ

V2 - 302, o= 1,5 0 = (B, o) = 3,

Here c; denotes the velocity of propagation of an irrotational wave
resulting only in a change of volume. The velocity e¢; is associated
with equation (2.30)) which determines the potential (irrotational)
displacement field. The quantity ¢z is the velocity of propagation of
rotational motion in which elements of the body suffer equivoluminal
changes. A temperature field in a bounded body results in both types

of waves.

Eliminating the temperature from the heat conduction equation and

equation (2.30);, we arrive at the system of wave equations

259 2
0,03 = -5, Dy=o, (2.31)
where
2 1
Da = VZ - ?at'

If the function ¢ is known the displacements and stresses in the
infinite space can easily be found. From the strain-stress law (2.6)

and from the equation (2.30) we obtain

9,5 = 2u(9 4 - 5£j¢.kk) + 08, 0. (2,529
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If the body is bounded, we have to solve the system of equations
(2.30) with the appropriate boundary and initial conditions. But the

incomplete solution a; = ¢,£ + € must be completed by the solution

AL S
= TJKk K d
Us of the system of homogeneous equations

uva + (Au)grad diva - pu = 0. (2.33)
The solutien 51: can be represented by means of the M. Iacovache

vector § [u 8]

2
= -u-ﬁ—“( Oy - i:—;ugrad dive). (2.34)

-}

The function ¢ satisfies the equation

-

2 _2
0,05 = 0. (2.35)

In some cases it is simpler to determine the stresses from the
stress equation of motion. The equations given below were derived by
J. Ignaczak [99] and they constitute an extension of the equations of

E. Beltrami and J.H. Michell to dynamic problems of thermoelasticity.

We obtain the system of equations

2 2(A+u) 1. 1 1‘51:,3' -
Cl20,; + Svay Okk,if * (Eg - Ef) TNk *

3A+2u 5A+4p 2
+ T o+ —=—5.. - — T =00,
2"“t( o Td Y 2 zJT.kk) A+2U tpdij 0

2
Applying the operator [J; to equation (2.36) we obtain the interesting
result

gi- 3 2 "
0,00, ., = mOy [2u(T . .-65.. Pl b
1520, 1 [2u( i ST ) 08,7

We now consider the coupled equations of thermoelasticity (2.8)
and (2-9).

Assuming that

1]

grad¢ + curl¥, div¥ = 0

(3=

(2.37)

13-
n

p(grad + curly), divy = 0
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we obtain the following system of wave-equations

2 1
Dl¢ = ml _'L.T‘&!
1

(2.38)
2 . W
Os7 - nv2$ = - p,
and
2 1
Hay = - (2.39)
2
The first two equations are coupled.
Now we assume that the initial conditions are homogeneous.
We now confine ourselves to the case of an infinite space. If

the body forces are absent ( # = 0, X = 0) and the state of stress is
produced by the action of heat sources, there arise only longitudinal
waves, for x = 0, The function ¢ is to be determined from the wave

equation [;27]

2 2
(Dl Da - Eﬂ.tvz)¢ = - mTW, E = MmNk, (2.“-0)

and the temperature is determined from equation {2.38)2. The displace-

ments are given by the formula uy = ¢ : and the stresses by the relation
]

a'!:j = 2I-I(¢,£J b 51,:304’.;(3{) + 05£j¢- (2-’41)
Suppose that in the infinite space there are no heat sources
(W = 0) and that the body forces can be derived from a potential

(x; = pz?;,ﬂ.;g = 0).

In this case also, only the longitudinal wave occurs since § = O.
The function ¢ is obtained from the equation

2 12 2

€ - i
(0,03 - £a t92)¢ i __cf!:ls'ﬁ' - (2.42)
and the temperature from the equation (2.39)2. The displacements U,

are given by formulae u; = ¢ ; and the stresses by the relations
»
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01:3. = 23151:3-1'(16;(?(-1'5")51:3- = 2U(¢'1:J-61:J¢,kk)+061:.?(§- ?). (2.u43)

Finally if the body forces are of rotational nature ( & = 0,
X = pcurly) only transverse waves are present in the body (¢ = 0) which

result in no temperature field (T = 0).

3y Thermal inclusions. Nucleus of thermoelastic strain

Discontinuous temperature fields are frequently encountered in
engineering practice. The simplest example is the case in which a
part of the body is heated to a constant temperature T(tj, the remaining
part having a temperature T(e); this case occurs when we are dealing
with a thermal inclusion.

We know that in an infinite space the displacement equations of

thermoelasticity have solution u; = ] 4» Where
»

v2§ L nﬂls m = ‘A-I.-_}]I' (3.1)

and which can therefore be represented by the Poisson integral

= T(g)av(g) 3
&(x) = - o= [ RGO R = [(:ci-&i)(a:i-ﬁf)] . (3.2)
v
The solution (3.2) is valid for a continuous temperature field,
assuming the existence of the first derivatives of the function T, which
appear in the right-hand side of the displacement equation of thermo-

elasticity.

It is proved in the potential theory that if it is assumed that
the function 7(E) is integrable and bounded, then the integral in formula
(3.2) is also a solution of equation (3.1). Such being the case the

function ¢ has the following properties.
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Fig. 3.1 ’

: 2 5 a3

a) The first derivatives = of ¢ are continuous also in regions
1
where T has discontinuities.
b) The second derivatives of the function ¢ are continuous in the
whole region, except the derivative ¢ which on the discontinuity
L]

surface S5 has the discontinuity (Fig. 3.1).

s ) 4 (&) La(d)_le))

3.3
y YY s YY ( )

According to the relation u, = ¢’£, the first property implies
that the components of the displacement vector are continuous. It
follows further from the second property that the tangential-stresses
o, 0__ are continuous. Similarly the stress GY is a continuous

ya© "YB
function. In fact, from formula (2.20)2 we obtain

(2) _ (&) -, r(8) _ 4(e)ag,(T)_,(e)
%y T %y 2“[°.¥Y Ll 1.

Taking into account the relation (3.3) and bearing in mind that

v2(¢<£)-¢(e)) = m(Tti) - T(G)) (3.4)
(7) (e)

we find that on passing through the surface S we have U?Y = crTY

On the other hand the stresses o, %gg suffer a discontinuity on
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passing through S, the value of which is -2um(T(1’)—T(e)).
In fact, we have from equation (2.20)
(t)_(e) _ (7)_ (e) 2..(2)_.(e)
Y9a %aa * 2u[¢ V29 "1-9"%"]. . (3.5)
In view of the continuity of the function ¢ { (:3 = ¢(z;) expression
3 1 ]
(3.5) is reduced to
0{)-g(8) = oun(r(*)ple)y, (3.8)

oo ao

by virtue of (3.4). In an analogous way we obtain

(2)_g(e) _ (2)_p(e)
GBB BS =2um(T" =T "), (3.7)
Let us return to the solution (3.2) of equation (3.1) for an
infinite space. The Poisson integral can be represented in the form
#
#(x) = IT(§)¢ (x,6)dV(x). (3.8)
v

The function

*
(] (E.E) = - q—wm (3.9)
is the Green's function of equation (3.1) in an infinite body.

It satisfies the differential equation

V26" = mé(x-£). (3.10)

%
By means of the function ¢ we can express the displacements and

stresses in an integral form; we have

u (x) = JT(E) ¢ (x,§)dV(g) (3.11)
v 1.
and
"1:,;:(’-‘) = IT(s)o:jtg.g)dV(g), (3.12)
v
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where
% & %
... =2 e = G,
,‘,‘J(:_c.g) u(¢'w éwt};’kk).
¥
The functions Uss aij are the Green's functions for the displacements

and stresses respectively.

In many cases it is more convenient to make use of the direct
solution of the equation for the thermoelastic displacement potential
(3.1).

We now consider a thermal inclusion having the form of a semi-
infinite cylinder. This problem was dealt with by N.O. Myklestad |72];

we shall however use a different method - the integral transform method.

The temperature field can be expressed in terms of the Heaviside
function as follows

T = Hla-r)H(a), r = (xf-r:ci)%, z = x4, (3.13)

This means that inside the region of the semi-infinite circular
cylinder of radius a the temperature is I' = 1, and outside.this region
the temperature is zero. We now represent the field (3.13) as fhe sum
of two fields - the first anti-symmetric, the second - symmetric with

respect to the plane z = 0. Hence

r = {2
where
'Y = yuca-r) [H(2)-H(-2)] ,
(2)

T 1HCa-r) [H(z)+H(~z }] .

1
Consider first the action of the anti-symmetric temperature field T( )

*
which can be represented by the integral

*  a
I rJolar)dr = %Jl(ua).
o
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p(1) %J I Ei-?ifl(aa)cfo{ur)dudy. (3.14)

. ; 19 . .
The thermoelastic displacement potential ¢( ) is determined by solving

the equation (3.1) by means of the Hankel and Fourier sine transforms

@ o

-1 .
et . ﬂs.[ [Lﬂmchua>Jo<ar;dudY (3.15")
b 6 oy
or
o1 = %J © Rt ;“a) oloar)da, 2z > O. (3.15")
0

1)

The stresses Uij corresponding to the temperature field are given by
the formulae (2.20),, but in cylindrical coordinates

o8 = -una| 7y (aa e‘““‘[.rocar)- Alen)] | 21en) g,
0

c;;) = —uma[ Jl(ua)[Fe-uz-l}gléggl + Jo(ar}]da,
0 (3.16)

o;;) = umaj (e"**-1), (0a)dy(ar)da,
0

ui;) = umaJ e *%d) (0a)d g(ar)da,
0

The above formulae hold for z > 0. For z < 0, z has to be replaced by

=2 and the signs changed. Let us observe that the temperature field

(2 (2)_ 4

yields the temperature T inside the infinite circular cylinder

)

, 2
of radius a and T( = 0 outside this region. We obtain here a plane

state of strain in which the displacements, strains and stresses are

2)

independent of the variable z. The stresses gij are determined from



Distortion Problems of Elasticity 189

( )

the formulae for the stresses o; for 2 > 0, letting 2 + = in (3.16).

