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Abstract
The paper explores the concepts of approximate relations and functions in the framework of the
theory of rough sets. The difficulties with the application of the idea of rough relation to general
" rough function definition are discussed. The definition of rough function for the domain of real
numbers is introduced and its properties are investigated in detail including the generalization of
the standard notion of function continuity known in the theory of real functions.

1 Introduction

It is well known that in classical set theory in order to define a set we have to specify its membership
function px : U — {0,1}, such that px(z) = 1 if and only if = belongs to X and px(z) = 0
otherwise, i.e. ux(z) € {0,1} for every = € U. For fuzzy sets (cf. [12]) and multisets px(z) € [0, 1]
and px(z) € {0,1,2,...} - respectively.

Another philosophy of defining sets is assumed in the rough set theory (cf. [3]). Basic information
about rough sets can be found in [2] and [11]. The relationship of rough sets to other approaches
dealing with similar problems is considered in [8], and [9]. Besides, several extensions of the rough set
theory have been proposed, for example in [1] and [13].

The rough set theory is based on the assumption that we have initially some 1nformatlon (knowl-
edge) about elements of the universe. Because with some elements the same information can be
associated, hence two different elements can be indiscernible in view of the available information.
Thus information associated with objects of the universe generates an indiscernibility relation on its
elements. The indiscernibility relation is the starting point of the rough set theory and can be em-
ployed in two ways in order to define basic concepts of this theory - by defining either approximations
or the rough membership function.

In this paper we are going to present some consequences of both approaches when defining rough
sets, rough relations and rough functions.

2 Rough Sets and Approximations

Let U be a finite, nonempty set called the universe, and let I be a binary relation on U. By I{x) we
mean the set of all y such that zJy. If we assume that I is reflexive and symmetric, i.e.

zlz, for every x € U,
zly implies ylz, for every z,y € U,

then I is a tolerance relation.
If we assume additionally that the I is transitive, i.e.

zly and ylz implies 21z, for every z, y,é evU,
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then I is an equivalence relation and I(z) = [z]1, i.e. - is an equivalence class of the relation |
containing element z. I will be refered to as an indiscernibility relation.
We will define now two basic operations on sets in the rough set theory, called the I-lower and the

I-upper approzimation, and defined respectively by
L(X)={zeU:I(z) C X},
I'X)={zeU:I(z)n X #0}.

The difference between the upper and the lower approximation will be called the I- boundary of X
and will be denoted by BN;(X), i.e.

BN;(X) = I*(X) - L(X).

This is to mean that if we ”see” the set X through the information, which generates the indiscernibility
I, only the above approximations of X can be ”observed”, but not the set X. The boundary region
expresses how exactly the set X can be ”seen” due to the indiscernibility 7. If the boundary region is
the empty set, X can be ”observed” exactly trough the indiscernibility relation I , and in the opposite
case the set X can be ”observed” roughly (approzimately) only - due to the indiscernibility 7. The
former sets are crisp (ezact), whereas the later - are rough (inezact), with respect to indiscernibility
I, or formally set X is I-ezact iff BN;(X) =0 , i.e. I*(X) = L(X). otherwise the set X is I-rough.

Below some properties of approximations are given.
1) L(X)CXCI'(X),
2) L@)=rI'0)=0,LU)=I"(U)=U,
3) I'(XUY)=TI"(X)urI(y),
4) L(XNY)=L(X)nL(Y),
5) X CY implies ,(X) C I.(Y) and I*(X) C I*(Y),
6) L(XUY)D L(X)UL(Y),
7) I'XNY)CI'(X)nI(Y),

It is easily seen that the lower and the upper approximation of a set are interior and closure
operations in a topology generated by the indiscernibility relation. ’

3 Rough Sets and the Membership Function

Employing the concept of indiscernibility we can define the membership function for rough sets, the

rough membership, as
card (X N I(z)

i (z) = “eard I(z)

Obviously p4 (z) € [0, 1].
It can be shown (cf. [7]) that the rough membership function has the following properties:

a) pk(z) = Liff z € L(X),
b) ph(z) = 0iffz € U - I*(X),

c) O<pu(z)<liffze BN[(X),
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d) f IND(I) = {(z,z) : = €U} , then pl(z) is the characteristic function of X,
e) If eIND(I)y, then pk (z) = p% (y) provided IN D(I) is an equivalence relation,
f

)
)
) #p-x(z) =1— pk(z) for any z € U,
8) nxuy (2) max(uk(z), uy (z)) for any z € U,
)
1)

h) pxny(z) min(gk(z), pf (2)) for any z € U,

i) If X is a family of pair wise disjoint sets of U, then ul,(z) = dosex ph (z) for any z € U,
provided that IND(I) is an equivalence relation.