Taking into account that

Jy (aa) _ 31 a,?
J -JTr-—Jl(ur')da = E—[H(a-—r) #(=) H(r-a)] ,
0
J Jolar)d) (aa)da = %H(a—r),
0
we obtain
(2) _ _um a?
O = —&—[H(a-—r} + ;!-H(r-a)] A
o(2) - _um a®
Ope = = g LHar) - Tpfi(r-a)] (3.17)
(2) _ _ " (2) _
Iew = wmH(a-r) , PSS 0.
The stresses Uil;) are constant inside the cylinder and for r > a rapidly
2
tend to zero. The stresses oé ) .f:z) suffer a discontinuity on the

surface r = a, and the stress cJwj changes sign on passing through it.
(cf. Fig. 3.2)).
(1) (2)

Adding the stresses o0.." and cl.J. we obtain the final stresses due to
the action of the temperature field (3.13). The Hankel integrals appear=-
ing in the relations for the stresses can be represented by means of

elliptic integrals and Legendre functions.

To this end we observe that [32]

- - b By g |
Ii(a,r,z) = Joe azJo(M)JU(aP)dG = (n2ar) J"Q_%(r%é&),
i 25D
Ip(a,r,s) = J e %71 (0a)d ) (ar)da = (n2ar)” ’3@% -‘-’-—*—3-1'9—). (3.18)
I3(a,r,z) = J e %31 (aa)d o(ar)da = cm)‘l[x-gtk,ema'-x' YF(k,0) -

0
z[(atr)2+2%] -11'}{'] 5
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2.0 3.0 40 rla
0 1 1 1 >
U Sy

Fig. 3.2

where

Iy(a,r,z) = I)(r,a,z), Iy(a,r,s) = I,(r,a,z), I3(a,r,a) # Ia(r,a,z).

r2+a +a2

r2+a2+32)

The f i
e functions Q%( T

&( —————) are Legendre functions
of the second kind, F(k,8) and E(k,8) denote the incomplete elliptic

integrals of the first and second kind, respectively, with modulus

.
[(a-r)? +27]% [(a+r)2+z?]-% and argument 6 = sin-gh[{a-r)2+3?]-i}
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where 0 < 0 < m, Finally K' and E' denote the complete elliptic

integrals of the first and second kind, respectively, referred to the
1

complementary modulus X' = (1-k)3, Adding the stresses G(I) and O{ZJ

] ij ?
making use of formulae (3,18) and of the relation

I ¢ %0 Ly, (aa)dy (ar)da = i[al3(r,a,2)+rIs(a,r,z)-al(a,r,2)] (3.19)
0

we obtain

O = ~yma{Iz(a,r,z)= zir[a.l'gtr,a,z) + rI3(a,r,z)-aI(a,r,s)] +

2
+ %[H(a-r) + %2- H(r-a)]}

g¢¢ = —umaf%;[aIg(r,a,z)+r13(a,r,z)-zlg(a,r,zi] +
2
+ 2[Ha-r) - Zpi(r-a)] 1, (3.20)
O = pma[.rg(a,r.s)' %H(a-r)].
L. wmal,(a,r,z).

For 2 < 0 we have

= yma{I3(a,r,z)- f%ﬂar3(r,a,z)+-rrg(a,r,z)+ 2I(a,r,z)]}.

O
O = Hg% [aIs(r,a,z)+ rIsa,r,2)+ zI(a,r,z)],
(3.21)
o -pmaly(a,r,a),
Doy =umalz(a,r,z).

The above formulae take a particularly simple form for r = 0.

Thus for z > 0, we have
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“'Gzz:fn“'m
I’/ T T T T -1 -
0 1.0 2.0 3.0 40 50 z/a
‘P-cr,.r,’iu.m
1'5-\-..__
I b e T e
—_— = i 1;0 ~¥==1 T T >
_—\"0.5 2.0 3.0 4.0 50 z/a
Fig. 3.3
um
o =0 S = = I3 -
L ¢¢ 2 /32+a2}’
(3.22)
3
o__ = -um(l +——). o._ =05
* s
and for z < 0
um 2
a =0, =—(1+ ——————},
PE 9 2 ( VzZ+a?
(3.23)
a = —pm(l - = ) a =0
= L =0,

The discontinuity in the stresses s

the z-axis has the value =-2um.,

stresses o o for » = 0,
rr® “zz?

and 94 3t the point 2 = 0 on

Fig. (3.3) shows the graphs of the
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4, Heat sources in an elastic space

In numerous cases of practical interest we encounter heat sources
acting inside the elastic body. These sources may be point, line,
surface and volume sources in an infinite elastic space. The Green's
functions for a concentrated source can then be employed to construct
more general solutions concerning sources distributed in a continuous

or discontinuous manner in the space.

If we locate a heat source at the origin of the coordinate system,
we have to solve the equations

W
vr = - 4, V2 = mr, Q= %, (4.1)
or the equation
v2v2¢ = - Bg,  Q(x) = Qs(x). (4.2)
The solution of (4.2) has the form
¢ = 3:h R + const. R = (z§+x§+x§)%. (4.3)

If we now situate a concentrated heat source of unit intensity
Qo = 1 at the point £, we have the following relations for the component

of the stress tensor

i
or
c:j : 2“A[6.. + (@60 @ 6 IR ], 407 = 1,2,3, (4.4)
where :
- v 2 =M.
R= (el 4= 5

The ' functions (4.4) should be regarded as the Green's functions

for the stresses in an infinite body. If the sources are distributed
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in a volume V,

a-ij(il) = J Q(g)o:j({,,g)dV@). (4.5)
v

In many cases it is more expedient to determine the stresses by a

direct integration of the differential equation (4.2).

Let us examine the action of heat sources distributed uniformly

inside a cirele of radius a. In this particular case we have

v2y24 = - ZQyH(a-r)é(z), (4.6)
where H(n) is the Heaviside function. This is an axisymmetric problem.

We apply the Fourier cosine and Hankel transforms to the equation

and obtain as a result

-]

_ _mago | J1(aa) -az

¢ z - ﬁ— J —ug—Ju(Uﬂ")(l“l‘Gﬂ}e dd’.. a >0, (“’.7)
0

This integral is divergent in the entire space. We can however

separate the divergent and convergent parts, the divergent part having

no influence on the gradient of the function.

The temperature field is represented by the formula
? —az

¥24 = g%& J %———Jl(ua)Ju(ar)da. (4.8)
0

i

=]

Having found the function ¢ we readily determine the components of
the stress tensor for z > 0:

O = BJUa-lJl(aa)e-az[Fuz-l}Jo(ur) - (l+az)£l%§£2]da.
= =1. - J
“o0 Bh“ e = [‘““‘3)‘1%‘1 - 2"0‘“")]‘1“' (4.9)
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-BJ a_lJlfua)Jg(ur)eﬂuz(l+az)da,

52
0
o oz ; e _ Hmago
Oy = BzJ Jy(aa)d) (ar)e “da, % By Bils ===

0

The integrals occurring in the above expressions
A=l -az
J a e 1 (aa)d (ar)da, = G315 (4.10)
0
can be represented in terms of the functions Iy, I, I3 of section 1.3,

or by means of a series of hypergeometric functions [32J.

Any non-stationary state of stress constitutes a dynamic problem.
However, if the variation of the temperature field with time is small

the acceleration may be neglected and the problem regarded as quasistatic,

Consider the system of equations

2 _ 1. =__g 2 _ 1.2 =
(v Kat)T o (v E¥at)¢ ml', (4.11)
for the dynamic problem. Let us perform the Laplace transform on

equation (4.11), assuming that the initial state is the natural state:
thus

ra 2
2 _Pyw-.& 8 BT = W
(92 - B == b (92 <l = (4.12)
where
(T,3) = f (T,¢)e-ptdt.

0

Eliminating the function T, we find that ¢ should satisfy the equation

2 .1

(V2 - %)(vz_pzcz)z = & Ema' o? = /cf. (4.12')
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We now apply to equation (4.12') the exponential Fourier transform

in accordance with the relations

?TQ:P) = (2“)-3/2[ ?I§.PJexp(£§.§JdV(§),
E3
F(xp) = (211)‘3/9[ F(E \p)exp(~ix.£)AN(E), (4.13)
Eq
dV = drydeyde;, dW = d_ d_ d

E{ €z E3"°
The solution of equation (4.12') is given by the integral
Q(E ,p)exp(~TEx )AW(E)

Fxp) = - E’-(zw)'”zf : (4.141)
ES(§.§+p/K)(§.§+p202)

or

_men2
2~ E+p/K
PecRplRi %, ReitRl

Q(§.p)exp(-£§§)dW(§)
¢(§ap) J

(4.14")
L f 'é(g.p)exp(—ig.g)dmg)]
T 22
K o E.E+p©o
The solution of the heat-conduction equation (4.12)l has the form
_ S Qexp(~ZE.x)dW(E)
T(x,p) = =(2m) 2J (4.15)
B .&tp/x
The first integral on the right-hand side of equation (u4.14") is equal
to - -m—"l_‘. The second integral may be regarded as the solution
p202-p/k

of the differential equation

(v2-p26?)F = - -% »  F(x,0) = F(x,0) = 0, (4.16)

the structure of which is analogous to that of equation (4.12)2. Thus
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the solution of equatiom (4.16) can be represented in the form |10

F(x,p) = - —2——;’—@-?). (4.17)
pco“=p/k
It should be observed that for the determination of the function §
it is sufficient to know the transform of the function T. The function
F is deduced by replacing in the transform T the quantity p/k by p2cZ.
Putting o = O in equation (4.17) we obtain the function ¢ for the quasi-

static case.