The membership function can be understood as a coefficient which expresses uncertainty of an element
z being a member of the set X.

The above assumed membership function, can be used to define the two previously defined ap-
proximations of sets, as shown below

LX) = (s eV (o) =1},
I'(X)={z €U :pk(z) > 0}.

Obviously the boundary region is defined now as -
BNi(X)={z €U :0< ph(z) < 1}.

One can see that the both approaches to the definition of the rough set stresses various aspects of
the rough set concept. The definition by approximations brings to light the topological structure of
rough sets, whereas the membership approach - its numerical properties, which can be interpreted
in probabilistic terms as conditional probability of y belonging to I(z) under the condition that y
belongs to X.

4 Rough Inclusion and Rough Equality of Sets

Having defined rough sets we can now proceed to define next important concept in the discussed
approach, the inclusion of rough sets. We can employ both the approximations as well as the rough
membership function to this end.

Suppose we are given two sets X, Y C U and an indiscernibility relation [ on U.

We will say that

a) set X is bottom I-includedin Y, X C.; Y, if and only if I, (X) C L(Y),
b) set X is top I-includedin Y, X C} Y, if and only if I*(X) C I*(Y),
c) set X is roughly I-includedin Y, X C; Y, if and only if I, (X) C I,(Y) and I*(X) C I*(Y).

HXCrY (or X Cay Y, X C} Y) we will say that X is rough I-subset (lower I-subset, upper
I-subset) of Y.

It is worthwhile to observe that if I is an equivalence relation on U and there are k equivalence
classes in I, i.e. if card(U/I) = k, then there are 2* | both the lower and upper, Frough subsets of U,

but there are
k

D (B2Fi=3
i-1
rough Lsubsets of U (cf. [4])
We can also use the rough membership function to define inclusion of rough sets in the followmg
way
XcinY iff ph(z)<pyl(z) forany zeU.

Obviously both definitions of inclusion are not equivalent.

Similarly, equality of sets can be defined also using both approaches like in the case of inclusion.
We will say that

a) ;(fts X and Y are bottom l-equal, Y =,; Y, if and only if L(X) = L(Y) or X C.; Y and
C*I X
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b) sets X and Y are top I-equal, Y =y Y, if and only if I*(X) = I*(Y) or X CiYandY Cj X,
c) sets X and Y are roughly I-equal, X =; Y, if and only if L(X) = L(Y) and I*(X) = I*(Y).
Using the rough membership function definition of equality of rough sets can be defined as
X =Y iff pk(z)=ph(2)or X C; Y and X O; Y.

Again both definitions of equality of rough sets are not equivalent.

5 Rough Relations

Suppose we are given sets X and Y and P and @ two indiscernibility relations on X and Y respectively.
Let R C X x Y be any binary relation on X x Y and let ] = P x Q be the product of indiscernibility
relation. The I-lower and the I-upper approximation of R are defined below respectively

L(R) ={(=,y) € X x Y : I(z,y) C R},

I'(R)={(z,y) € X xY : I(z,y) N R # 0}.
The difference BN(R) = I*(R) — I.(R) will be called the I-boundary region of R.

Similarly as in the case of rough sets relation R will be called I-rough if and only if BN;(R) # 0;
otherwise the relation R is I-ezact.

Of course one can define in a similar way relations with arbitrary number of arguments (cf. [5]).

Rough relations can be also defined also employing the rough membership function (cf. [10]),
which will be defined as follows

. _ card(RN I(z,y))
/LR(-'L';y) e card](l'yy)

Obviously 0 < u%(z,y) < 1 and the relation R is I-ezact if and only if ph(z,y) = 1; otherwise the
relation is I-rough.
Again it is easily seen that both definitions are not equivalent,.

6 Rough Functions

It is obvious that the philosophy employed in the definition of rough sets and rough relations cannot
be applied directly for definition of rough functions. Bearing in mind practical applications we will
restrict our definition to rough real functions. To this end we have first to give definitions of rough sets
on the real line, i.e. reformulate the concepts of approximations and the rough membership function
referring to the set of reals. Another approach to rough functions has been proposed in [6] but we will
not consider that approach in this paper.