Suppose that an instantaneous concentrated heat source is acting

at the origin.

We have to solve the equation
(v2 = 35 )7 == Lsx)8(e). (4.18)
kK t K o~ .

Performing the Laplace transform on equation (4.18) and assuming
that T(E.O) = 0, we obtain

2 _BPyw.-_21
(v2 - B)T = - 25(x). (4.19)

The solution of this equation is represented by means of the

Fourier-Hankel transform (in the cylindrical coordinate system (r,z))

7=i J o 0(ar)cosEs gy . (4.20)
QHZKJU o @2+c24p/x

i _;_J exp(-2/o?+p/x)
ywe!  Ya2+p/x

we/  (or )do

1
TraeR (R

Representing the function ¢ by the Fourier-Hankel integral
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¢ = J J C(a,z ,p W (ar)costzdads, (4.21)
00

and inserting the last result together with {ll-.20)2 into equation

2 — —
(Lz.g..J;_a.fL-quzM = mT (4-22)

ar2  roar 2322
we find that

m o
Cla,t,p) = - : . (4.23)
2 2n2k (uz-!-l;z-rp/!c)(ﬂzﬂz"?z“z)

Substituting (4.23) into (4.21) we obtain after integration

<

= 2 1 (exp(—RpU}-exp(-R/%}) . (4.2y4)
Ymeo2p(p- /02<)R\

The latter result can also be derived by making use of formulae
(4.17).  The function F is obtained by replacing in the expression for
F (4.20)a the quantity /E by pa.

Inverting the Laplace transform in (4.24) we have [74]

b = BB\ (Ry2) + Ep(R,£)A(t-Ro)],

where

Ei(z41) = erfo(——) - ieT[ecerfc(—-E— + /1)+e Cerfo(—— - /1:))
2vt 2v1 2v't

Eo(ga1) = exp(t=g) - 1,
_R _ &
§ Bl N Ry, (4.25)

The knowledge of the functions ¢ makes it possible for us to calculate

the components of the stress tensor U‘ij through the equations
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- -Ey-a -
R * R?Ig'* Pe s
s, = -, 22 ;
% = Tgp = " M(g aR*Fﬁ%)+p¢'
°R¢ = Opy = °¢B = 0. (4.26)

Introducing the notations

Opp = Ippl(oR-t) + oppll(t=oR),
, (4.27)
G‘N = 0¢¢H(6R-t-) + awb’(t-aﬁ},
and
- ] =P 2
p =R/ _ _, T = /koc, n = "/Yuoc,

Kg

we arrive at the following formulae for the functions OrR» UM' Tgg

GI'ER —Lxs {erfc(—c-—-) + ier[(l-ca-l-ncz}e:ex-fc(-i + V1) +

k3odr 2Vt 2Vt

-+

- 3 3
(1+z+nz2)e” “erfe(—— - Vr )] S O
2Vt 2vmt3 Lt

U?ZR = G}!;‘R(ﬁg't) + :;cha [(1+c-ncz)exp(r-:;)-1],
gt (gy7) = - 1 R e L (. %et[[l-l;i-;z(l-znﬂgcapfc(.._C_ + /r) 4+
= k3odg3 2V P
+ [1+z+z2(1-2n)]e Cerfe(—— - ./T)] +
2/t
2
+ n;a EKP(‘ c—)}, (4.28)
T 4t
" = g = & 2, -2 -r)-1l.
G¢¢(O.T) UW(C'T) R [[lﬂ:-ﬂ: (1 n)]exp{-r ()] JJ

The potential ¢ is a continuous function, while the displacement

= 2 i S aete i -
Up = 3¢ suffers a discontinuity of amount o 2t the instant t = Ro.
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At t = Ro the stresses Opp and U¢¢ suffer the discontinuities

YuX 1-ng . =K 1+(1-2n)z
K303 g2 M9 133 T g2

to plane heat sources the jumps in the stresses decrease as [ increases.

respectively. It is evident that in contrast

We also observe that for £ > Ro the stresses rapidly approach their

quasistatic values. In fact, for ¢ >>Ro we have

Ey - erfo(——) - exp(t), Ep ~ exp(t) - 1 (4.29)
2Vt
hence
K _.R K 4
¢ = - gerf(—) = - ——erf(—=-). (4.30)
" V& KoL 2Vt

We now consider the plane problem of the action of a continuous
line heat source in an infinite space. The starting point of our

considerations are the equations:

2 2 2
L S S BT [ FT - S  T TO  T J e
ar2  py 3r x It 21y 8r2  pr 3r af at2

In this case it is convenient to apply to equations (4.31)

successively the Laplace and Hankel transforms. Thus we obtain

Ty ‘{ ado(ar)da _ 1 «’fo(l"/‘z")- (4.32)
27kp 0 aZ4p/x 2nkp
and
T sl [ ad0(ar)da
2mkp n(a2+p/rc)(u2+p202)
me?
= - Eo(l"!'%) = Kg(m) . (4.33)
21mp2(p—c";'/|<) ey
The Laplace transform of the displacement and the temperature have
the form

_ —_ mey o)
) -2 Ky () =y (B, (u.3m)
f ar 211Kp(p-0%/rc) e Ypk ®
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Taking into account that
=] = pl
L [Kn(r@)l = Szexp(- luct)
we obtain
b 2
_ 1 r 1 2
T(r,t) = lH'rch xp( ”KT}‘— mﬁ'( m) (4.35)
0
where EZ(-z) is the integral
2 =
Ei(-z) = J —u—'d‘U.

We confine ourselves to the determination of the displacement u,
for small values of time ¢; we may therefore replace Er in equation
(4.34) for large value of the parameter p by the asymptotic expression

mey (4 rp
U (r,p) = = —|=k(—) - —Kltr/ﬂ} (4.36)
2mc|p? e Ykp

Inverting the Laplace transform we obtain [87]

w (2,t) = Z=[U) (2, £)+ Up(2,8)H(E-"/c1)] (4.37)
2mK
where the functions U;(r,t) and Up(r,t) are given by the formulae
2
esrt
1
Uy(r,t) = (+ i‘-ﬁ-*-)expc—) ¢ (2 + Dypct |,
8k r? bkt Lkt uKt
(4.38)

Olt
Up(r,t) = - 3% -—;——{/cft—rz+r[logr-log(olt+#czlt2—r2|}

The first term of equation (4.37) corresponds to diffusion i.e. an
instantaneous displacement in the disc, while the second represnts an

elastic cylindrical wave moving with the velocity e;.

In the case of a plane source of heat situated on the plane x; = O,

the dynamic thermoelastic problem is described by the system of equations

[20]
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1 o o1 2 _L1la2 =
(32- 2T = - (x)8(t), (33 ;;a g)e = ml. (4.39)

1
Performing the Laplace transform on equations (4.39) and assuming that

T(xy ,0) = 0, ¢(2,0) = O, ¢(xy,0) = 0 we obtain the system
(32 -B)T = - 26(zy),  (2-02p2)f = T, o? = 1/c2. (4.40)
The solution of (4.40) has the form

o0
i cosE &y dE 1

T'm = exp(-a:lv’%) (4.41)
™ 0 Ef*‘p/x 2/p/x
and similarly, we have for the function §
_ me cosEx)dEy
¢ = = -—I (4;142)
k! (E24p/x)(E2402p2)
o 1 1
z - L : r /Eexp(-:rp&:—) ~ -Ji-exp(—a:lop) .
2xa?p (p-l/xdz}l P op

After inverting the transform

2
&
1 1
T(x),t) = ———exp(= ==), P= 4xt . (4.u43)
e
Let us now perform the inverse transform on the function p2§ to
obtain [77]

:1;3 -z [Fl(azl.t)-'Fg(xl,t)H(t-a:lo)], (4.uy)
2xo?
where
Fy(xzy,t) = 1 eT(exp(-c)erfc(L - V1)=exp(g)erfe(—— + /1:9
2Vt 27t
+ l‘---\e:-cp(-- —;-);

V1 2/t

Folxy,t) = expl:-r-r;], T = -x—’ T = ..t__

xa ka2
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The stresses are calculated by means of the formulae

o1y = p&;, Jpon O33 = "211¢'11 + p‘; = =2umT + g'z':ﬁ, (4.45)
1

012 = 013 = 023 = 0.
It is evident that to determine the stresses it is sufficient to
know the functions I' and ;.