Let R* be the set of nonnegative reals and let S C R* be the following sequence of reals
Z1,T2,...,%;,...suchthatz; <z3<...<z;. § will be called a categorization of R* and the ordered
pair A = (R*, S) will be referred to as an approzimation space. Every categorization S of Rt induces
partition 7(S) on R* defined as 7 (S) = {0, (0, 21), 21, (z1, 22), 23, (z2,23), z3,.. ., 24, (i, Zit1), Tig1 - - .},
where (z;,z;41) denotes an open interval. By S(z) we will denote block of the partition 7(S) con-
taining z. In particular, if ¢ € S then S(z) = {z}. Let z € (2i,2i41). By S(z) we denotes the closed
interval < z;, z;+1 >, called the closure S(z). In what follows we will be interested in approximating
closed intervals of the form < 0,z >= Q(z) for any z € R*.

Suppose we are given an approximation space A = (R*,5). (Let us remark that the categorization
S can be viewed as an indiscernibility relation defined on R*).

By the the S-lower and the S-upper approximation of Q(z), denoted by S, (Q(z)) and S*(Q(z))
respectively, we mean sets defined below:

S:(Q(z)) = {y € Rt : 5(y) € Q(=)}
5"(Q(=)) = {y € R* : 5(3) N Q(z) # 0}.

The above definitions of approximations of interval < 0,2 > can be understood as approximations
of the real number z which are simple the ends of the interval S(z). If X C R, then A(X) =
Sups,yex|z — y|. In particular A(S(z)) will be denoted by Ag(z).
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In other words given any real number ¢ and a set of reals S, by the S-lower and the S-upper
_approximation of z we mean the numbers S,(z) and S*(z), which can be defined as

Se(z) = Sup{y € S:y < z}
- S*(x)=InflyeS:y>z}
. We have
5(z) = (Su(=), §*(x))-
We will say that the number z is ezact in A = (R*,S) iff S.(z) = S*(z), otherwise the number z
is ineract (rough) in A = (R*,S). Of course z is exact iff x € S. Thus every inexact number z can
be presented as pair of exact numbers S, () and S*(z) or as the interval S{z). For example if N is
the set of all non negative integers then every real number z such that non z € N is inexact in the
approximation space A = (R*,N). In general if A = (R*,S) is an approximation space then the
categorization S can be interpreted as a scale by means of which reals from R are measured with some
approximation due to the scale S. )
The introduced ideas of the rough set on the real line correspond exactly to those defined for
arbitrary sets and can be seen as a special case of the general definition.
. Now we give the definition of the next basic notion in the rough set approach - the rough mem-

bership function - referring to the real line.
- The rough membership function for the set of reals will have the form

poe (v) = _______A(Q(A”i‘&)s(y))

‘The membership function pg(z)(y) says to what degree any element y belongs to the interval Q(z),
or-in other words it can be interpreted as the degree to which x < y:

Now we are ready to give the definition of a rough real function, in short rough function.

Suppose we are given a real function f : X — Y, where both X and Y are sets of non negative
reals and let A = (X, S) and B = (Y, P) be two approximation spaces.

By the (S, P) lower approximation of f we understand the function f, : X — Y such that

f«(z) = Pu(f(z)) for every x € X.
Similarly the (S, P)—upper approzimation of f is defined as
f*(z) = P*(f(z)) for every z € X.

We say that a function f is ezact in z iff fu(x) = f*(z); otherwise the function f is ineract (rough)
in 2. The number f*(z) — f.(z) is the error of approximation of f in z.

Many basic concepts concerning functions can be expressed also in the rough function theory. For
example the rough continuity of function can be defined as follows.

A function f is (S, P) — continuous (roughly continuous)} in z iff

f(8(=)) € P(f(=)).

If f is roughly continuous in z for every # € X we say that f is (S, P) — continuous (roughly
continuous).

The intuitive meaning of this definition is obvious. Whether the function is roughly continuous or
not depends on the information we have about the function, i.e. it depends how exactly we ”see” the
function through the availably information (the indiscernibility relation).

7 Conlusions

We have tried in this paper to point out some problems occurring in the rough set theory, when
defining basic concepts such as rough set, rough relation and rough function. There is no unique way
to define these concepts, and either approximations or rough membership can be applied to this end.
In general, both approaches are not equivalent. The first approach stresses the topological character
of the concepts involved, whereas the second shows their numerical structure which can be sometimes
interpreted in probabilistic terms. To understand better the relationship between both approaches
further inquiry is necessary.
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