The function ; and hence the stresses are represented by different
formulae for ¢ < x)0 and for t > xjo, Consider now in detail the stress
011 = pé. The function F(x1,t) is of a diffusive nature - the corres-
ponding part of the stress arises instantaneously in the entire elastic
space. The function Fp(x),t)H(ft-rj0) indicates that an elastic wave is
propagated. Let us take an arbitrary section #; = constant in the space.

For the time interval ¢ < z10 we have at the point ) the stress

oy = -2—’:%3'5'1(31,1:). (4.u46)

At the instant t = )0 the front of the elastic wave begins to pass, and

the stress o;; takes the value
m
011 = - 5‘(%5‘[5'1(31-#) = Fz{xl,t)], t > x)0. (4.u7)

The stress o)) undergoes, at the instant t? = x;0, a jump of

finite value

mp

o11(®1,t%) = o))z ,t0-) =

2ca0d
We notice that this jump of stress is independent of the distance
x1. After the elastic wave is passed, the stress in the section
x) = constant decreases rapidly and tends to its quasi-static value,

i.e. as t + = the stress tends to zero.
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5. Heat sources in an infinite space. Coupled problem.

Suppose that in the infinite space the temperature field is due to
the action of non-stationary heat sources. We assume that the body
forces vanish (§ = 0) and that the temperature and all stress and dis-
placement components vanish as ]x%+x§+m%ﬁ-+ @ op t + », The displace-
ments, stresses and temperature may be found simply by solving the wave

equation (2.40)

(v2- L9, )(v2- -J?at) - -:-atvz)qs = -1 ¢z ym. (5.1)
(4]

1
The knowledge of its particular integral ¢ enables us to calculate

the temperature from the formula

1 2. 3 L
T = E{? '-2-3t)¢ (5.2)

1
and the displacements and stresses in accordance with the relations

u.!: = ¢ a?:j = 2“(¢'£J'“6£J'¢'kk}+pﬁij¢ . (5.3)

= ]
-

If we apply a four-dimensional Fourier transform to equation (5.1), we

obtain
P Q(g.T)
o(g,1) = = 2 (5.4)
k D(E,T)
where
;(-_E'.'I:) E _%.EJ (x4t )exp [Z(x.E+E1)] dydacpdzade (5.5)
L By,
and
. 2 .
o
1

Inverting the Fourier transform for the function (5.4) we have
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QE,T)
m 2 3
$(x,t) = - e J ( Cxp['1(§§+‘¢‘t’ﬂdE]dEQdEadT. (5.6)
Yn<k D 1)
E, 243
If we are dealing with an instantaneous concentrated heat source
Q(x,t) = 8(x)8(£) then
QE,T) = LJ G(§)5(t)e>tp[1l(§.§+tr)]d:cldxzd:r:gdt Sk (5.7)
Y2 ym2
Ey
If the concentrated heat source varies harmonically with time
QAx,t) = G(§)ew£, then
Q(E,T) = LJ 6(5)exp[‘i(§.§)+‘E[t1+mt)]dm1dm2d:c3dt (5.8)
- yr
Ey
1 . el
= —— | exp[Z(rt+wt)]dt = =s8(t+w),
Y2 S 2w
since
J e"at = 2mé(n).
Finally, if the heat source is moving in the direction x3 with the
constant velocity v, then
o
QE,T) = e ” 6(3:1)5(:1:2)axp[i(zlxl«rgzxzﬂdxldmz x
= L2 ks
x Jf 8(x3-vt)exp [i(ﬁg&':a-tt‘l‘)]drgdt
]
. J ett('rh‘:av}dt = L|5('f‘1'53"-’)- (5.9)
yr? 2w
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In the case of an axisymmetric distribution of temperature, the
field equation (5.1) should be solved in cylindrical coordinates. If

we apply the Hankel-Fourier transform to (5.1), we obtain

_ _mQa,z,t)
$(0s8s%) = = 5last,) (5.10)
where
: 2 -
D(ayg,t) = (uz+;2— %})(32+52- iEJ - E%E{uz+;2)‘
Here 1
$(a,g,1) = % ” exp[i(l;z+t1 )] dzdt J ¢(r,3,t )7 o(ar)dr. (5.11)
-0 0

Inverting the transform (5.10), we have

¢(r,z,t) = - Qme” exp[-Z(zz+tt)]dzdr I %E%:%:%a.ro(ar}da, (5.12)
-0 0

and knowing the function ¢ we calculate the displacements from the

formulae

3 3
. {58

In the case of an instantaneous source of heat Q(r,z,t) = G(z)g%;lﬁ(t)

we obtain

Bas8,1) = 2= ” s(zm(t)exl;[i(;xm)]dzmj ) pptarddr = (5.14)
e <
=1
yr2*
If (r,a,t) = g%glﬁ(zJeth. then
Q(a,8,7) = =6(T+u). (5.15)

If the concentrated heat source is now moving with a constant velocity in
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the direction z, then
- 8(r)
Q(P.z,t) = 5;;—6(8 DEY
We obtain for these cases

Qa,g,1) = -Z,l?ﬁhﬂ;v). (5.16)

For a concentrated source the intensity of which varies harmonically
. with time the function ¢ is obtained in the closed form

o oo

Twt
o2 | e, s
2ﬂ2K 0’0 &
where
D(a,z) = (a2+52) +(a2+22) [q(1+e)-02] - qo?
= (a242+k2) (o +724K2)
and
kfi-ki = q(1+e)-02, k‘{-kg = -qo?, € = ik,
2
q = iw/, 02 =¥ /of.

Here kj,k» are roots of the equation

K412 {o2-q(1+e)} - o2q = 0, (5.18)
where
a2
K2k2 = —=[-22+ir(14e) 18] ,
2 2 (5.19)
a
b = [A2002-(1+e)2)+2203(1-e)) 2.

2
Here A = W/ % is dimensionless and w®* = "1/k is a quantity characteristic

of the thermoelastic medium, introduced by P. Chadwick and I.N. Sneddon
(16].

After carrying out the integration in (5.17) we obtain [‘76]
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meiwt =k1R =koR
$ = o (e 17-e ) (5.20)
Hﬁxﬁ(kl-kz)
where
R = (r2422)%, » = (xf*mi)%. k12 = a2+ %h12 a1,2 > O.

From equation (5,2) we obtain
Twt & A
T = —= ﬁo%kf)a klR—(c2+k§)e kzﬁ)] (5.21)
ymeR(k2-k2)

In the particular case of zero coupling (e = 0), we have

1wt
-RY =Ra0
7= —J'-—-exp{'iwt-}?fq), ¢ = L ST (e q-e 2%,
4rkR yrkR(02+q)

6. Discontinuous temperature field in a semi-space [77].

Suppose that the temperature is equal to unity in a semi-infinite
circular cylinder, and that it is zero outside this cylinder. Assume
also that the plane 2 = O bounding the elastic semi-space is free of
tractions. The stresses Gij due to the action of the discontinuous
temperature field can be represented as the sum of two parts, the first

is due to the action of the temperature field
T = H(a-r) [H(2)-8(-2)] (6.1)

in the infinite space. The second state E}j is so chosen in the elastic
semi-space that the boundary conditions on the plane 2z = 0 (vanishing of
traction) are satisfied. The stresses ij due to the action of
temperature field (6.1) were examined in the preceding section 1.3;

they are given by formulae (3.16) of 1.3 which should be multiplied by 2.

It is evident that for 2 = O we have E;z = 0, and
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oo

E’rs]mo = ?Nmaj J1 (aa)g) (ar)da. (6.2)
0

The components of the stress tensor U'.'Zj are determined by means of
the Love function ¢, i.e. [5]

- = 2_ - 211 - 92
Ipr * To2v 2v 55{\"‘7 2)1" ozz 1-2v a (2-v)v? 327) %
(6.3)
= v2- ( v2- 32
% © 1-2\.- ’r“’ )"' l-2u Era oA 7y L
The function ¢ satisfies the biharmonic equation
v2y2p = 0 (6.4)
Representing ¢ by the Hankel integral
¢ = J (C+aaD)e % o (ar)da, (6.5)

0

which vanishes at infinity, we have to determine the quantities C and D
from the boundary conditions

-
o__+

wgtOpg = Os o _ =0, for 2 = 0, (6.6)

23

The second condition yields € = -(1-2v)0 and the first

Jy(aa)
D = ma(1-2v)}———x—. (6.7)

Inserting D and C into relations (6.3) and (6.5)

o g Jy(ar)
o, = —t I D(a)e *2|(2-az)d o(ar)+(2v-2+az) da,
B T 2 ar
s [ J) (ar)
g, 5 ==K JD(u)e %% 43 |2w o( o) -( 2v-2+ 2 }——/|da,
b¢ 1-2v 0 . ar
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1
]
=

_ 4 ,~02
GSZ = WJ D(Cﬂ)& e JU (Cu")du,
0

I D(a}u"e'azJ] (ar)(1-0z)da, (6.8)
0

]
[
=]

O pz I-2v

=
we arrive at the components of the stress tensor 013;,"' Adding the stresses

E-ij and ?ij we obtain the final state of stress

= 2uma” 9'38.}‘1(30)((l-az)ﬁn(ur)+(2\,_l+aa J1 (ar) o
0 )‘“—'—-‘-

Q
1

ry
. I 9 (aa) g0},

0

LA 2uma{f e Jl(aa)(2vJD(az') (2v- l-tua)Jl(m.))
0

- J;(M)(Jn(ar) - i%:ﬂ)du},
0

oo -]

L 2umaﬂ e-us(lwz)il(ua)_afo(ar)du-[ J1(aa).ro(ar}du},
0 0

- -az

%= 2umazj e "J1(ca)d)(ar)ada, (6.9)
0

Making use of the functions I;, I; and I3 of the section 3 we reduce

relations (6.9) to the forms

LR 2um{I3(a.r,z)+s—-I1(a r,2) - [al'g(r,a 3)

: 2
+ rI3(a,r,z}-zIZ(a,r,z)]+ %Iz{a,r)— %[H(a-r)ﬂ%) H(r—a)]}.
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G¢¢ = 2umal{2vIy(a,r,z)+ l;i“[a.rg(r,a,z )+rI3(a,r,a)]..
2
- 3I(a,r,2)- Zy(a,r,3)- ;—a[H(a-r)-(%) H(r-a)] },
o, =2 ma[l' (a,r,z)= 3-3—1' (a,r,z)- l‘-.5’(.«.1-1")]
2z M JhGstty Py et a ’
9 =1 =3 t 2opnd o P
O,y = ~2umazs=I(a,r,z) = -2uma?(v?a) 3302 i(.‘i.%i),

]
where Q%(w) is the derivative of the function Q%(m) with respect to the

argument w. For 2 = 0

2
Urr(”'o) = 2um vH(a—r)—(l—v)f;H(r—a)].
2
o, (r,0) = 2um[vb'(a-r)+(l+u)a—ﬁ(r-a)), (6.11)
oo 2
cm(r,o) = czs(r.o) = 0,

Along the z-axis the stresses are

0,p(0:2) = umal(1+2v)k(z)+ak" (2)-%(0)],
0¢¢(033) = Urr(o'z)'
533(0,3) = QMMEJ.-ZK'(Z)"E(O)J,
crz(O.z) =005 (6.12)
where
- = -0z e 2 ),
k(z) = Joe J1 (aa)da a(l ./a2+32}

For z + «, we obtain a plane state of stress; its components are
independent of the variable z and orz(r,w) = 0. The stresses in this
2)

case are the stresses 51(.'.,7'
multiplied by 2.

represented by relations (3.17) of 3
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7. Stresses in an elastic half-space due to a heat exposure on
the bounding plane [64, 62, 110, 98, 76].

We consider an elastic half-space on the boundary of which the
temperature T(x) ,22,0) = f(x;,r;) is preseribed, and assume that there
are no heat sources inside the half-space. It can be proved that if
the boundary is free of tractions then a plane state of stress parallel

to the boundary &3 = O exists in the semi-space.

We first solve an auxiliary problem. Consider the heat conduction

equation in cylindrical coordinates
v2rie(p,z) = 0 (7.1)
with the boundary condition

¥t i
" (r,0) = £2, 7% < o, (7.2)

The solution of (7.1) satisfying the required boundary condition is

given by the function

ke o X -0z 2
T (r,=) = T J ae “Jplar)da = 5aETs & > 0 (7.3)
0
where
R = (r2422)}, phiz gf 4 .1:2,

is the distance of a point of the elastic semi-space from the origin of
coordinates. Further, we have to solve the equation
* %
V2¢ (r,2) = mT (7.4)
with the arbitrary boundary condition
b

¢ =0 for 2 = 0. (7.5)

For this boundary condition we have ?az =0 for 8 = 0, The solution of

the equation (7.4) has the form
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& W ? Tadp(an) _
§ = — —_—t singzdady
72 (a2+£2)2

00

(7.6)
= - %J e g (ar)da = - Em, 2 > 0.
0

1%
Knowing the function ¢

-t
ag
re

==t |
a
23

or

—_—
ag
23

-
g
ra

. 52 3. —* 52
- 2p(— + -L—)¢ » %o = = u(—+ —)¢ ,
2z2 p ar 3z2 a2
¥
2 e o— 2
i L Byt T 3
a2 »r r ardz

) 71 (ar)
-4 J ae (2=az)dg(ar) + ag—e———i/da,

Jy(ar)
=A J ue-az(%TU(cm) -0z : ]du,

or
0

-Az I a2J(ar)e *da,
0

-]

A f a(1-az)e” *¥y (ar)da, 4 = Z=.

On the boundary we have the expressions

a
28

— %
Oandcrg#Oforz-O.

- - T
we can find the stresses U'z',j from the formulae

(7:7)

(7.8)

= % 2
The stresses 01:';. should be so chesen that all boundary conditions

on the plane z = 0 are satisfied

= %
ag
23

-
The state o,

= %

-
= 0, o+ 0 =0 for 2 = 0.

ra ra

ij

is determined by means of the formulae (6.3).

(7.9)
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The Love function ¢, has the form (6.5).

The first equation (7.9) yields ¢ = =(1-2v)D; the second

condition D = E_Qi,q,
2nu2
We obtain
— 2 J1(ar)
=% _ ~-ag
Do = 4 [ ae (2-az)d o (ar)+(2v-2+a3 )—0—da,

0

- 5 Jlfur)
. A J ae “3[2\:.}0{&1')-—( 2v-2+ag) )da,

% * ar
0
(7.10)
o % Ak a2e”%%J (ar)da
23 ¥
0
o
=% -0z
Do = =A | ae T (l-az)d)(ar)da,
0
Adding the str T, and G, btai
g e esses 01:;;' an o‘ij’ we obtailn

& Eﬂt Eo

i pl* -1 s B o=
By & =g Iue Ji(ar)da = R B ° o

]

% Ea . Jl(ul’)
= % I ae az[Jo(cu')- ]da = -B(ﬁ-— . )- (7.11)
4 ap 3 R(R+z)

=1
1

It is of considerable importance to observe that a plane state of stress

occurs in this case.

Passing to a rectangular coordinate system, we make use of the

formulae
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o* = o% cos?¢to* sin?$, of = o sin2p+o* cos2

11 rr op 22 rr y

N A T2 ¢¢31 : {7:32)
012 = %(orr-0¢¢)sin2¢, sing = = cos$ = =

and we move the Dirac function from the origin of coordinates to the

point (E),£2,0); we then obtain

Ty &3
g% = L{l - +(332"‘Ez)2 o —""'_"""2 ]} ’
2 r2 R R} R(R+i3)

8 T3 2 (%3 2
0%, 8w Lk e iR Ry ) e t——
r? R R3  R(R+x3)

(7.13)
L3
g = e -2—} (21-E1) (22-E2),
12 p2 (R R(R+x3)
% =gk = gk =
o3 = 933 7 933 % O
where

2 2
[(z1-€1) + (22-£5) JJ"- R = (r2+a:%)i.

r

The stresses given by formulae (7.13) correspond to the temperature field
T satisfying the harmonic equation with the boundary condition

Th(2y 40,0361 ,62,0) = 8(x1-£1)6(xp=E2). If we are given a distribution
of temperature T(x),x,,0) = f(xy,x3) on the plane x3 = 0 in & region T,

the temperature in the semi-space is represented by the formulae

T(x)923,%3) = ”f(ElsEz)T"‘(wls-‘rz.-’ca;EnEz,O)dthz- (7.14)
T

The stresses c‘i;j due to the temperature field T are derived by means of

the Green functions oﬂ-;.j

ng(.?..']_ 3&p4x3) = f[f( £ |52)°ﬂ1’d($1 1225%3361,E2 ,0)dE,dEs. (7.15)
T i

We now proceed to examine the particular case of an axially
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symmetric problem. Suppose that on the boundary of the elastic half-

space the following thermal boundary conditions are given [7'?-_] I

T(r,0) = Vy = const, for 0 < r < a,
or _
== 0 fora<r <o (7.16)
Two = 0,

Observe that the function
T(r,z) = f Cla)e “*Jy(ar)da, 2z > 0, (7273
0
satisfies the heat conduction equation in the elastic half-space. The
quantity C(a) should be chosen such that the boundary conditions for
2 = 0 are satisfied

oo

J Cla)dg(ar)da

Vg for 0 < r» < a

¢ (7.18)
Jr Cla)adp(ar)da = 0 for a < r < =,
0
Solving this system of dual integral equations, we obtain
2Vpa sinaa
Cla) = = = (7.19)

The last result can also be derived by making use of the Hankel integrals
[ #tmear (e
0

%[H( a-r) + %H(r'-a} Sin-l{':')J (7.20)

oo

J sinaad g(ar)da
0

H(a-r)(a?-r? )-;“ "

In determining the stresses we can proceed from the differential equation
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for the thermoelastic displacement potential
3 L.:d 9
(reae el il 22 00 (7.21)
ar?  rAar 932
the solution on which can be written thus
umvy wsinuan(ar)
$p = = JI cosgzdodg
n? (a?+z2)
(7.22)
Vom =3 -0z .
= = — | a "(1taz)e “sinaalo(ar)da, z > O.
0
Next, we calculate the stresses from the formulae
5. = e A 3y e o 0t —-i}
22 r 3r 2a?l %90 ar2
5 (7.23)
Ezz = —2]_[(1 i J)’ ara — 2u—a-l._
r 3r ar? ordz
Observe that. in the plane z = 0, we have E;z In order to
annul the stress 0 (r 0) a state of stress aij expressed by means of
the Love function should be added to the state of stress c.j.
The function ¢ is taken in the form
-az
¢ = [ (C+azD)e ~Jolar)da, (7.2u4)
0
the constants € and D being determined by the boundary conditions
T = ' T = = 0. 7.25
Oy = 0y Oy + 0., =0 for = ( )
Taking into account relations (6.3) we have
¢ = 2w, = (1- 2\:)—-“ sm““. (7.26)

Having found the stresses '51:3. and completing them by E‘b'j we obtain the

final state of stress
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4BVo 2 .
o, == .J a” e *®sinaad; (ar)da
rr r
0
L3214 e
0 =)
= [ nsin I 2 \d"-
r \Vz2+ (a2 evaZetam?)
(7.27)
. =1 2a |
] = -0 __-ugVy sin ’
¢ iz |\/32+(a+n)2+/z2+(a—n)2|
E‘at
Opx = O Opg = O» B2

We next examine the action of heat sources distributed in the
region I' of the plane bounding the elastic semi-space. Suppose that T
is the circle of radius g and assume that the following boundary

conditions are prescribed on the plane z = 0,

(-2k%§} WH(a-r), W = const. (7.28)
2=0

o =g = 0 for 2z = 0.
rz 22

The first condition (7.28) can be put in the form

(-2 = ba [ 51 (aawg(ar)da, (7.29)
z2=0
0

It is readily verified that the function

L1

-az
T(r,z) = g%-j E;—-Jl(ua)Jl(urJdu. g >0, (7.30)
0

satisfies the heat conduction equation. Solving equation (7.21) we find
the function ¢ which yields the stresses E%j' and by means of the Love

function ¢ we satisfy the boundary conditions in the plane 2 = 0. The
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final stresses oij = 01:3. + a‘ij have the form

(=]
n
1
b3
E
—
—
=3
1
[+

e *?d1 (aa)d; (ar)da,

P (7.31)

71 (ar)
uz[JD(ar) - = ]Jl(m)du,

(o]

o¢

n
1
=
@
—
—
=]

E‘aut
Grz"oza'o’ Bl-—-—-k—-2 .

For z = 0 the stresses Opps Tgp CAD be expressed by means of the complete

¢¢
elliptic integrals

W8, :
0,0 (£0) = = —— ”;Q{E(zdm) - K(M)J.
|-al |r-al (7.32)
2W81 r+a 21,/ra 21vra
0yp(rs0) = - [{E( Z) - [E( - x{-;_r—)]} H(a-r) +
2
+ {g[m%) - - &) -
. riarg 21./m _ 21./ra -
e~ )]} Az a)]
where
n/2
E(w) = I (1=u2ain?y)iay = %2F1(~i.%;l;u’-).
0
n/2
Klw) = I (1-w25in2x)'idx - -;-25'1(%.%;1;”2)-

0
For r = 0, we have
W8y
o = = — V22402 -
uﬂ(O.z) = UM(O,S) = 72 V2 +a a].

All the problems examined above were solved under the assumption that

the plane x3 = 0 was free from tractions, the plane state of stress
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occurring in the elastic semi-space being a result of this assumption.

‘It can easily be proved that the boundary conditions
013 = 03 =uz =0 or uy =up =uz =0

in the plane z3 = 0 lead to a three-dimensional state of stress.

8.  Heat sources in an elastic disk [75]

We now present a method for solving the problem of stresses due
to the action of heat sources in thin plates, To this end we consider

the pair of equations

2p - - & 24 = =Y
VIT = g Vl¢ mol', mo 00? (8.1)

and eliminate the function T to obtain
V2924 = -my2 v2 = 32 4 32, (8.2)
11 K’ 1 1 2 -

We chose the boundary conditions for equation (8.2) in such a way
that the resulting solution is as simple as possible. The first
condition follows immediately; we should have Vz¢ = 0 if we assume
that ' = 0 on the boundary. For the second boundary condition we take
¢ = 0, This assumption is very convenient for plates with rectilinear
boundaries. If on the boundary parallel to the ®)-axis we have
¢ = 0, V§¢ = 0 it follows that af¢ = B§¢ = 0 on this boundary., Hence

according to relations

GZ.J- = 2U(¢’£j'6£j¢'kk)| (8.3)

we have E}l(xl,oj = Ezzle.o) = 0 and 3}2(31,0) # 0. The stress
01(%),0) may be annulled by introducing a correcting solution in which

the stresses ;'j are obtained by Superbosition

- =
Op7 = g7 * 94
The equation (8.2) is analogous to that for the deflection of a plate

= - 2 -
(-31:3;,-' aﬁvl)(zud’ F). (8.4)
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0
3 3 >
xa
3
a
-!L“ Q
\
‘r X1
Fig. 8.1
[21, 115]
av2v2w = p. (8.5)

For simply supported rectilinear boundaries the boundary conditions

have the form w = 0, V2 = 0.

Taking into account the analogy between equations (8.2) and (8.5)
and the boundary conditions, we may use for the determination of the

function ¢ the familiar seclutions of plate theory.

Let us examine an example of a disc strip in which there acts a
concentrated heat source of intensivity &y at the point fE;,O},
(ef. Fig. B,1). The first stage of the analysis consists of finding
the solution of the equation
v2y2¢ = - @é(x'-ﬁ'}ﬁ(xz}. (8.6)
11 K t i ¢

With the boundary conditions

$(0,22) = 0, ¢(a,x) = 0,

(8.7)
0, ?2¢(a,¢2) = Oo

V2¢(0,25,)
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It is known that the deflection of a simply supported plate strip
loaded by a concentrated force P at the point (El',O) is the following

oo

os
costx, -

W = S= s:.m.ﬂﬁl's:l.m’trl' J C, o, = ey (8.8)

2 2232
_— (@), +2°)

0
We can obtain the result (8.8) applying to equation (8.5) finite
sine and cosine transforms, It follows from the analogy between (8.2)

and (8.8) and the corresponding boundary conditions that

o 5 “costx, moQo
¢ = ~ ——Zsina.ngl'sinun.xl'J T Lok s (8.9)
an, 3 O(un +t=) K
ioe-
K2 <0oe %2 . .
¢ = = —-2 ———(1+a_xp )sina £'sina ! for xp > 0O,
on3 "3 n ") 1
n=1
o (8.10)
2 o T
b= - -K-a—-z-gn—(l—u o )sina E'sinag x! for xp < O.
213 : n3 n n'l nl
n=

The stresses have the form

o0
e 32 i 3] X .
O,y = —Qu—i = - -Igize—"—(l-a‘ Zo)sing E'sina x!,
1M1 2 ” 5 n n’l nl
n=1

,.3%  _ _ KuSe nt2 vy
Qu_L = “Z——(lmﬁrz)smmnﬁlsmu"ml, (8.11)

Oap =
ax'2
1 n=1 "
o0
— 32 K - . ' 1
G, =22 = -—“a:223 %"2sina_£ cosa i .
1'2 . n-19°%%"
3;2:132:2 a ey

These formulae are valid for x#, > 0. Since the summations
entering formulae (8,11) are slowly convergent it is more convenient to

express them in a closed form by means of the function
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Ty
1 cashﬁa— - cos—{x -s')
—log—— (8.12)
Y 2
cosh— - cos—{a: +£'}

Bla! yz,3€1 ,0)

Namely, we have
- 3 -
0 4.4 = Ku(-zﬂmzm), 022 = Kv(ﬁ‘mz'g-ﬁ).

= 5 (8.13)

=Kuzx o,
1'2 23:.\':1

(=]
-
]

It is easily seen that the stresses 3&,1, and 0,, vanish on the

boundary of the disc. In the viecinity of the heat siirce the normal
stresses tend to infinity logarithmically. The normal stresses are
symmetric and the stress '0-1,2 is antisymmetric with respect to the
m;-axis. On the axis x5 = 0, © = 0. As &, * > all the components

1'2
of stress vanish. On the boundaries x! = 0 and ! = a the stress o

1 o 1>
does not vanish. To determine the state of stress Uij by means of the
Airy function it is expedient to employ the stress not in the form
(8.13) but in the form following directly from the function ¢ given by

(8.11)

— a smu 5 cosanz:l
o " = J c$1n;m2;E: dz. (8.14)
: (8% #£2)?

Taking into account that

o 3
unsinung' a
> L = (e,

=7 (o2 tz2)

=Y )nuns ina, £ i a3 !
5 50 = jrﬂz(i 20
i (uﬂ T 1

where

(8.15)
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] 1 : ]
: £&sinhlecoshg(a-£) )-AsinhzE,
n (g ,5) =
1’ A2sinh2a
L] L) L}
' £&jsinhAcoshzg)=AcoshdsinhiE)
n2(g),t) = o A = Lay
A2sinh?)
we obtain
e uKa? .
[31'2Jm1=0 2 j tn (£ 45 )singxode,
’ (8.16)
. uka? ‘ _
‘:01'2] r g -“ Jan(El.chln;:czdc. .
T1Fa 0

The heat source acting at the point (E;aO) is now replaced by the action
of a pair of heat sources of half intensity. We situate them first
symmetrically and then antisymmetrically with respect to the mp-axis
(cf. Fig. 8.2).

For the symmetrically situated heat sources

uKa?

Bk = J Cp(S)(c,£1Jsincmzdc (8.17)
:E.']:% 0
where
(s) t&)coshyugsinhzg~pgsinhpgcoshiE) a
Pt B s s Ho = &5,
UQZCOShZI.IQ
while for the antisymmetric arrangement
Ka? ”
—(a) H a 5
[UIZJ a = 8T Cp( )(E,E}_)Sln[:wzdf," (3.13)
.’L'l—g_ 0
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1
o -Q—
P §1 . 13 R
s LSRN | Q ¥ 51 "2
1 2
Y X9
(a)
i 3
1
o-—Q—¢
a 5 220 .
A -
¥y lO _‘L§1 X2
2
Y
l X4
(b)
Fig. 8.2
where
ta) tE1sinhygcoshzEy~ugcoshugsinh gy
P (£,€1) =

M 025 inh2p 0

R

To annul the stresses 3{3) occurring on the boundaries x) =
the state of stress E::j.) must be completed by a state ?E:;) expressed by
means of the Airy function, which satisfies the equation

vafy(s) =0 (8.19)
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and the boundary conditions

(s) _ _ote)  —(8) _ <
F,zz =0, F’12 ¥ o5 R 0 for x; = a/2. (8.20)
Accordingly, we take the function Ffs) in the form
F(S) = f c-z(ﬂcosh;x1+3;xlsinh;ml)coscmzdc. (8.21)

0

Having determined the constants 4,B from the boundary conditions (8.20)

we have
Eﬁfj = Eg% j D(g,E1 ) (ngsinhpgcoshiwe; -tx) coshugeoshix) Jecostr,dr,
0
?gg) = -%—J D(z,&; ) [(upsinhpg=2coshyg)coshiz) -
0 (8.22)
- gx) coshppsinhga) | costrads,
Ka > A
:ﬁ;) = -EE;{ D(z,E)) [(uosinhpg=coshyg)sinhiz, -
0
= txjcoshy Ucosh;a:l]sinl::czd;,
where
uop ®(5,81)
D(f-sgl) =

sinh2pg+2ug

For the sources situated antisymmetrically with respect to the zp-axis
the Airy function is taken in the form

(-]

i
F(aJ = J [4 (Csinhcx1+Dcx1coshcx1Jcos;mzdc, (8.23)

0

and we determine quantities C, D from the boundary conditions
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F@ .o pl@ |, s

)22 gz Y9, =0 forz =a/2 (8.24)
=(a)
The stresses oia. are
(-]
Ka
?ET) = L?TFJ G(L 461 ) (ugeoshpgsinhie, - (8.25)

0

- tx)sinhpgcoshiax) Jecosta,der,

=(a) _ _yka

g 5 J G(t,E) ) [(npcoshug=2sinhug)sinhzz; -

0

- tz)sinhpgcoshixz) Jeostaydr,

iﬁg) = H%% I G(C,EI)BuGCOShug-sinhuu)coserl -
0
- ;xlsinhuﬂsinhcxljsin;mgdc,
where
uop(a)(C.El)
GLTLsEy) Blim m————————

sinh2pp=2ug

We observe that for the arrangement which is symmetric with respect
to the xp-axis (Cf. Fig. 8.2a) the distribution of the normal stresses
is symmetric with respect to the axes #; and x5 the tangential stresses
being antisymmetric. For the sources situated antisymmetrically with
respect to the x -axis th;(conver‘se statement is true. We note also

a

that the state of stress O’?:J.) vanishes for a heat source situated at

the origin of the coordinate system.

The functions describing the state of stress 31:3. are regular, and
the éingularitiss due to the action of the concentrated heat source

appear in the formulae for F?:J. only.
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For a source situated at the point (£;,0) the final state of
stress has the form

- ={3) =(CI) (8-26}

%% = %3 Y %5 Y4

The temperature field is to be determined from equation (8.2):

5 @y _ — do ' ' Mmoo
7 o= Ea'v1¢ = - m—(ulll,wzz) = - Tﬂ(xl,xz;il,O), K 2 e, (8.27)

where the function 7% is given by relation (8.12). The thermal boundary
conditions are satisfied: namely T = 0 for :::1l = 0 and ml' = a, In the
viecinity of the point (EI'O) the temperature has a logarithmic
singularity.

1
If the unit source be placed at the point (EX.EZ), then in all
formulae #, should be replaced by x3-£5, and we set @p = l. Thus we
obtain the Green function for the stresses and the temperature for

sources distributed arbitrarily over the region of the plate.

9. Thermal stresses in infinite cylinders, Quasi-staticproblem.

The method of solution consists here in introducing the thermo-
elastic displacement potential and constructing the solution as a sum
of two parts, the first part being connected with the potential ¢ and
the second representing the residual solution by means of the Airy
function F,

We determine the temperature from the equation

(vf = %at)y T X, (9.1)

=lo

We then determine the particular solution of the equation
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v%:p = ml. (9.2)

Next we determine the displacements E_!: and the stresses 31: .
corresponding to the function ¢. In general the boundary conditions
are not satisfied; thus for a stress-free boundary O # O, 0,5 % 0.
Hence the state of stress 01:3, has now to he completed by state g‘fﬁj

expressed by Airy function F', such that on the boundary

= =
+ = - &
am‘l % Oy % e * s © (9.3)

The two following simple examples will illustrate the procedure.

Let a solid circular cylinder of radius @ be situated in the
initial temperature field Ty and suppose that at the instant ¢ = 0 its
surface is cooled to the temperature T = O [112] :

We have to solve equation (9.1) with the boundary condition
T(a,t) = 0 (9.4)
and the initial temperature
T(r,0) = Ty, Tp = const. (9.5)

Taking the Laplace transform of equation (9.1) we obtain the equation

2 =y —
A 4+ £ 27 - LpP-r(r,0) = 0, (9.6)
ar?2 »rar K

with homogeneous boundary conditions and the initial condition (9.5).
We have from (9.6):

2 o
(.g-...- + .."!'.-g-... - R)T(r'p) = - ;]'-E'o. (9.7)
ar2  pdr « K

Introducing the finite Hankel transform
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a
E‘(un’p} 5 J T(r,p)rdg (e r)dr,
e (9.8)
= Jo(a r)
— 2 -
T(r,p) = — T(o

We perform the integration by parts

g - a
2 -
(B l_d-}pﬂ’(p,p)gfo(u ryar = |ryo(a »)-a 2Trg(a r)jl’* =
2 dr n n n ']o
0 dr r dr
(9.9)
a
- unzj r'f(r,p)Jg(anr)dr.

0
The expression in brackets vanishes for the upper limit, provided
Jo(ana) = 03 for r = 0 it vanishes also. The parameter L is taken to

satisfy the transcendental equation

_Jc(ana) 2 0 iE A2 son (9.10)
Integrating the equation (9.7) in the interval <0,a> we have
Toa Jl(ana)

— L, (9.11)
ke, &, +p/k

1]

T(a, sp)

Performing the inverse Hankel transformation we find that

T(r,p) 2Ti s ( )
r,p) = 0 9.12
aa 71 (a a)(o 2+p/m)

n=1
Applying the inverse Laplace transformation, we arrive finally at the
result
= Jg{anr)
T(r,t) = 2T, -——-——exp(-anznct). (9.13)
n=l n“Jl(u a)

The particular solution of equation (9.2) can be represented by the
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series
JB{C( 1")
¢ = =2Tym —S——exp(-unzxt) (9.14)
n= =1% aJl(u 22

We have used the result

a

J (— + -—---)tt(l",p)l”Jo(ﬂ r)r = -o 25(0' p).

dr?2  pdp R

Hence, we calculate

al

s exp(~a_2kt) Ji(o r)
- -2_;1 ﬂ = -L}anmZ’ L n

rr " r ar o (o a) ar ’
n=1 na'h na n
_ eXp(-u 2xt) Ji1(a r)
_ aw = -2uJ— = -Ln.lTomZ Jg(unr) - LB .
=1% aJl(a a) o r
= Loonueda we
O,y = 2uv ¢ 2umT . (9.15)

It is readily observed that the stress 0 {a t) does not vanish on the
surface r = g at the cylinder. To el:.mmate this stress we add to the

— =
state Uij a state 0113' in accordance with the relation

e exp(-un2xtj

o = = -g = Wi T e | .16
om‘(r,t) ¢(r sE) cw(a,t) LwnT g 2 e (9.16)
n=l n
Oz = U(Ur'r ¥ GM)'

Finally we have [112]
exp(-—u 2¢t) (nile.r) Jy1(e a)
= -llpTng f i = «

UI‘I‘ = t »
= naJl( o_a) @ r @ a
- (9.17)
exp(-anzlct) J1(a r) J1(a a)
Top = -l-luT(,mz Jo(unr')"' - =
=1 naJ;(u a) ar o a
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Jy (o a)

Oy = =T OmZ

nlnaJl(“a) a a

We next examine an infinite cylinder of rectangular cross-section

lz1| < a/,4 |22| < b/,, the initial condition having the form

[?(ml,mz,tq] s Ty = const. (9.18)
t=

Applying the finite cosine transformation, the temperature I' and théd
function ¢ are given by the formulae [77_]

lﬁfg (n+m- 2)/2
E ( l) ua\p[-(anzi-ﬂmz)nct] cosa a)cosB, zs

(9.19)

lﬁf!ﬂ'u )(n+m-2)/2

(-1 Do 2
E ~(o_“+ t|cosa_xycosB .2
8 (a 2+3 z)exp[: n Ten )xt] n*1C086, T2
,-n % B %y
m

n
where o = = a;ﬂ = -F (nym = 1,3,5,...,) and a,b are the sides of the

rectangle. Thus the stresses have the form

= - 2 - =0 S L.d =
o?:j (aiag. 5£J.v1)(2p¢ F) "'j + o-ia" Tad = X324 {556

o33 = 'V$(2ll¢ - VF),

where

-2 .
Z Bm (Amcoshﬁmxﬁﬁmﬂmsmhsmxl )cossmmg +
m'=l.3.-
(9.21)

=2
+ o c TotD_ o i
E s (Cn oshun 2tD nmzsmhun.rl)cosc:nx;
m=1,3,..

and the constants Am,.o.,Dn are determined from the boundary conditions
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011+F’22 =0, o, "F,lz =10 for;cl =ap,
(9.22)
o + F =00 g . = -
ToatE g =% 9, =Py, =0 Jora = b
Consequently, we obtain the system of equations
m-l S (n-1)/2 .2
AnCu ) + -J—'-E-Bm?-(-l) 2 E Cn('lz) — cosh®8y _
b n=1,3,.. (“n +8, ) s:.n}-n’ﬁr2
@ (9.23)
32“”&‘{} m=1 —B z'ct e_anth
= = —(-1l)2em Z -,
- "=ls3nnaﬂ +Bm
2 m=1
n=1 o 2
Con(s ) + 284 2(-1)732 a (1) 2 coshTupy
n n az n M(G 2"‘6 2) Sinh]-l
m"lgago. n m m
32|-lmT0 n-1l o zkt = -B 2Kt
= - —(-1)2° " § CE zm -,
ok m=1,3,..% *m
B = -Awtcotn , D = -C 8  cots
m m-m m* =n nn n?
where
Ny ) = 2Bmisinh2ug n(s ) = 28ntsinh28y
m . " —"——n_
21-lmsmhum 26?1.31nh6n
) Bma o aﬂb
B Sy .

The constants Am""’ Dn being known the function F is also known, and

hence we can calculate the stresses.

10.  The linear theory of dislocations. The Volterra concept
of dislocations.

We know that a classical dislocation line L is associated with a
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Fig, 10.1

displacement field u(x) which is discontinuocus on the surface £ immersed
in an elastic solid, and the jump of ui(E) on 5, the well-known Burgers'

vector bZ’ is given by the formula

- + =t o =

|4y (x)] = uz(x) = u,(x) = by (10.1)

We shall define a Volterra dislocation [120] in an elastic solid as a
displacement u(x) with the following properties:
a) u is a smooth field throughcut the solid, except for S.
b) u has a jump on S given by (10.1).
e) partial derivatives of u are continuous across S.

d) the displacement u(x) satisfies, outside of S, the following

equations of elasticity:-

uP2u. + A +pdu, .. =0 10.2
1 Jdsd T ( 2
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or

O 7 A (10.3)
where

Argt = (871850047850 A4 48440
In what follows, an important role will be played by the Green's function
for an infinite elastie solid.

Suppose that V is an infinite domain of three-dimensional

euclidean space, and that a concentrated force Xin} = Ginﬁ(g_gt) iy

applied at x' € V parallel to the :rn-axis.
Then the displacement field Gin(§,§') satisfies the following
system of equations
-ty =
AijkIGkn,Ij+6£n5(§ x') = 0, (10.4)
The solution of (10.4) for the infinite space is well-knownj; it
takes the form [10;]

G. = -1(6.R At

in - Bmu in ,pp  A+2n ,in)’ (10.5)

where
R

[tz -« )z ~2)]2
2 T 1 1
Assume now that V is a simply connected body with the boundary

I shown in the Fig. 10.1. Since u is continuous on V,

U, (x') = f’*i(%&’%n“(’."’f"dmf) : ‘Aijkzj“qzc’f"’m,z.fd”’f)
¢ = (10.6)
"“«;:jsz [“inn iRy ,.;'Gknd’:z] ‘Aijkzj“i 515137
I v
= = i i .3). + S th
But AiijGknui.jl GknAkjizui.jZ 0 in view of (10.3) If ¢ en

in view of the condition |u| = b on 5, we obtain
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3
dS . 10.7
u (x') = b J 1szagz (X £)d5. () (10.7)

Consider the latter integral

2 B
-b A""szjag i (HE NS (E) = "szjami MCINSILA(S
1

un(f')

=b Al jdV(x)G(x 5);;;6 (5',§)Jd83(§)
v )

- a -
= -.bT:AijszdV(g)ﬁ—sz(f' .§)J5(§ £)a5 ()
v s

- a -
= biAijklIdV(§)Gkn(§"§}EEEIG{§ g)dgjtg).
v )

Introducing the notation

= bifd(f-g)de(E), (10.8)
S

we can rewrite the formula (10.7) in the form [52]

3
1) = { 1 VLA
“n(’-‘ ) Idm’f)[‘qijkzom(’f’)f )lenj?,)' (10.9)
v
Now we replace the discontinuous displacement field (with the discontinuity

on S) by the displacement field related to the fictitious body forces Xi'
Accordingly, instead of (10.3) we should consider the following
non~homogeneous system of equations

L T R (10.10)
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A solution of (10.11) can be obtained in terms of the Green
functions Gin' using the following reciprocal theorem for the infinite

elastic space

1 '
[X':: 1V fxei”idy' (10.11)
v v
Indeed, substituting
] L] - Y |
into (10.11), we obtain

un(ﬁ')

n

Ixia-::nd”’f) . (10.12)
v

Now if the dislocation (10.9) is to be identical with (10.12) we have to
assume that
= 2 B b ataie
Xk = Aijkznji,l = biﬂijkza Id(g §)d§f(§), (10.13)
TG
and the dislocation [g[ characterised by the Burgers' vector b can also

be described by the field of body forces related to b through (10.13).

1

We can show the transition from residual distortions to the
dislocation. 1In section (l.1) we have obtained the equations (1.6)
2 —
uv u£+(l+u)uj’j£+fi 0 (10.14)
or
Y. = ‘\.-'. 0. 4 5
Aijkluk.jl+xi 0o, X g 5 (10.15)

Using the Green functions Gin we have

u,(x') = Pk(‘f)simf’-‘"f' )av(x). (10.16)
v
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But
X, = -0 g - 2 (10.17)
Xp = “Ogx.d © Migkitig,1
Comparing now (10.16) with (10,12), we conclude that the transition from
the residual distortions sgj to the Volterra dislocations can be

expressed by the relations
0 0
so = =Moo = "b JG(X" )dSa(E)a (10-18)
Bgg = gy T Ry olERIE
v

Substituting from (10.18) into (10.16) we obtain

0
u (x') = I 25%1542,1 GendV ) (10.19)
v

dv(x)

]
[EjiAijkI Cren 1
v

Je;.(g a.. (x,x')dV{x)
v

(n)

An explicit form of u is obtained if uj‘i are expressed by the Green

tensor Gin' The final result is

vy aedilealg 0 1 . L
U (') = 5= J(Ejk JJep® kJ - ST it it vl "kpp rr)dV(x). (10.20)
v

Formulae (10.20) can be used to discuss particular types of dislocations.

The edge dislocation is characterized by the Burgers' vector of the
form b = (b;,0,0). If the dislocation axis coincides with the x3-axis
and the dislocation surface is the semi-plane xjxr3 with z; negative,
then the only non-vanishing component of eij by virtue of (10.18) is

given by
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0

£51 =“51J5(§'§)d32(§) = b;J Gfxl“El)dEJB(IZ)J 6(x3-E3)dE3  (10.21)
S - -0

ey = b1H(=x1)8(xy), dS, = -dg;dEp,

where H(-z;) is the Heaviside function defined by
0 forax > 0O
H(-xy) =
1 for x; < 0.

Substituting (10.21) into (10.20) after carrying out integrations, we

obtain
by Xo Aty @3y
uy (z) ,22) = arctg— + '
27 x] At2u  p?
(10.22)
b v A z%
Uy () y0p) = — ne 4+ —— —J),
21 W+2u A2y r?
We can obtain the stresses Uij’ using the compatibility equation
202p = Yu(A+u)
VEVIP o (10.23)

where
A = -32e0 -32¢0 43 3 (¥ +e0 ) = -p &(x )3 &(x ).
2 11 122 12 12 2] 1 1 2 2

The solution of equation (10.23) will be obtained by applying the

double exponential Fourier transformation.

In this way we get

T s g g aiCA) (10.24)
(£24£3)2 m(A+2u)

Using the Fourier inversion theorem, we obtain
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. (10.25)

F=-——

nb; 9 JINEXP[—f(ixml+Ezﬂ'-‘2):rd51dﬁz

21 A, (5?#,%)2

The above integral does not exist as an improper integral; nor can we
assign to it a principal Cauchy value. We can however separate out of

it the "finite part" [44].

We obtain the "finite part" in the form

L ([ exp[-i(E1m14Eax0)]dErdE, 22
— ” = —{(C+1lnr) (10.26)
2w 47 (£24£2)2 4
and
p(A+n) 9
ES= —[r2(inr+c)). (10.27)

2w(A+2p) ALy

Making use of the formulae

= 3t -
Oug = (8,g"3=3 20F, 0,8 = 1,2,

we obtain the stresses

2
. . ]_lbl {.Ez 23.‘1:32\
1l = =it &
27(1=v) Ip2 o
ub; [ *2 222y \
L2
O2p = = = Fl (10.28)
211(1-\}}‘1'2 rh ,

012 = —_- -
2w(1-v) l»2 r

2
l-lbl xy 21'1.1‘.‘2) y A

) 2(k+u).



